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Abstract

We study difference equations which arise as discrete approximations to three-point boundary value problems for systems
of first-order ordinary differential equations. We obtain new results of the existence of solutions to the discrete problem by
employing Euler’s method. The existence of solutions are proven by the contraction mapping theorem and the Brouwer
fixed point theorem in Euclidean space. We apply our results to show that solutions to the discrete problem converge to
solutions of the continuous problem in an aggregate sense. We also give some examples to illustrate the existence of a
unique solution of the contraction mapping theorem.
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1. Introduction
In this paper, we study the three-point boundary value problem

Dxy = f(te, x0), k=1,---,n, ()
Mxy + Nx; + Rx, = a. 2)

which arises as a discrete approximation to the continuous problem

X' (D) = f(t,x), t€[a,cl, 3)
Mx(a) + Nx(b) + Rx(c) = a, (€]

Here f is a continuous, vector-valued and possibly nonlinear function, the step size h = (¢c—a)/n and grid points t, = a+kh
fork =0,--- ,n. M, N and R are given d x d matrices, and @ € R?. Let s € {0,1,--- ,n— 1} be such that s < b < s + 1.
Choose a 8 € [0, 1] so that x; = Ox,,1 + (1 — 8)x,. Thus we approximate x; by linear interpolation (see McCormick, 1964,
p- 50-51).
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Numerical solutions to (3), (4) involve discretization. The numerical methods of interest provide solutions that closely
approximate the exact solutions for sufficiently small step size (see Keller, 1991). Since the Euler method is the simplest
numerical scheme for solving initial value problems, we employ this method for approximating the solution of (3), (4),
requiring an extremely small step size.

The discretized boundary value problems and the ‘effect’ that this discretization may have on possible solutions when
compared with solutions to the original continuous boundary value problem, have been researched by (Agarwal, 1985),
(Gaines, 1974) and (Lasota, 1968). For example, (Agarwal, 1985) provides some examples showing that even though the
continuous boundary value problem may have a solution, its discretization may have no solution. Thus we formulate a
convergence theorem which is a generalization of Theorem 2.5, (Gaines, 1974) showing that if solutions to the continuous
problem (3), (4) are unique, then solutions to the discrete problem (1), (2) converge to solutions of the continuous problem.

The primary motivation here for the research in this paper is the work by (Ma, 2002) who studied the existence and
uniqueness of solutions of three-point boundary value problems using the Leray-Schauder continuation theorem when f
is a Carathéodory function. In this work, by employing Euler’s method, we obtain new results of the existence of solutions
to (1), (2) with uniqueness as well as the existence of solutions to (1), (2) without uniqueness. We prove existence and
uniqueness results for nonlinear boundary value problems using the contraction mapping theorem and the Brouwer fixed
point theorem in Euclidean space. We also give some examples to illustrate the existence of a unique solution of the
contraction mapping theorem.

2. Notation and Preliminary Results

Denote X = RO+D4 = R4 x ... x RY ~ {0, h,--- ,nh} x R?. Leta,b,c € Rwitha <b <cand a = (ay,--- ,ay) € R Let
B be a d X d matrix with elements b;;, with the norm

d
I B llo= maxiziza ) | b - )
j=1

J

Lete = (e, - ,e,), where e, € RY, k = 1,--- ,n with norms || ej ||= max<i<q | e;; |, where | . | denotes the modulus
of ej; € R. By abuse of notation we let || e |lo= maxi<j<, |l €¢; || . Let py € R, k = 1,--- ,n, where p : [a,b] — Ris
continuous with norm || p ||= maxy«<, | px |, and set || x; ||= max;<j<s | X |, where | . | denotes the modulus of R.
Set || X |lo= mMaxo<i<, || xx || for each x = (xg,-- , x,) € X which defines a norm on X. If x = (xg,--- , x,) € RO*Dd,
set Ax; = (xx — x3—y) for k = 1,--- ,n and the difference quotient Dx; = Axi/h. If ¢ € R? is a constant then ¢ satisfies
¢, =cforal k =0,1,---,n Thus define || ¢ ||=| ¢ |, where | . | denotes the modulus of R. By a solution to (3), we
mean a vector function x € C'([a, ¢]; RY) satisfying (3) for all ¢ € [a, c] and (4). By a solution to (1), we mean a vector
X = (xg, X1, , x,) € RO satisfying (1) forall k = 1,--- ,n and (2). The value of the k¥ component x; of a solution x
of (1) is expected to approximate x(#;), for some solution x of (3). We assume the following:

