Journal of Mathematics Research ISSN: 1916-9795
Vol. 2, No. 2, May 2010 E-ISSN: 1916-9809

Clique Partitions of Glued Graphs

Chariya Uiyyasathian(Corresponding author)
Department of Mathematics, Faculty of Science
Chulalongkorn University, Bangkok 10330, Thailand
Tel: 66-2-218-5159  E-mail: Chariya.U@Chula.ac.th

Uthoomporn Jongthawonwuth
Department of Mathematics, Faculty of Science
Chulalongkorn University, Bangkok 10330, Thailand
Tel: 66-81-792-0936  E-mail: aor_utoo@hotmail.com

The research is partially financed by the DPST (Development and Promotion of Science and Technology Talents Project,
Thailand).

Abstract

A glued graph at K,-clone (K3-clone) results from combining two vertex-disjoint graphs by identifying an edge (a triangle)
of each original graph. The clique covering numbers of these desired glued graphs have been investigated recently.
Analogously, we obtain bounds of the clique partition numbers of glued graphs at K,-clones and K3-clones in terms of
the clique partition numbers of their original graphs. Moreover, we characterize glued graphs satisfying such bounds.
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1. Introduction

Let G, and G, be any two graphs with disjoint vertex sets. Let H; and H, be nontrivial connected subgraphs of G and G,
respectively, such that H, = H, with an isomorphism f. We combine G| and G, by identifying A, and H, with respect to
the isomorphism f. This resulting graph is called glued graph of G| and G, at H, and H, with respect to f. We denote
this glued graph by G ‘;G2 where H is the copy of H; and H, in the glued graph. We refer to H, H; and H, as the clones
of the glued graph, G| and G, respectively, and refer to G; and G, as the original graphs. Thus the combined graph is
also called the glued graph of G| and G, at H-clone The notation G;<G, represents an arbitrary graph resulting from
gluing graphs G; and G, at any isomorphic subgraph H; = H, with respect to any of their isomorphism. More details
concerning glued graphs can be explored in Promsakon’s thesis (Promsakon, 2006). Furthermore, planar glued graphs
and perfection of glued graphs are also discussed recently (see (Uiyyasathian and Hemakul, 2006) and (Saduakdee and
Uiyyasathian, 2009).

Cligues are complete subgraphs of a graph that are not necessarily maximal. An n-clique or a clique of order n of a graph
G is a clique of G with n vertices. A clique covering of a graph G is a set of cliques of G, which together contain each
edge of G at least once; if each edge is covered exactly once, then it is called clique partition. The clique covering number
cc(G) and clique partition number cp(G) are the smallest cardinality among all clique coverings and clique partitions of
G, respectively. A minimum clique partition of G is a clique partition of G with cardinality cp(G). Since a clique partition
of a graph G is also a clique covering of G, we always have cc(G) < ¢p(G).

G — H denotes the graph derived from G obtained by deleting all edges of a subgraph H. In particular, if e is an edge of
G, then G — e is the graph G with the edge e deleted. The notation e(G) stands for the number of edges in a graph G.

The question of calculating clique covering and clique partition numbers was raised by Orlin in 1977. DeBruijn and
Erdds had already proved that partitioning a complete graph K, into smaller cliques required at least n cliques (DeBruijn
& ErddSs, 1948). This yields the following theorem of Orlin which states that for n > 3, cp(K,, — e) = n — 1 where e is any
edge of the complete graph K, (Orlin, 1977). A recent paper by Pimpasalee et al. (Pimpasalee et al., 2008), investigates
bounds of clique covering numbers of glued graphs at K,-clones as follows:

cc(Gy) +cc(Gy) -1 < cc(Glsz) < cc(Gy) + ce(Gy).

They also give a characterization of glued graphs with the clique covering number of each possible value. This paper
investigates analogously the clique partition numbers of glued graphs in terms of their original graphs.

Note first that a glued graph can possibly have its clique partition number less than the clique partition number of each
original graph, see Example A.

Example A Let G, be a Hamiltonian graph on n vertices with a Hamiltonian path P as shown in the bold edges in Figure
1. and G, = G| U P . Then the resulting graph Gl"P’GZ is a complete graph, so cp(Gl‘;’GZ) = 1. Since neither G| nor G,
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is a complete graph, its clique partition number is more than 1. It is noticeable that the graph gluing of original graphs
with any arbitrary large clique partition number could yield a resulting glued graph with clique partition number 1. This
situation occurs because of the existence of new cliques in the glued graphs.

