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Abstract

In this paper we use the Method of Generalized Quasilinearization to obtain Newton-type comparative schemes to solve
the Volterra Integral equation of the Second Kind: 0 = f(, x) + ft ; K(t, s, x(s))ds, which has an isolated zero, x(f) = r(t)
in Qwith Q = {(x,)lao(®) < x < Bo(D),t € J}, J = [to,to + T1, T > 0, where f(t,x) € C*2[J x Q,R], K(t,5,x) €
CO2[J x J x Q,R]. Several cases where f and K are convex or concave functions are presented.
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1. Introduction

The Method of Generalized Quasilinearization has been recently shown to be successfully employed to solve the equation

0= f(x), (1

where f € C[R,R], by comparing it to the initial value problem (IVP)

X = f(x), x(tg) = xo, ()

onteJ, J=[tty+T], T >0, (Lakshmikantham and Vatsala, 2005; Martinez-Garza, in press). The Method of Gener-
alized Quasilinearization is a powerful tool to solve nonlinear differential equations (Lakshmikantham and Vatsala, 1998)
which combines the concepts of upper and lower solutions with monotone iterative techniques (Ladde, Lakshmikantham,
and Vatsala, 1985). By using Generalized Quasilinearization, one can construct a framework comparable to Newton’s
method to solve for an isolated zero, x, of (1). Newton’s method simplicity and rapid convergence renders it as a first
choice to solve (1), but its limitations have given rise to a broad body of work that is continuously evolving as seen in
Bellman and Kalaba (1965),Ezquerro and Herndndez, (1999), Gutiérrez and Hernandez (2001), Kelley (1995), Ortega and
Rheinboldt (1970), and Potra (1987), to name a few. The generation of Newton-like schemes for the solution to (1) from
the method of Generalized Quasilinearization is a logical choice, as Quasilinearization follows a similar methodology to
Newton’s method although for a somewhat different purpose (Bellman and Kalaba, 1965). The main iteration formula for
Newton’s Method is
S (xn)

)’

which requires that f,(x) be continuous and also nonzero in a neighborhood of a simple root of (1). This in turn requires
knowledge of the monotone character of f(x). The similarities between Newton’s method and standard Quasilinearization
are enhanced when expressing (3) in the form

n>0, 3)

Xp+1 = Xp

0= f(xn) + fx(xn)(an - xn), (4)

and comparing it with the iterative scheme afforded by Quasilinearization to approximate (2):

X1 = fO) + fuln) (X1 = Xn), Xp41(to) = Xo. (5)

The similarities between the method of Generalized Quasilinearization and Newton’s method become self-evident when
we look at the Newton-Fourier method as is shown next: let f be defined as in (1), and let Q = [ay, Bp] be a neighborhood
of the simple zero of (1). If 0 < f(ap), 0 < f(Bo), fi(x) > 0, and fi(x) > 0, meaning that f is monotone increasing
in [Q, R], then there exist monotone sequences {«,} and {8,} that converge quadratically to the simple zero of (1) in Q.
These sequences are generated by the iterative scheme

0= f(ﬂn) + fx(ﬁn)(BnJrl _,Bn)s (6)
0= f(an) + fx(ﬂn)(a'lﬁl - a'n)7 (7)
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(Lakshmikantham and Vatsala, 2005). Although two sequences are required, the Newton-Fourier method is not more ex-
pensive than the traditional Newton’s method since the derivative computations are the same for both iterates (Potra, 1987).
Comparatively, consider the IVP (2) with the following conditions: f.(z, x) > 0, fi.(f,x) >0, ag) < f(t,Bo), ﬁ{) < f(t, ap),
where a(f) < Bo(?), t € J, and ay(?), Bo(?) are the upper and lower solutions of (2) (Ladde, Laksmikantham and Vatsala,
1985; Lakshmikantham and Vatsala 1998). The corresponding iterative scheme using Generalized Quasilinearization is:

CV;H.l = f(t.B0) + (6. B)(@ns1 — @)y @us1(0) = X0, (®)
ﬁ;H-l = f(t’ a’n) + fx(t’ﬂn)(ﬁn-#l _ﬁn)7 :8n+1(0) = X0, (9)

where @y < x < By on J. These schemes give rise to sequences of iterates that converge uniformly and quadratically to
x(), the unique solution of (2) on J. For complete details refer to Lakshmikantham and Vatsala (1998). If one considers
the case where f is monotone decreasing, then the Newton-Fourier method is no longer applicable (Potra, 1987), while
the solution of a comparable IVP with f monotone decreasing can be approximated with Generalized Quasilinearization
(Lakhsmikantham and Vatsala, 2005).