Assumption (A1). M, N and R are constant square matrices of order d such that

det(M + N +R) # 0. (6)
Lemma 1 Let (A1) hold. Let @ e R%, e = (ey, - ,e,), where e, e R, k=1,--- ,n,and x, € R%, k=0, 1,--- ,n be such
that
ka :ek, k: 1, ’n,
Mxy + Nx; + Rx, = a.
Then
k
X = Zhej+x0, k=0,1,---,n,
=
where,
N n
X = (M+N+R)(a-Nohey —NZhe_,— —RZhe_,-), )
= =

and 3._, he; = 0 by definition.

Proof We have x; = xg + 2;:1 hej, Xge1 = Xo + ijl he; + heg,1, x; = xo + 6hes | + Z;=1 he;.
Combining this with (2), we conclude that

S n

hej) + R()C() + Z hej),

J=1 J=1

a = Mxy+ N(xo + Ohegyq +
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where
xo=(M+ N+R)_](a — Nbheys) — Ni:hej —RZn:hej).
j=1 =1
Therefore

k
kaZhej+xo, k=0,1,--- ,n,
J=1

where 29: | he; = 0 by definition and

Xo = (M + N +R)™(a = Nohes. —Nihej —RZn:hej).

J=1 j=1

This completes the proof.

Lemma 2 Let (A1) hold. Let e e R?, e = (ey, - ,e,), where e, e R, k=1,--- ,n,and x, e R, k=0,1,---

that
Dx;,=e,, k=1,---,n,
Mxy + Nxs + Rx,, = 0.
Then
| X lleo< Toh(n + 6) || € [loo,
where

To=max{ || (M +N+R)"'R |, | M +N+R) "M |lo, | (M +N +R)"'N ||,
| (M +N+R)'(N+R) o, | (M +N+R)(M+N) |,
| (M+N+R 'Ml|lw+||(M+N+R)'R |,
| (M+N+R ' N+R) o+ | M+N+R)'R ||
I (M+N+R ™Mo+ ||(M+N+R)'R ||,
[ (M+N+R™"Mllw+ Il (M+N+R)(M+N) I},

and || . || 1s given in (5).

Proof Setting @ = 0 in (7) we have

k
6w = Z hej + (M + N + Ry - Néhe,.,
j=1

—NZS:hej —Rihej).
j=1 Jj=1

Forfy <t <ty <ty <t,, wehave

k
= Zhej + (M+N+R)’1(—N0hes+1
j=1
k s k
—N( h€j+ Z hej)—R(Zhej
=1 j=k+1 j=1
s n
+ /’l€j + Z h€j))
Jj=k+1 Jj=s+1

k K
= (M+N+R'MY hej~(M+N+R™'(N+R) ). he;
j=1 Jj=k+1

~(M+N+R)'R > hej—(M+N+R)"Nohe,.,,
Jj=s+1

k=0,1,--,n,

> www.ccsenet.orgljmr

,n be such

®)

9

(10)

209



Vol. 1, No. 2 ISSN: 1916-9795

where Z‘;:l he; = 0 by definition. Thus

Tioh()" lle; 1l +6 1l e 1)
j=1
T1oh(n+6) Il € llo, (11)