Consequently, we observed that if G; <G, does not have a new clique, at least cp(G) (and cp(G,)) cliques are needed to
partition the copy of G, (and G») in G;<G,. Hence,

cp(G1=Gy) = max{cp(Gy), cp(Gr)}.

Back to clique coverings of arbitrary glued graphs, since a set of union between minimum clique coverings of both original
graphs is a clique covering of such glued graph (see Pimpasalee et al., 2008), cc(G;<+G;) < cc(Gy) + cc(G,). However,
the same situation is not true for clique partition numbers, see Example B.

Example B Claim that cp(KnKn) =

min{m, n} for m,n > 3.

Letm > n > 3. Since KmZK" can be partitioned into the sets of an m-clique, an (n — 1)-clique and (n — 2) copies of
2-cliques, cp(KmZK") < n. Orlin proved that cp(K,, — e) = n — 1 (Orlin, 1977) for n > 3 and e is an edge of K,,. Since
n < m, we obtain that cp(KmIZKn) > n— 1. Thus, cp(KmIZK") = n. Note that cp(K,,) + cp(K,,) = 2 while cp(Km;{‘:Kn) can
be arbitrary large. It is an evident that a graph gluing even at the smallest clone may use much more cliques to partition
our resulting glued graphs than those of original graphs.

This leads us to consider a possible upper bound for the clique partition numbers of arbitrary glued graphs. For any glued
graphs of G and G, at a clone H, since the union of a minimum clique partition of G; (or G;) and minimum clique
partition of G, — H (or G| — H) provides a clique partition of G ‘;G2, it yields that

cp(G1502) < min (cp(G) + cp(G; — )} M
2L
Our main results focus on the graph gluing at K,-clone and K3-clone. We give some characterizations of glued graphs
with the clique partition numbers of some possible values.
2. Preliminaries

For convenience, throughout the rest of the paper, we refer K, in the glued graph G °G2 to be only the K,-clone, not an
arbitrary copy of K, in our graphs. In a clique partition, if an edge e is covered by a 2 -clique itself, e is also refered to as
such a clique. Moreover, we will also refer E(G) to be a set of 2-cliques.

Definition 1 Let &2 be a minimum clique partition of a glued graph Gl‘;Gl We define
P[G] ={C € & | Cisaclique of G} and P[G;,] = {C € & | C is a clique of G»).

Note from the Definition 1 that £[G;] U £[G,] € &. However Gl‘;G2 contains a new clique C if and only if C ¢
Z[G1]1U Z[G,]. Any glued graph at K,-clone does not have a new clique, so we have the following result:

Proposition 2 For a minimum clique partition & ofGllfGZ, P = PGV Z[G,].

The known results about an edge deletion or n-clique deletion on the clique partition number are conclued next. Theo-
rems 3-7 help us to investigate bounds of clique partition numbers of glued graphs at K,-clones and K3-clones.

Theorem 3 (Monson, 1996) Let s be the order of the smallest clique containing the edge e among all of the minimum
clique partitions of G. Then
cp(G)—1<cp(G-e)<cp(G)+s—-2

Theorem 4 (Pullman, 1981) Forn >4, n—1 < cp(K, — K3) <2n-5.

Theorem 5 For any graph G and clique C of G, cp(G) — 1 < cp(G — C), and the equality holds if and only if there exists
a minimum clique partition of G containing C.

Proof. Let & and " be minimum clique partitions of G and G — C, respectively. Then &’ U {C} is a clique partition of
G, so cp(G) < |2 U {C}| and hence cp(G) — 1 < ¢p(G - C).

If every minimum clique partition of G does not contain C, then & U {C} cannot be a minimum clique partition of G. So,
|27 U{C)| > |2]. Hence, cp(G - C) + 1 = |2 U{C)| > | 2| = cp(G).

Suppose that & contains C. Then & \ {C} is a clique partition of G — C. Thus, cp(G - C) < |Z| -1 = ¢p(G) - 1.

