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Abstract

In this work, we introduce the results of some geometric transformation of the manifold on the homology group.
Some types of folding and unfolding on a wedge sum of manifolds which are determined by their homology
group are obtained. Also, the homology group of the limit of folding and unfolding on a wedge sum of 2-
manifolds is deduced.
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1. Introduction

The notion of folding on manifolds has been introduced by (Robertson, 1977). The conditional folding of
manifold and a graph folding have been defined by (El-Kholy, 1981-2005). Also, the unfolding of a manifold has
been defined and discussed by (M.EI-Ghoul, 1988). Many authors have studied the folding of many types of
manifolds. The homology groups of some types of a manifold are discussed by (M.El-Ghoul, 1990;
M.Abu-Saleem, 2010). (Abu-Saleem, 2007) introduced the results of some geometric transformation of the
manifold on the fundamental group. In this paper, we introduce the folding and unfolding of some types of
manifolds which are determined by their homology group and we study and discuss the homology group of the
limit of folding and unfolding on a wedge sum of 2-manifolds.

2. Preliminaries
In this section, we introduce some necessary definitions which are needed especially in this paper.

Definition 2.1 The 7 -dimension manifold is a Hausdorff space such that each point has an open neighborhood
homeomorphic to the open n-dimensional discU, = {x < R":|x|<1}, wheren is positive integer (W. S. Massey,
1976).

Definition 2.2 An abstract simplicial complex is a pairx = (¥,5) where Jis a finite set whose elements are
called the vertices of X and Sis a set of non-empty subsets of V. Each element se S has precisely n+1
elements(n >0), sis called an » -simplex. (Thus an abstract simplex is merely the set of its vertices). The
simplexes of X satisfy the following conditions;

(l)veV:>{v}eS;
2)seStcs,txg=>teSs.

The dimension of § is n and the dimension of x is the largest of the dimensions of its simplexes (P.J. Giblin,
1977).

Definition 2.3 Let s=[1’,...,1"]be an oriented 7 -simplex of S for some 5 > 0. The boundary homomorphism
2, of §is (n-1)-chain

all[v(’,...,v”]:i(—l)i[vo,...,v”',v“',...,v"] Le. 5 :c,—»c,, and for n=0,p is the null function (P.J. Giblin,
=0

1977).
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Definition2.4 The sequence - —22—(,,(5)—2—5(, () —2 . — 2 5((5)—2—((9) is called the chain
complex of §.Foranyn, 9,°0,,=0.In the sequence, kerg, isdenoted by Z,(S), and elements of 7 (5) are
called 7 -cycles . Also,Imd,., is denoted by B,(S), and elements of B,(S) are called 7 -boundaries. And

since 3, < 7, there is a quotient group #, =2,/5, ,called the n -th homology group of § (P.J. Giblin, 1977).

Notation: # (5) is measure the number of independent 7 -dimensions of holes in §, where0 <n <dim S'.
Definition 2.5 Let M and N be two manifolds of dimensions 72 and 7 respectively. Amap f:pr — N is said
to be an isometric folding of M into N if, for every piecewise geodesic pathy:/ — M,(I =[0,1]]< R), the
induced path 1oy : 7 — N is piecewise geodesic and of the same length as y. If s does not preserve length, it is
called a topological folding (E.El-Kholy, 1981; S.A.Robertson, 1977).

Definition 2.6 Let M and N be two manifolds of the same dimensions. A map g:M — N is said to be
unfolding of M into N if, for every piecewise geodesic pathy: 7 — s, the induced pathg. .7 — N is piecewise
geodesic with length greater than y ( M.El-Ghoul, 1988).

Definition 2.7 Let M and N be two manifolds of the same dimensions and unf : M — M'be any unfolding of M

into m'. Then, a map unf:H, (M)— H,(M')is said to be an induced unfolding of H (M)into H (M')if
unf (H,(M)) = H (unf (M)) (M.Abu-Saleem, 2010).
Definition 2.8 Let X and Y be spaces, and choose points x e X', y, e Y in each space. The wedge sum X vY

is the quotient of the disjoint union x|y obtained by identifying X, and ), to a single point

xvy=x Jr=x]")/ %~ (A.Hatcher, 2001, http://www.math.coronell.edu/hatcher).
Xo~Yo
3. The Main Results

In this section, we will introduce the following:

Lemma 3.1 The homology group H,(S*)of any folding of §?is either isomorphic to Z or identity group.