IA

Il X fleo

IA

where
Tio=max{|| (M +N+R) ™M |lw,|| (M + N +R) N +R) |lco
| (M +N+R)R o, | (M + N +R)'N o,
I (M+N+R) ™Mo+l (M+N+R)'R ||,
I (M+N+R ' N+R)|lo + | (M+N+R) 'R |}, (12)

and || . || is given in (5). For #y < t; < 541 < f < t,,, we have

s k K
No= ) hej+ Zhej+(M+N+R)_1(—N0h€5+1—NZhej

j=1 Jj=s+1

—R(]Z:;hej+ Zk: he; + Zn: hej))

Jj=s+1 J=k+1

J=1

K k
= (M+N+R)*1MZhej+(M+N+R)*1(M+N) Z he;
=1 j=s+1

n
~(M+N+R)'R Z he; — (M + N + R)"'Nbhey,,
J=k+1
k=0,1,--,n,

where Z?:S +1 he; = 0 by definition. Thus

Ixllo < Ta0h(Y el +0 1l ese )
j=1
< Taoh(n+6) e o, (13)

where

Ty = max{|| (M + N +R)"'M ||, || (M + N + R (M + N) ||,
(M +N+R)™'R [l l (M + N +R)™'N oo,
[ (M+N+R)™"'Mllo+ 1| (M+N+R7'R |,
I(M+N+R Mo+ | (M+N+R™(M+N) llo), (14)
and || . || is given in (5).
Combining (11) with (13), we obtain
I X [lo< Toh(n + 0) || € |lco, (15)
where I'g = max{I'; o, I20}.
Lemma 3 Let (A1) hold. Let x, e R:, k=0, 1,--- ,n, @ € R, and w € R? . Then the problem
Dx;=0,k=1,---,n,
Mxy+ Nx; + Rx,, = «
has a unique solution x; = w where

w=(M+N+R) a (16)

Lemma 4 Let (A1) hold. Let f : [a, b] x R — R be a continuous, x; € R, k = 0,1,--- ,n, « € R?, and w be defined by
(16). Then the problem

Dxy = f(tx, x), k=1,--- ,n, (17
Mxy+ Nx; + Rx, = « (18)
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has a unique solution x = u + w if and only if u is the only solution of
Dxy = f(tue +w), k=1,---,n, (19)
Mxy+ Nx; + Rx, = 0. (20)
Proof Suppose u is the only solution of (19), (20). Define x = u + w. It is clear that Dx; = f(t, x¢), k =1,--- ,n, and

Mxy+ Nx; + Rx, = Mluyg+ w]+ Nlu; +w] + Rlu, +w]
Muy + Nu; + Ru, + (M + N + R)w
0+ a.

Conversely, suppose x = u + w is the only solution of (17), (18). Then it is clear that

Duy = f(ty,up), k=1,--- ,n,
Mug + Nug + Ru,, = 0.

Thus the proof is complete.
3. Existence Results

In this section, first to obtain an existence theorem without uniqueness of the solution, we will apply the Brouwer Fixed
Point Theorem which is given in (Keller, 1991, p. 382). Then we shall use the contraction mapping theorem which is
given in (Keller, 1991, p. 372) to establish the existence of a unique solution to the boundary value problem (1), (2).

Theorem 1 Let (A1) hold. Let £ : [a,b] x RY — R? be a continuous function and p; € R, k = 1, -+, n such that
Il f(tesw) = fte NI pellu=vll, k=1,---,n, 21
for all u,v € R?, where || f(tx, u) — f(tr, V) ||I= maxi<i<q | fi(te, u) — fi(te,v) |. If
Foh(n+6) |l p ll< 1, (22)

then the three-point boundary value problem (1), (2) has at least one solution.