If f(z,x) can be decomposed as the sum of concave and convex functions, f(t,x) = F(t,x) + G(t, x), where F(t, x)
and G(t, x) are convex and concave respectively (in terms of x) for Q = {(x,0)|ao(?) < x < Bo(t),t € J}, J = [to,to +
T], T > 0, then one can exploit the convex properties of F and G with Generalized Quasilinearization to create an iterative
scheme that generates monotone sequences that converge quadratically to the solution of (1), see Lakshmikantham and
Vatsala, (2005) and Martinez-Garza (in press). The present work applies these notions to the problem (1) where f is
a Volterra equation of the second kind, and suitable conditions are placed on f and K according to Davis (1962), and
Lakshmikantham and Rao (1995).

2. Statement of the problem
Consider the equation

0=f(tx)+ f K(t, s, x(s))ds, x(ty) = xo, (10)

fo

where f € CO?[Q,R], K € C%[Q*,R]. Here, Q = {(x,0)] ap(t) < x < Bo(t),t € J}, and Q* = {(1, 5, %) ao(?) < x <
Bo®), (t,s) e IxJ}, J=[to,t0+T], T > 0.
Assume that (10) has an isolated zero x = r € [ag,Bo].

In each case presented below we employ a monotone iterative scheme that generates two monotone sequences {«,} and
{B.} that will converge from both left and right to r, the unique solution of (10). We further show that this convergence is
quadratic.

3. Results I

Theorem 1. Assume that equation (10), has an isolated zero x = r € [ay(1),Bo(t)], t € J. Further, let both f and K be
convex on their respective domains, such that

Jex 20, K 2 0. Y
If the following conditions hold,
!
0 < f(t,a0) + f K(1, 5, a0(5))dss, ao(to) < xo, (12)
to
!
0> f(t.Bo) + f K(1, 5, Bo(s))ds, Bo(to) > xo, (13)
o
felt,x) <0, Ki(t,5,x) <0, (14)

ap(t) < x < Bo(d), (t,s) € J X J,

then, there exist monotone sequences {a,(t)} and {8,(t)} such that

ap(t) <a1(t) < <ay(t) <r <B,(t) <--- <B1) <PBo(t), t € J, (15)

which converge quadratically to r, the isolated zero of (10). The sequences {a,(t)} and {5,(t)} are generated by the
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following iterative scheme:

0 :f(t5 an) + fx(t’ an)(an+l - an)

+ f [K(1, s, () + K(t, 5, @p($))(@pr1(5) — an($)]ds, ay(to) = xo,

0 :f(tuBn) + fx(h a’n)(ﬁnﬂ _ﬂn)
+ f [K (2, 5,Bn()) + Ki(t, 5, () Bnr1(5) = Bu(s$)Ids, Bu(to) = xo,

Proof. Let p = ap — a1, then p(fy) < 0. By (12) and (16) with n = 0,

0 <f(t, ap) + f K(t, s, a0(s)ds — [ f(t, @) + fi(t, ap)(a1 — )]
- f [K(2, 5, a0(s)) + K, (1, 5, ap(8)) (a1 (5) — ()] ds
== [fx(t, ap)(a) — ap) + f K. (t, s, a0(s)(a1(s) — ao(s))ds

0 <fi(t,ap)p + f K (t, s, a0(s))p(s)ds

By (14) we have that £,(1, x) < 0,and K,(1, s, x) < 0: we conclude that p < 0, thus ag < .
Now, show that By > B1: let p = B1 — Bo, 50 p(te) < 0. From (13) and (17) with n = 0, we have
0 </(t, o) + f(t, 20)(B1 — o)