Proof. First, for folding with singularity of S> as in Figure 1(a) then

H,(F(S*)~Zand for n>0, H (F(S*))=0 . Also, folding without singularity of $® is a manifold

homeomorphic to S as in Figure 1(b) and so H (F(S*))~Z, H,(F(S*))=0, H,(F(S*))~Z andfor n>2,

H,(F(S$*)=0-

Folding with singularity

»
>

Folding without singularity

v
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Figure 1

Corollary 3.2 The homology group of the limit of folding and unfolding of a manifold which is homeomorphic
to §2.n>2 is the identity group.

Theorem 3.3 The homology group H,(T) of any folding of ris either isomorphic to Z ,ZxZ or identity
group.

Proof. First, for folding with singularity of T as in figure 2(a) then

H,(F(T)) =~ Z, H/(F(T))~Zand for n>2,H (F(T))=0. Also, folding without singularity of 7 is a manifold
homeomorphic to 7 as in figure 2(b) and so H (F(T))~Z, H(F(T)=ZxZ, H,(F(T))~Z,and
H (F(T)=0,forn>2-

Therefore any folding of 7 is either isomorphicto Z ,ZxZ or identity group.

=G
C=> - =

(b)

Figure 2

Corollary 3.4 The homology group of the limit of folding and unfolding of a manifold which is homeomorphic
to 7., >2 is the identity group.

Theorem 3.5 If F: Sl2 v SZ2 N Sl2 v Szz,i =1,2 are two types of folding such that

F/(S7)=S5?,j=12.Then, H,(imF, (S’ v S3)) is isomorphic to Z or identity group.

i

n—o

Proof. If F:S}vS; —>S’vS;,i=1,2 are two types of foldings such that F(S})=S},j=12, then

i

limF, (S*v §2)==s? as in Figure 3). Thus, 7 (imF, (52 v 52)) = H,(5%)- Therefore, 1 (limF, (S} v 57)) 18

n—ow n—o n—w

F. imF,

Figure 3

isomorphic to 7 or identity group.

Theorem 3.6 If F:7T,vT, > T,vT,,i=1,2 are two types of foldings such that F(T)=T,j=12. Then

H,(imF, (T, v T,)) is isomorphic toZ, ZxZ or identity group, for all .

n—»o0
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Proof. If F:T,vT,>TvT,i=12 are two types of foldings such that F(7)=T,;j=12, then

limF (hvT)=7, 3 in Figue 4 thus g dimF (VD) =H,(@T) > since

n—»o0 n—»0

H((T)~Z,H(T)~ZxZ,H,(T) =~ Z, and if k>2,H (T)=0 therefore, H (limF, (T, v T,)) is isomorphic to

n—o

7, ZxZ oridentity group.

Figure 4

Theorem 3.7 If F:S’vS; »S’vS; is a folding by cut such that F(Sl.z);tSf, for j=1,2 . Then

H, (limF,(S? v 52)) is isomorphic to identity group, for all »>0.

n—o

Proof. Consider F(S[Z) % Sf, fori=1,2, then we have the following:

n—> N

If jimF (S? v s2) as in Figure 5, then g (lim F, (S v $3)) = 0, foralln > 0 therefore g7 (1im F (S? v §2)) is

>

isomorphic to identity group, forall n>0.

C5. oo

lim F, Figure 5

Theorem 3.8 If F: Sl2 v Sz2 N Sl2 v Szz,i =1,2 are two types of foldings such that

i i

FE(SH) =57, Fj(Sf) #8%,j=12,i# j. Then H,(imF, ( ) is isomorphic to z or identity group, forall n.

n—ow

Proof. Since F(S?)=S,F/(S})#S’,j=12,i#j ,wehave the following:

i
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If limF, (87 v §2)=s? as in Figure 6. Thus, f_ (limF, (S?v §2)=H, (8 therefore f (limF (87 v §2)) is

n—o n—>0 n—0

isomorphic to Z or identity group, for all 7.