Proof In view of Lemma 4, to prove that (1), (2) has a solution x = u + w, it suffices to prove the following problem

Duy = f(t,ug +w), k=1,---,n, (23)
Muy + Nu; + Ru,, =0 (24)

has a solution in u, where w is defined by (16). The general solution of (23), (24) is

k
we = ) hf(jup+w)+ M+ N+ R (= Nohf (i, ttger +w)
J=1
=N Y hf G+ w) =R hf(t,up+w), k=0,1,--,n. (25)
Jj=1 j=1

Letl>0,set Q = {ue R™V || u|.< I} so that Q is a closed subset of X = R4 where

o Toh( + Ol p [l w Il +max; < [ £k, 0) I}

l
I =Toh(n+0) |l p

Let [| f llo.o= maxueomaxi<k<p || f(#k, ux +w) ||. Define T' on Q by

k
Tue = D hf(tuj+w) + (M+N+ R (= Nohf(tyr, g +w)
j=1

=N Y hf(jup+w) = R Y. hf(t,u;+w)), k=0,1,--- ,n, (26)

=1 =1
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where Z(}:l hf(tj,u;j + w) = 0 by definition. By the continuity of f, T is continuous. We now show that 7 : Q — Q.
Then by (21) we have

I fllo < maxycomaxicg<nlll f(tr, ux +w) — (&%, 0) || + || £, 0) I}
< maxgeomaX << pr(ll we | + 11w D+ 1| fE0) I}, k=1,---,n,
< lp A+ 1wl + maxi e || f(#%.0) 1] . (27)

Forty <t <tg < tgq < t, we have
k
Tue = (M+N+R™'MY hftyuj+w) — (M+N+R)'(N+R)
j=1

X Z Rt uj+w) = (M +N+R'R D hf(tj,u;+w)

Jj=k+1 Jj=s+1
—(M + N + R)"'NOIf (1,41, g1 + W),

where 29:1 hf(tj,u;+w) = 0 by definition. Thus

n
ITulle < Tiohmaxacal Y Il £t u;+w) | +0 1| f(tsrr, tsr +w) I}
j=1
< Tighn+0) | f loa
< Tio(n+ Ol p Il G+ 11w 1) + maxi e 1| £220) 1), 28)

where I'1 o is given in (12). Also, for #p < #; <t < # < 1, we have

Twg = (M+N+R'MY hf(tu;+w)+(M+N+R(M+N)
j=1
k n
X Z hftj,uj+w)—(M+N+R)'R Z hf(t;,u; +w)
J=sl s
—(M+N + R)ilNahf(ZHl’ Uge] + W),
fOrk:O,l’... N,

where 39_ | hf(t,u; +w) = 0 by definition. Thus

[Tulle < FZ,OhmaXueﬂ{Z | f@juj+w) |l +6 1] f(tor1, g1 +w) |}
=
< Doph(n+0) | f o
< Tooh(m+ )l p Il G+ I w ) + max <<, || £, 0) I}, (29)

where I is given in (14). Combining (28) with (29), we obtain

A

Tulle < Toh(n+6)|l p Il (+ Il w i)+ maxiczn || f(2, 0) [}
l (30)

IA

where Iy is given in (9) and

o Toh(n + &)1 p Il w Il +max;<een I /(1 0) I}

[
1 =Toh(n+6) 1l pl

provided
Toh(n+6) |l pli< 1.

Hence Tu € Q, and the conclusion follows from the Brouwer Fixed Point Theorem that there exists at least one solution
to the boundary value problem (1), (2) in Q € X = R4,

Theorem 2 Let (A1) hold. Let f : [a, b] X R4 — R be a continuous function and pr€R, k=1,---,nsuch that

||f(tk,u)_f(tk,\)) ||S Pk ||M—V||, k= 19 1, (3])
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for all u,v € RY, where || f(tx, u) — f(tx, ) l|I= maxi<icq | fite, ) — filte,v) | If
Loh(n+0) I pll< 1, (32)

then the three point boundary value problem (1), (2) has a unique solution.