Therefore, the equality holds.
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Theorem 6 Let G| and G, be graphs containing K, as a subgraph. If there exists a minimum clique partition of G| or
G, containing the K,-clone, then cp(GllfGZ) < cep(Gy) + ep(Gy) -1

Proof. 1t follows immediately from equation (1) and Theorem 5. |

Lemma 12 [f there exists a minimum clique partition of G';Gz containing the K,-clone, then there exists a minimum
clique partition of G| or G, containing the K,-clone.

Proof. Let & and &7 be minimum clique partitions of Gl;’GZ containing the K,-clone and G, respectively. Since the
glued graph at K,,-clone has no new cliques, &[G ] and 9[(?"2] are clique partitions of G and G, respectively. Let &7, be
a minimum clique partition of G;. Note that & = (Z[G]{K,DU(ZL[G1]1{K,HDU{K,}. Now, suppose that all minimum
clique partitions of G; and G, do not contain the K,-clone. Then | does not contain the K,-clone. Since £[G,] is a
clique partition of G| containing the K,,-clone, |2[G1]| > || = c¢p(G). Consequently, | 2[G ] \ {K,}| = ¢p(G). Thus,

|21 = 1 21G1] ~AKH + [ Z[Go N KM + 1 2 ep(G) + [ Z][Ga] N K + 1.

Observe that 221 U(Z[G,]~{K,}) is also a clique partition ofGI;G2 and |2 U (Z[G1] ™ {K,.D)| = cp(G1)+|2[G1] ~ (K.},
this contradicts the minimality of &. O

Theorem 7 If there exists a minimum clique partition of Gl;’GZ containing the K,-clone, then

cp(G1262) = cp(G) + ep(Ga) - 1.

Proof. Let &2 be a minimum clique partition of Gl;’GZ containing the K,-clone. By Proposition2, & = Z[G]U Z[G;].

n

Since & contains the K,-clone, Z[G|] N £[G,] = {K,}. Note that Z[G,] and L[G,] are clique partitions of G| and
G», respectively,so |Z[G1]| = c¢p(Gy) and | Z[G;]| = c¢p(G»). Thus,
cp@1262) =12 = 12(Gi1 U 2(G)|
= | 2G| + | 2[Ga]| - | 21G1] N Z[G]|
2 ¢p(Gy) + ¢cp(Gy) — 1.

By Lemma 12, without loss of generality, G| has a minimum clique partition, &}, containing the K,-clone. Let &, be a
minimum clique partition of G,. Then (£ \ {K,}) U &, is a clique partition of G ;GZ. Therefore,

cp(G‘ZG2) P KD U Po| = (D) N AKDI + 1P| = ep(Gy) + ep(Ga) - 1.
Hence, cp(G‘ZGZ) =cp(Gy) + cp(Gy) — 1. =

3. Clique Partitions of Glued Graphs at K,-Clones
Theorem 9 shows bounds of clique covering numbers of any glued graphs at K,-clones. An analogous statement for clique

partition numbers is studied in Theorem 10. Notice that the lower bound has the same style while the upper bound does
not. Example B illustrates that cp(G1) + ¢p(G») is not an upper bound for the clique partition numbers of GlZGZ.

Remark 8 Let & be a minimum clique partition of GlZGZ.

(i) 1G] N P[G,] € (Ka}

(ii) If the Ky-clone is contained in &, then Z[G] N L[G,] = {K,}, and, P[G1] and ZP[G,] are clique partitions of G
and G, respectively.

(iii) If the K»-clone is not contained in &, then 2[G11N P|[G,] = 0, furthermore, if the clone K, € Z[G;]1~\ L|[G;] for
some i # j € {1,2}, then P[G;] and P|G|] are clique partitions of G; and G; — K, respectively.

Theorem 9 (Pimpasalee et al, 2008) For any graphs G| and G»,

ce(Gy) + cc(Gy) — 1 < cc(Glngz) < cc(G) + cc(G). 2)
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Theorem 10 For any graphs G| and G»,
cp(G1) +cp(Ga) = 1 < ep(C12092) < cp(Gy) + cp(Ga) + 5 -2 3)

where s is the order of the smallest clique containing the K,-clone among all of the minimum clique partitions of G| and
G».

Proof. Without loss of generality, we may assume that G, has a minimum clique partition containing clique of order s
containing the K;-clone. By equation (1) and Theorem 3, cp(G1°G2) <ep(Gy) +ep(Gy — K) < ep(Gy) +ep(Ga) + s —2.