+ fmt [K(1, 5,Bo()) + Ki(t, 5,20 (8))(B1(5) — Bo(s))] ds
- [f(t,ﬂo) + f K. S,ﬁo(S))dS}
oo o+ [ Kolt, 5, 0B (5) — Bo()ds

fo

0 <fi(t, ao)P+f K. (t, 5, 0(5))p(s)ds

Again, by (14) we conclude that p < 0, making 8, < fo.
To show that @ < 81, we combine (16) and (17), both with n = O:
0 =f£(t, o) + fx(t, 20)(B1 — Bo)
+ f [K(t, 5,Bo(5)) + Ki(t, 5, a0(5)(B1(5) = Bo(s)] ds
— [f(t, a0) + fi(t, @0) (@1 — ap)]
- f [K(, s, a0(s)) + Ki(2, 5, ao(s))(a1(s) — ao(s))] ds
=[f(t.Bo) — f(t,ap)] + fi(t, @)1 — Bo — a1 + aol
+ f [K(ts S,BO(S)) - K(t’ S, CY()(S))] ds

" f Ki(t, 5. 0(5)) [B1(5) — Bos) — an(s) + ao(s)] ds
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The Mean Value Theorem yields the following results:
0 =/t )[Bo — ol + fi(t, @) [B1 — Bo — @1 + ao]
!
+ f K(1, 5,1(5)[Bo(s) — ao(s)]ds
fo

+ f K. (t, 5, a0(5)[B1(s) — Bo(s) — a1(s) + ap(s)]ds,

where 0,1 € (ag,B0). By (11) fi(t, x) and K, (¢, s, x) are increasing functions; then, f.(t,ap) < Fy(t,0) and K,(¢, s, @p) <
K. (t, 5,1m).

0 >f(t, ap)lBo — aol + fi(t, @p)lB1 — Bo — a1 + ao]

" f Ko(t, . a0(s)Bo(s) — ao(s)Ids

fo

" f Ko(t, 5. a(s)IB1(s) — Bo(s) — a1 (s) + ao(s)]ds

fo

—ft @B — o] + f Koty 5. a0(s)IB1(s) — a1 (s)1ds

)

0 <fi(, ao)p+f K. (t, 5, 0(8))p(s8)ds

4]

Then, p < 0 and @; < ) by (14).

Next, show that oy < r < 8. Let p =r—ay, p(tp) = 0. Since f(¢,r) + ft; K(t, s, r(s))ds = 0 we can combine it with (16)
for n = 0, to obtain the following equation.

0=f(r)+ f K(t, s, r(s))ds — [ f(t, o) + fi(t, ap) (@) — ap)]

fo

- f [K(1, s, a0(s)) + Ki(t, s, ap(s))(a(s) — ao(s))]ds

fo

=[f @ r) = f(t, @0)] + filt, ap)(a@o — ay)
+ f [K(z,s,r(s)) — K(t, s, ap(s))]ds + f K. (t, s, ap(s))(ao(s) — ai(s))ds

0 to

=f(t, V)(r — ao) + fi(t, @o)(ao — a1)

+ f [K(t, 5, u())(r(s) — a1(s))ds + Ki(t, 5, ao(5))(ao(s) — a1(s))] ds

Where v, i € (g, r). We again appeal to the increasing nature of both f, and K, as follows.
0> fo(t, a0)(r — o) + fi(t, ao)(ao — 1)

+ f [Kx(2, 5, a0($)(r(s) — a1())ds + Ki(t, 5, ao($))(@o(s) — a1(s)] ds

=fult, o) (r —ayp) + f K (1, 5, a0())(r(s) — a1(s))ds

fo

0 <fi(t,ap)p + f K, (1, s, a0(8)p(s)ds

o

Once again by virtue of (14) p < 0, so @; < r. In a similar fashion, by combining equation (10) for x = r with (17) for
n = 0 one can show that r < ;. We can now claim that by induction (15) holds true in light of the fact that we have
just shown the validity of the base and the n = 1 cases. Then, there exist two monotone sequences {«,(f)} and {8,(#)} for
which lim,sea,(f) = =r =b = limy, B3, (t). It is now clear that {a@,(7)} and {8,(#)} converge to the isolated zero of
(10). Below we demonstrate that this convergence is quadratic.