Theorem 3.9 If F:7v7T,—>T,v7T, is a folding by cut such that F(T)#T, fori=12 . Then

H,(LimF,(T, v T,)) is isomorphic to Z, Zx Z or identity group, forall n>0.

n—»o0

Proof. Consider F(T)#T, fori =12, then we have the following:

If limE(TvT)=svs, @ in Figue 7@, then H (imF,(T,vT,)=H,(S))xH,(S]) » 50

n—o n—o0

H (ImF (T,vT))~ZxZ,o0r 0 forall n>0.

n—»o0

Also, if limF (T, v T,) as in Figure 7(b), then H,(imF, (T, v T,))~0 > for all »n>0. Moreover, if

n—o n—o

limF, (T, v T,) asin Figure 7(c), then H,(imF (T, v T,)) ~ Z» OF 0 forall n>0. Therefore, H,(imF (T, v T,))

n—om n—»0 n—w

is isomorphic to Z, Zx Z or identity group, forall n>0.
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Theorem 3.101f F,:7,vT, > T, v T,,i=12 aretwo types of foldings such that

FT)=T,F(T)#T,j=12,i#j. Then H, (limF, (7, vT,)) is isomorphic to

n—»0

Z x Z or identity group, forall n>0.

Proof. If F:TvT,—>TvT,i=12 are two types of foldings

F(T)=T,F(T,)#T,j=12,i# j ,wehave the following:

(ZxZ)xZ ,

such

that

If ImF (LvTL)=Tv S! as in Figure 8(a). Then, H,(imF, (T,vT,)=H,/T v S~ (ZxZ)xZ

n—>®0 n—o0

or 0,forall n>0.

Also, if H (limF, (T, vT,)=H, (T)~(ZxZ) or 0, for all n>0 as in Figure 8(b). Therefore,

n—0

H, (limF, (T, v T,)) isisomorphic to (ZxZ)xZ, ZxZ oridentity group, forall n>0.

n—o
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Lemma 3.1 Let M,,M, be two disjoint spheres in R’ . Then there is unfolding

unf : M, UM, - MU M, which induces unfolding W:HU(MIUMZ)—)HU(M{UM;) such

that

(1) unf (Hy(M,UM,))~Z,
@ unf(H,(M,UM,))~0,
3) unf(Hy(M,UM,))~Z®Z,

@ unf (H,(M,UM,))=0,for n>2.
Proof. Let unf: M, UM, — M|UM, be unfolding such that unf(M,UM,)=unf(M,)v unf(M,) as in

figure 9, thus we get the induced unfolding wunf :H (M, UM,)— H (M/UM)) such that
H,(unf (M,UM,)) = H,(unf (M,)v unf (M,)) - Now, for n=0, wunf(H,(M,UM,))=H,(unf(M,UM,)~Z.
And if n=]1, unf(H(M,UM,))= H,(unf(M,UM,))~0 .  Also, if  pn=2,
unf (Hy(M,UM,)) = H,(unf (M, UM,)) ~ H,(unf (M,)) ® H,(unf (M,)) . Since  H,(unf(M,)~Z,i=12 it
follows that wunf (H,(M,UM,)~Z®Z.

Moreover, if 12> 3, it follows that H, (unf(M,)~0,i =1,2. Thus wunf(H,(M,UM,))~0,for n>2.
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unf

Figure 9

Theorem 3.12 Let D, be the disjoint union of k -discs on the sphere S ®. Then there is unfolding
unf :(S* = D,) —> S suchthat H,(lim(unf, (S* —D,))~Z.
m—>0

Proof: Let D, be the disjoint union of k -discs on the sphere S ’. Then, we can define a sequence of

unfolding
unf,:S*-D, > M,,S*-D,c M, c S’
unf, M, > M, M, c M, c S’

unf, M, , >M M, cM,c..cM, cM, S’

Such  that limunf, (S*-D,)=S" as in  figure 10 for k=2 .  Hence
m—>0

H(lim (unf,,(S” = D)) = H,(5%) = Z

KC)\ unf; @ unf,
Im unf,, m
m—x
_______ —_— .

Figure 10

4. Conclusion.

Folding and unfolding problems have been implicit for long time, but have not been studied extensively in the
mathematical literature until recently .Over the past few years; there has been a surge of interest in these
problems in discrete and computational geometry. This paper gives the folding and unfolding of some types of
manifolds, which are determined by their homology group and we discussed the homology group of the limit of
folding and unfolding on a wedge sum of 2-manifolds.

The main results can be similarly extended to some other some geometric shapes such as polyhedra .The
problems lies: Can all convex polyhedra be edge-unfolded, and can all polyhedra be generally unfolded?
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