Now, let & be a minimum clique partition of G“"G? If K, € &, then cp(G'ZG2) = ¢p(Gy) + ¢p(Gy) — 1. Suppose
that K, ¢ &2. Then & is partitioned into &[G/ ] and Z2[G,]. We may assume that Z[G,] and £[G,] U {K;} are clique
partitions of G| and G, respectively. Therefore,

CP(G‘ZGZ) = |2 = 121Gl + 1 Z1Ga]l = |21Gi]l + | Z[Ga] UK = 1 2 ¢p(Gy) + cp(Go) — 1.

[m]

Recall from Example B that cp(KmZK") min{m, n}. Note that for the glued graph K, <x>K,1 s defined in Theorem 10 is

min{m, n}. Thus, cp(K,,)+cp(Ky)+s—2 = 1+ 1+min{m,n}-2 = cp(K “’Kn) Therefore the upper bound in equation (3)
is sharp.

A characterization of GI;GZ whose clique covering number satisfying the lower bound in equation (2) is investigated,
see Pimpasalee et al. (lepasalee et al., 2008). Next, we reveal these analogous statements for glued graphs at K,-clones
with clique partition numbers satisfying the lower bound in equation (3).

Theorem 11 For any graphs G| and G», the following statements are equivalent:

@) cpG1262) = cp(G1) + ep(Ga) - 1,
(ii) G, or G, has a minimum clique partition containing the K,-clone, and

(iii) cp(G1 - K3) = cp(G1) — 1 0r cp(G2 — K3) = ¢p(Gy) - 1.

Proof. (it) = (i) This follows directly from Theorems 6 and 10.

(i) = (iii) Assume that cp(G1202) = ¢p(G)) + cp(Ga) - 1. Let 2 be a minimum clique partition of G12G2 If K, € 2,
by Lemma 12, there exists a minimum clique partition of G; or G, containing the K,-clone . Applying Theorem 5 yields
cp(G1 — K3) = ¢p(Gy) — 1 or cp(G, — K3) = cp(Gy) — 1. Assume that K, ¢ &2. Then | 2| = |2[G]| + | P[G,]]. We may
assume that #[G,] is a clique partition of G,, and then Z?[G] is a clique partition of G| — K,. Thus cp(G1)+cp(G2)—1 =
cp(GlzGZ) = |Z| = |2[G]| + | 2[G:]| = cp(Gy — K3) + ¢cp(Gr), so cp(Gy) — 1 = ¢p(Gy — K3). Again apply Theorem 3
to have cp(G)) — 1 = c¢p(G| — K»).

(iii) = (@i) It follows immediately from Theorems 5. m]
Corollary 13 If cp(C1202) = cp(G)) + ep(Ga), then cp(G) < ep(Gy = K2) and ¢p(Gy) < cp(Gy - K2).

Proof. 1t follows immediately from Theorems 3 and 11. O
Corollary 14 follows directly from Lemma 12 and Theorem 11 .

Corollary 14 If there exists a minimum clique partition of GIZGZ containing the K,-clone, then

@ cp(G1292) = ep(G1) + cp(G) - 1, or
(ii) cp(G; — K3) = cp(G;) — 1 for some i € {1,2}.

For any graph G, the statement in Theorem 3, namely cp(G —e) > cp(G) — 1, can be rewritten by cp(G —e) = cp(G) +t for
some ¢ > —1. Next, we consider the clique partition number of a glued graph Gi ZGz satisfying cp(G; — K») = c¢p(G;) + 1;
where i € {1,2}. The special case when t; = —1 for some i € {1,2} has been already examined in Theorem 11.
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Theorem 12 Let G‘ZGZ be a glued graph at K»-clone. If cp(Gy — K») = cp(Gy) + t; and cp(G, — K3) = ¢cp(Gy) + to for
some integers t, tp, then cp(GlzG2) = cp(Gy) + cp(Gy) + t where t = min{ty, t,}.

Proof. First, by Theorem 3 we note that ¢,,#, > —1. If t; = —1 for some i € {1, 2}, then the statement is true by Theorem 11.
Otherwise, assume that 0 < #; < #,. Since a union of a minimum clique partition of G| — K> and a minimum clique partition
of G, is a clique partition of G1°G2 cp(G1°G2) < cp(Gy)+cp(Gy) +1y. Let & be a minimum clique partition of GlZ’GZ
By Proposition2, & = QZ[G]] U P[G,]. Smce t1,t = 0 and by Corollary 14, the K>-clone is not in & and then P is
partitioned into £[G] and £[G,]. We have two cases.