Let pyy1 = r — ape1 > 0, and g1 = Bpe1 — r > 0. First, consider the case p,+; = r — @, > 0. Combining (10) for x = r
and (16) we obtain:
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0=fr+ f K(t, s, r(s)ds = [f(t, an) + fut, @n)(@n — )]

to

- f [K(, 5, an(5)) + Ki(t, 5, an())(@n11(5) — @n(5))]ds

=[f(t, 1) = f(t, @n)] = filt, @) (@per — @) + f [K(t, 5,7(s)) — K(t, 5, a,(s))] ds

to

- f Ka(t, 5, 2n(8))(@rs1 (5) — aa(s))ds

0 =fx(t’ 7)(r - a’n) - fx(ta a,,)(a,,+1 —r+r— (In)
+ f [K.(2, 5, A())(1(s) — an(8)) = Ki(2, 5, u())@ns1(8) — 1(s) + 7(s) — @, ()] ds
=fx(t’ 7)[711 - fx(t’ a'n)(Pn - pn+l)

+ f [K(t, 5, A(5)pn(s) = Kty 5, @n())(Pu(5) = pus1(s))] ds

fo

The Mean Value Theorem produces the results above with y,4 € (a,,r). We have also added and subtracted » where
necessary to incorporate the expressions p, = r — @, and p,;; = r — @,+1. The increasing nature of the derivatives allows
us to introduce the following inequalities:

0 <f(t,")pn = fx(t, @) (P = Pns1)
+ f [K.(t, 5, 7(8))pu(s) = Ki(t, 5, @u())(Pn(5) = pus1(5))] ds

=[fx(t, r)— fx(t’ a'n)]pn + fx(ts an)pnﬂ
+ f [K.(t, 5,7(5)) — Ki(2, 5, @, (5)] pu($)ds + f K. (t, s, ay(8)pns1(s)ds

fo

0 <fxx(ta {)pi + fx(ta a’n)pn+1

+ f Kot 5,E(s))pa(s)ds + f K (t, 8, () pus1 (5)ds,

fo

where ¢, ¢ € (a,,r) by the MVT. Since f and K are continuous and Q, Q" are closed with respect to x, we can place the
following bounds on their derivatives, taking into account conditions (11) establishing that both f and K are convex, and
(14) where f, and K, are both negative.

M > |fix(t, 0, My > K (2, 5, %), Ny > |fc(t, 2, and N, > |K, (2, 5, %)| (18)

In terms of the new bounds, we obtain the following inequality:

t s
0 <M;p,(t)* + M, f P2(s)ds — Nipus1(t) — Na f Pur1(s)ds
Iy 4]

<My, + MoT max pu(0)* = Nipusr (1) = NaT max p1 (1)

<(My + MyT) max p,(t)* = (N1 + NaT) max py (1)
te te

M, + M,T 2 2
—— M p = A m p 1
N + N,T zea]x n(t) teajx n(t) ( 9)

max p,+1(t) <
teJ
Similarly, for 8,1 = 8, — r > 0 we obtain the estimate

My + M,T
e max (1) = Amaxq, (1)’ (20)
te

1)< ——mm
MaX Gue1 (1) < N 7 8

where, My, M, N1, N, are the same upper bounds defined by (18). The combination of the results (19) with (20) yields:

max p,1(f) + max g, (t) <A |max pﬁ(t) + max qﬁ(t) .
teJ teJ teJ teJ
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This inequality establishes the quadratic convergence of the sequences of iterates {a,(7)} and {8,(f)}. As shown above,

llmng,ooan(t) =a=r=b= llmnaooﬁn(t)

The proof of the theorem is complete.

In the case where f.(f,x) < 0, K.(t,s,x) < 0, Theorem 1 is modified accordingly, as shown below. The proof of the
following theorem is omitted as it closely resembles the previous proof.

Theorem 2. Assume that equation (10) has an isolated zero x = r € [y, o] for f € CO2[Q,R], K € C*[Q*,R], as
defined above. Let (11) and the subsequent conditions hold:

fxx >0, Ky 2 0,

0> f(t,ap) + f K(t, s, a0(s))ds, (21)
0< f(t’ﬁo) + f K(t’ S,ﬁ()(S))dS, (22)
fi(t,x) >0, K(t,s,x) >0, (23)

ap(t) < x < Bo(d), (t,5) €J X,
there exist monotone sequences {a,} and {3,} such that
(1) < (1) < -+ <ay(t) <r@t) <Bu(t) <--- <Pi(1) <PoD), t € J, (24)

which converge quadratically to r, the isolated zero of (10). The sequences {«a,} and {B3,} are generated by the following
iterative scheme:

0 Zf(l, Q’,,) + fx([9ﬁl1)(an+l - a'n)

+ f [K(2, 5, an(5)) + Ki(1, 5, Bu($))(@n+1(5) — an($))]ds, an(to) = xo, (25)
0 =f(.Bn) + fe(t. Br)Brs1 = Bn)
+ f [K(2, 5, Bn(5)) + K2, 5, Bu(8))Bus1(5) = Bu($)]dSs, Bulto) = Xo, (26)

4. Results 11

The next set of results represents the cases where f is concave and K convex (and viceversa) for (10); the reader is referred
to Lakshmikantham and Vatsala (1998) for additional details.