Case 1. Z[Gq] is a clique partition of G| and £[G,] is a clique partition of G, — K,. Thus, cp(GIZGZ) = || =

[21G1]| + | Z[G2]l 2 cp(Gy) + cp(Ga) + 1 2 cp(Gy) + cp(G2) + t1. Hence, CP(Gl,ZGZ) = cp(Gy) + cp(Gy) + t where
t = min{t, t}.
Case 2. Z[G,] is a clique partition of G, and Z[G1] is a clique partition of G; — K. Thus, cp(GlzG2) = 2| =

|2[G1]] + |1 21[G2]l = ¢p(G1) + cp(Gy) + t;. Hence, cp(GlzG2) = ¢p(G1) + ¢p(Gy) + t where ¢ = min{zy, tp}. ]

Now a characterization of GlZGZ satisfying the upper bound in equation (2) which states that cp(GlzGZ) = cp(Gy) +
cp(Gy) + s — 2 where s > 3 is obtained in the following theorem.

Theorem 13 Let GlZG2 be a glued graph of G| and G, at K,-clone, and s the order of the smallest clique containing the

K>-clone among all of the minimum clique partitions of G| and G, where s > 3. Then Cp(GlzGZ) =cp(G)+cep(Gor)+s-2
if and only if, cp(G; — K») > c¢p(G;) + s — 2 for each i € {1,2}.

Proof. Assume that cp(Gl°G2) = ¢cp(Gy) + cp(Gy) + s — 2. We have that cp(G1°G2) < ¢ep(Gj) + cp(G; — K;) for all
i # je{l,2}. It follows that cp(G; — K») 2 cp(Gy) + s — 2 forall i € {1,2}.

Conversely, assume that cp(G; — K3) = ¢cp(G;) + s — 2 for all i € {1,2}. Let & be a minimum clique partition of
Gl"’GQ By Proposition2, & = Z[G] U L[G,]. Since s > 3 and by Corollary 14, the K>-clone is not in 2. Then
IQZI |2[G1]| + | 2[G,]|. Without loss of generality, let 22[G,] be a clique partition of G;. Then Z[G,] is a clique
partition of G, — K». Thus, cp(GIZGZ) = 2| = |2[G1]| + | 2[G>1| = cp(G1) + cp(Ga — K>) > cp(Gy) + cp(Ga) + s — 2.

Together with Theorem 10, we have cp(C1 ZGZ) = ¢p(Gy) + cp(Gy) + s — 2 as desired. o

4. Clique Partitions of Glued Graphs at K3-Clones

Pimpasalee obtains bounds of clique covering numbers of any glued graphs at K3-clones as in Theorem 14. We study
these analogous statements for clique partition numbers in this section.

Theorem 14 (Pimpasalee, 2008) For any graphs G| and G, containing Kz as a subgraph,

cc(Gy) + cc(Gy) =2 < cc(Glsz) < cc(Gy) + cc(G»).

Definition 15 Let &2 be a minimum clique partition of a glued graph G‘;GZ. We define

E|[Z] = {e € E(K,) | e is not covered by any clique in £2[G,]}and
E>[Z7] = {e € E(K},)) | e is not covered by any clique in Z[G,]} .

Note that Z[G ] U E{[£] and L[G,] U E,[ ] are clique partitions of G| and G, respectively.

Theorem 16 Let G| and G, be graphs containing K as a subgraph. Then

cp(G) + ep(Gy) - 3 < ep(G1202). (@)
Proof. Let & be a minimum clique partition of Gl;’GZ Since the clone is a complete graph, & = Z[G]U L[G,].
So, Z = (Z[G1]V Ei[2]) U(Z[G2] U Eo[ZD] N (Ei[Z] U E5[2]). Thus,

CP(GIZGZ) = |21 = [(Z[G1] VU E\[2]) U(Z]G2] U B[ ZD] N (E\[2] U Ex[2))]
= |Z1G11V E\[2D] + |Z[G2] U E2[ 2D = (Z[G1]1 N Z[Ga]) U (E\[ZP] U E[2])].
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Since |2[G 11U E\[2]] = ¢p(G)) | PGl U Eo[2]| = ¢p(Gy) and [(Z[G1] N P[Ga]) U (E\[P]U Eo[ 2])] < 3, we
have
ep(G1202) 2 ep(G1) + ¢p(Ga) = (P[G1] N Z[Gal) U (Ei[ 2] U Eo[ 2))]
2 cp(Gy) + cp(Gy) - 3.