Theorem 3. Let the ongoing assumptions on (10) prevail. Then, given the following conditions:

fur <0, Ky > 0, @7
0 < f(t,ap) + f K(t, s, ap(s))ds, (28)
0> f(t.Bo) + f Kb, 5.Bo(s)ds, 29)
Filtsao) <0, Kty 5.80) <O, (30)

ap(t) < x < Bo(0), (t,5) €J X,
there exist monotone sequences {«,} and {8,} such that

(1) < (1) < -+ < ap(t) < r(1) < Bult) < -+ < Ba(t) < Bo(D). 1 € J, 31)

which converge quadratically to r, the isolated zero of (10). The sequences {a,(t)} and {3,(t)} are generated by the
following iterative scheme:

0 zf(t’ a’n) + fx(t’ﬁn)(a'rﬁl - a’n)

+ f [K(t, 5, @(5)) + Ku(t, 5, () (@nr1(5) — @u(s)ds, u(to) = xo, (32)
0 If(t,ﬁn) + fx(tsﬂn)(ﬂlﬁl _ﬁn)
+ f [K(t, 5, u(5)) + Ki(t, 5, @n($)(Bus1(5) = Bals)1dSs, Bu(to) = xo, (33)
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Proof. Let p = ap — a;. Combining (28) with (32) with n = 0 yields:

0 < fut,Bo)p + f K, (1, s, () p(s)ds

fo

By (27) we understand that f, is decreasing and K is increasing. With this knowledge and condition (30) we produce the
following inequality:

Jx(t. Bo)p + f K. (1,5, 0(5))p(s)ds < fult, a0)p + f K (t, 5, Bo(s))p(s)ds. (34)

fo fo

Which implies that p < 0 so, @y < @). Likewise, for p = 8, — 5y with the aid of (43) with n = 0 and (29) one can show
that p < 0, thus 8; < By. Subsequently, with p = @; —3; subtraction of (25) with n = 0 from (26) with n = 0 demonstrates
that p < 0 as shown below.

0 =f(.Bo) + fe(t, Bo)(B1 = Bo) + f [K(2, 5,Bo(5)) + Ki(t, 5, a0())(B1(s) = Bo(s))] ds

fo

=f(t, ap) — fi(t, Bo)(a1 — o) — f [K(2, s, a0(s)) + K, (2, 5, ap(5))(1(s) — ao(s))] ds

0> fult. Bo)Br — a1) + f Kty 5, 20(5)(B1(s) — ar(s))ds

fo

0 <fx(t,Bo)p + f K, (t, 5, a0(5)p(s)ds,

fo

where we use the MVT and (27). Then, by (34), we obtain the desired conclusion. The same line of reasoning leads us
to conclude that ay(f) < a(t) < r < B1(t) < Bo(?); hence by induction, ap(f) < a|(t) < -+ < @u(t) <r < Bu(t) < --- <

Bi(t) < Bo(D), tE€J.

Quadratic convergence follows in a similar fashion. Letting p,+; = r — @,+1 > 0, and subtracting (32) from (10) with
x = ryields,

0=ftr+ f K(t, s, r(s)ds = f(t,an) = folt, Bn)(@ns1 — @n)

- f [K(2, s, an(s)) + K\ (2, 5, ap($))(nr1(5) — a,(5)] ds
=fx(t, O-)pn - fx(tngn)(pn - pn+1)
+ f [K(t, 5,17()pu(s) = Ki(t, 5, ,(8))(Pp(S) = pus1(s))] ds

Iy

<[fx(t: a’n) - fx(t»ﬁn)]pn + fx(t’ﬂn)prﬁl
. f [Ko(t, 5, (5)) = Ka(t, 5, an(5))] pu(s)ds + f Kt 5, an()pust (s)ds

<= fxx(n V)pn(pn + LIn) + fx(t7ﬂn)pn+1

!