Definition 17 Let G be a graph containing a triangle T and & a minimum clique partition of G. Then we say that

1. 2 is type 1 with respect to the triangle T, if &7 contains the triangle T;
2. P is type 2 with respect to the triangle T, if &7 contains a clique of order at least 4 covering the triangle T;

3. Otherwise, & is type 3 with respect to the triangle T, that is, each edge of the triangle T is covered by different
cliques in 2.

Remark 18 Let GlZG2 be a glued graph at Kz-clone and &2 a minimum clique partition of GIZG2.

(i) If & is type 1 with respect to the Ks-clone, then 2[G]1 N P[G,] = {K3}, and hence, P[G1] and P[G,] are clique
partitions of G| and G, respectively.

(ii) If & is type 2 with respect to the K3-clone, then Z[G ] N P[G,] = 0, furthermore, P[G;] and P[G;] are clique
partitions of G; and G ; — K3, respectively, for some i # j € {1,2}.

(iii) If P is type 3 with respect to the Ks-clone, then an element in 2[G|] N P[G,] is a proper subset of E(K3),
consequently, | 2[G1]1 N L£[G;,]] = 0,1 0r2.

Theorem 19 Let GlZG2 be a glued graph at K3-clone. IfGlzG2 has a minimum clique partition which is type 1 or type
2 with respect to the Ks-clone, then cp(G'ZGZ) > cp(Gy) + cp(Gy) — 1.

Proof. Let & be a minimum clique partition of GIZGZ. By Proposition2, & = Z[G]U Z[G,].

Case 1. & is type 1 with respect to the K3-clone. By Theorem 7, cp(GlzGl) =cp(Gy) + cp(Gy) — 1.

Case 2. & is type 2 with respect to the K3-clone. Without loss of generality, the clique of order at least 4 containing the
K;-clone is in Z[G,]. Then £[G,] and £[G,] U {K3} are clique partitions of G| and G, respectively. Thus,

CP(GIZGQ) =2 = 121Gl + |21Gl = |21G1]| + | Z[G2] U{K3) = 1 2 ep(Gy) + ¢p(Go) — 1.

O

Theorem 20 Let G1°G2 be a glued graph of G| and G, at K3-clone. Then cp(G14>G2) = cp(Gy) + cp(Gy) — 3 if and
only if there exist mlmmum clique partitions &\ and &, of G| and G, respectively, such that for each edge e € E(K3), e
must be covered by a 2-clique in &, or &,.

Proof. First, assume that cp(G1°G2) = ¢cp(Gy) + ¢p(Gy) — 3. Let & be a minimum clique partition of G1°G2 By
Proposition2, & = 2[G,] U Q’[Gz] Note that

|21 = 121G1]1 U E\[ 2] + | 2162l U Eo[ 2] - | 21Gi] 0 P[Goll - [E\[Z] U B[ 2]

Moreover, we have that | 2| = cp(G1) + cp(G,) — 3, Z[G;] U E;[Z] is a clique partition of G; for all i € {1,2} and
|2[G]1 N Z[Gy]| + |[E\[P] U Ey[ ]| < 3. Hence, | 2[G;]1 U E;[Z]| = cp(G;) for all i € {1,2} and

|2[G1]1 N PG| +|E1[Z2]V E,[ ]| = 3. Therefore Z[G;]UE;[£] is a minimum clique partition of G, for all i € {1, 2}.
Let e be an edge in the K3-clone of G1°G2 Ife € 2[G]1N P[G,], then e is covered by a 2-clique in Z[G] and L[G,].
Thus e € Z[G;]U E;[Z] foralli e {1 2} Suppose that e ¢ Z[G1] N L[G,]. Then there exists a clique C of order more
than two in & covering e. Without loss of generality, assume that C € Z2[G]. Then e € E;[ ], so e € P[G,]U E>[Z].