+ f Koo(t, s, () pp(s)ds + f K. (t, s, an(8))pus1 (8)ds.

) fo

In the preceding process we have used the mean value property twice with o, € (a,,r) and v € (@,,8,), it € (@, ).
From (34) and (27) we have f.(t,8,) < fx(t,@p), Ki(t, s, @,(s)) < K\(t, s, Bo(s)); also pﬁ + Puqn < %pﬁ + %qﬁ Then,

3 1
0 <M1 —przl + —qi - N]]),H_] + M2T maxpi(t) - NzT maxp,m(t)
2 2 te] teJ

3 M
(N} + N>) max pus1(f) < (—M, + MZT) PA(1) + — max ¢2(1)
te] 2 2 tel

3M, +2M,T ) M, >
————— |max p; (1) + | =———— | max ¢q;,(1)
2(N1 + NoT) ) ted 2(Ny + NT) ) ted

= B; max pi(t) + B> max qi(t).
teJ teJ

max p,1(t) < (
ted
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Where the bounds are again defined by (18). Upon letting ¢, = B,+1 — r > 0 and following a similar procedure, one
completes the quadratic convergence results.

M, + 3MLT max 2(t)+ M.T max 2(t)
2Ny + NoT) ) e I 2N, + NoT) ) s P

=B; max qﬁ(t) + B4 max p,zl(t).
teJ te]

max ¢,1() < (
teJ

The same definitions for the bounds are applied again above. Ultimately,
max p,.1(f) + max g+ () <(B; + B4) max pﬁ(t) + (B2 + B3) max qﬁ(t)
te] teJ teJ teJ
- 2 2
=B [rglee}x Pu(®) + max q, (1)),

_ 3M+M,T) .
where, B = AN

the proof is complete.

Variations in the increasing/decreasing character of f(t, x) + ft ; K(t, s, x(s))ds and in the convexity properties of f(z, x) and
K(t, s, x) produce subtle differences that are presented below.

Corollary 1. Assume all the conditions of Theorem 3, but replace conditions (27), and (30) by the new conditions

for 20K, <0, (35)

fx(t’,BO) < 0’ Kx(t’ S, aO) < 0,
ap(t) < x < Bo(r), (t,5) € J X J.

Then, the iterative scheme

0 =f(t,an) + f2(t, @p)(@pns1 — @)

+ f [K(7, 5, @n(5)) + Ki(2, 8, Bu())(@ns1(5) — @n($))]ds, an(to) = xo, (36)
0 =f(t’ﬁn) + fx(t: an)(ﬂrHl _ﬁn)
+ f [K(2, 5,Bn(5)) + K2, 5, Ba())(Br+1(5) = Bu($))]dss, Bu(to) = X0, (37)

generates monotone sequences {a,(t)} and {3,(t)} satisfying (31) which converge quadratically to the isolated zero of (10).

Corollary 2. Assume that all the conditions of Theorem 3 hold, except (28), (29), and (30), which are replaced by the
new conditions

0> f(t,ap) + f K(t, s, a0(s))ds, (38)
0< s+ [ Kitosfulsds, (39)
fx(t’BO) > O’ Kx(t’ S, G,’()) > O’ (40)

ao() < x < Bo®), (t,5) € J X J,

Then, the iterative scheme (36) - (37) generates monotone sequences {a,(t)} and {5,(t)} satisfying (31) which converge
quadratically to the isolated zero of (10).

Corollary 3. Let f and K have the same convexity properties in (35) from Corollary 1, and assume that the remaining
conditions of Corollary 2 hold, except for (40), which is replaced by the condition

fx(ta G,’()) > 07 Kx(t’ S’BO) > 0,
ao(t) < x < Bo(0), (1, 5) € T X J.

Then, the iterative scheme (32) - (33) generates monotone sequences {a,(t)} and {5,(t)} satisfying (31) which converge
quadratically to the isolated zero of (10).
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5. Conclusions

The methods described above represent the means to find isolated roots of Volterra integral equations of the second kind,
provided that f and K possess convex properties as presented. It is noteworthy that the present work partially complements
the existing body of work where Newton’s Method is used to find the solution of integral equations; see Gutiérrez and
Hernandez (2001), Gutiérrez, Hernandez, and Salanova (2004), Hiibner (1986), and Hernandez and Salanova (2005).
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