For sufficiency, assume that G; and G, have minimum clique partitions &, and £?,, respectively, such that satisfy the
condition in the right hand side of the statement. Let A = {e € E(K3) |e € &2} and B = {e € E(K3) | e € &%,}. Note
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that |4 + |B| = JAN B| = e(K3) = 3 and (2 \ A) U (2, ~ B) U (A N B) is a clique partition of 91262 Thus,
(21~ A)U (P2~ B)U(AN B)| 2 cp(G1202). Hence,

cp(G1) + cp(Gy) =3 = | P + | P - |A| - |B| + 1A N B
= (P, ~A)U (P~ B)U(ANB)
> ep(G1502).

By Theorem 16, cp(G1202) = cp(G1) + ep(Ga) - 3. o

The following theorem gives the possible values of cp(GlzGZ) when G| or G, has a minimum clique partition which is
type 1 with respect to the K3-clone.

Theorem 21 Let G1ZG2 be a glued graph at Kz-clone. If Gy or G, has a minimum clique partition which is type 1 with
respect to the Ks-clone, then

cp(G) +cp(G2) =3 < ep(C1592) < ep(G) + cp(Ga) — 1.
Proof. 1t follows directly from Theorems 6 and 16. O

Theorem 22 Let GIZGZ be any graph at Kz-clone and &?; a minimum clique partition of G; for each i € {1,2}. Then
cp©1262) < ep(G1) + ¢p(Ga) - 6 + min{ory, o)
where for each i € {1,2}, s; is the sum of orders of all cliques in &; containing edges of the Ks-clone, and

|28 if P;is type 2 with respect to the K3 — clone,
I_ si  if P;is type 3 with respect to the K3 — clone.

Proof. Assume that &; and &7, are minimum clique partitions of G| and G», respectively.

Here we suppose that &7 and &7, are type 2 and type 3 with respect to the K3-clone, respectively. For other cases, the
proof follows similarly. Since &2, is type 2 with respect to the K3-clone, there exists a clique C € &2 with order r > 4
containing K3. Then G| — K3 can be partitioned by the union of &7; \ {C} and a minimum clique partition of C — Kj.
By Theorem4, ¢p(C — K3) < 2r — 5. Thus c¢p(G — K3) < || =1 +2r =5 = ¢p(Gy) + 2r — 6. Since &7, is type 3
with respect to the K3-clone, there exists three cliques in &7, such that each one covers different edge in the K3-clone, say
01,0, and Q; of order ¢, q> and g3, respectively. Then G, — K3 can be partitioned by the union of &2, \ {Q1, 02, O3}
and a minimum clique partition of Q; deleted an edge in the K3-clone for all i € {1,2,3}. We have that cp(Q; —¢;) = g¢; — 1
where Q; covers an edge e; in the K3-clone for all i € {1, 2, 3}. Thus,

cp(Gr = K3) < 1P| =3+ (g1 =D+ (g2 - D+ (g3 — 1) =cp(G2) + q1 + g2 + q3 — 6.

Hence, cp(G‘ZGZ) < cep(Gy) + ¢p(Gy) — 6 + min{oy, 03} where oy = 2r and 0 = q1 + ¢2 + ¢3. O

5. An Application

In general, the problem of computing clique partition numbers is considered to be difficult. Only for some classes of
graphs can be obtained their clique partition numbers or even given reasonable bounds. The problem of determining the
clique partition numbers of graphs is NP-complete, see Ma et al. (Ma et al., 1988). In an appropriate way, the glue operator
could sometimes be used to reduce a large graph into smaller graphs which are easier to find their clique partition numbers
than directly find the clique partition number of the large graph.

Example C Consider a graph G shown in Figure 2. Here we illustrate the usefulness of the glue operator to find c¢p(G).
We refer a bold edge in G to be the K,-clone and reduce the graph G into G, G, and G3 as shown as in Figure 2. Then G =

G I;Gz)<;03. Note that cp(Gy) = 5, cp(G,) = 1 and ¢p(G3) = 3. Since G; has a minimum clique partition containing
2 2
the K;-clone, by Theorem 10, cp(GIZG2) =cp(Gy) +cp(Gy) — 1 =5+ 1-1 =5. Similarly, G3 has a minimum clique

partition containing the K,-clone, and again by Theorem 10, cp((GlzGZ)T;f;»*) = cp(Glsz) +cp(Gy)—-1=5+3-1="T.
Hence, cp(G) =17. )
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Figure 1. A glued graph with clique partition number less than those of both original graph

!

Figure 2. Picture illustrating Example C
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