Proof The proof is similar to the proof of Theorem 1. Let [ > 0, and set Q = {u € R™*D? ;|| u ||, < I} so that Q is a closed
subset of X = R4 where

o Toh( + O p Il w Il +maxicn [ £, 0) I}

l
1 —=Toh(n+6) |l p

Let || f llo.o= maxyeomax; <<y || f(tk, ux + w) ||. Define T on Q by

k
Tue = Y hf(tyu;+w)+ (M +N +R)™ (= NOhf(tsr, ser +w)
j=1

S n
_Nz;hf(tj,u,-+w)—Rzlhf(;j,uj+w)), k=01 .n
J= J=

By the continuity of f, T is continuous. We have already shown that 7 : Q — Q in the proof of Theorem 1. Then by
(31) we have

| fllwo < maxyeomaxcsnlll [, ux +w) — f(t, 0) || + 1| f(%, 0) I}
< maxpeomaxi<n{pr(ll we | + 11w D+ 1| @0 I}, k=1,--- ,n,
< plld+ 1wl + maxi<en || f(#%0) 1] . (33)
We obtained
Tulle < Toh(m+){l pll U+ |l wl)+ max s, || £ 0) I}
< 1 (34

where Iy is given in (9) and

o Lo+ Ol p [l w Il +max; < [ £tk 0) I}

[
1 =Toh(n+6) |l p i

provided
Toh(n+6) |l pli< 1.

Hence Tu € Q.

We shall prove that T : Q@ — Q is a contraction mapping. Let u,v € Q C R®*D4 For ty < #; < t, < t,41 < t, we have

Lo )" Il Gt u;+w) = f(t;,v; +w) |

ITu-Tv e <
=1
O || f(ts1 thse1 + W) = f(Esr1, vse1 +w) I}
< Tiph(n+0) || f(tj,u; +w) — f(t;,v;+w) |l
< Tiph(n+0)p;llu;—v;ll
< Do+ Ohliplla=vlw. (35)

Also, for t) < t; <ty < tx < t, We have

a0h( ) | fltg, 5+ w) = a0+ w) |

[Tu-Tv|o <
=1
O fEsr1s ttser + W) = fllsa1, Ve + W) |}
< Dooh(n+0) || f(tj,u; +w) = f(t;,v;+w) ||
< Doph(n+6)pjllu;—v;ll
< Do+ 0) I plllu=vlw . (36)

Combining (35) with (36), we obtain

I Tu =TV |lo< Toh(n+ ) [ pllllw =Vl -
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where Ty is given in (9). It follows that for Toh(n +6) || p || < 1, Tu = u has a unique solution uin Q ¢ X = R®*14_ This
fixed point is the unique solution of the boundary value problem (1), (2). This completes the proof of the theorem.

The following two examples give the existence of a unique solution of Theorem 2.
Example 1

Consider the following discrete boundary value problem

Dxy = (Dxy1, Dxia) = (X, 1 Xy COS Xp), 37
= (filtx, X0, fo(te, X)) = [t x0), k=1,---, 20,
1 0 1 0 1 0
(0 1)x0+(0 1)x§+(0 l)xn=(1,1), (38)

where x; = 0x3/2 + (1 — 6)x1,2. The boundary value problem (37), (38) has a unique solution.

Proof Wehave M =N =R=1,a=(1,1),n=20,h=0.01 and 6 = 0.13. Let Q = {x € RX"*D ;|| x ||l..< I}. By condition
(34), we obtain || Tu || < [ provided that / > 0.01398. We have

I fllo < maxyeomaxicr<ooll e lll (xx +w) Il | 2 Il (xx + w) cos(xi + w) [}
< maxseomaxizkeao | | (2 1+ 1w ll)
< lpld+liwl,

with pr = tr, k = 1,---,20, || w ||= 1/3, and || p ||= max;«<20fl 0.01k [} = 0.2. Thus (33) holds. We have Iy = 1.
Condition (32) becomes ['ph(n + 0) || p ||= 0.04026 < 1. Thus all of the conditions of Theorem 2 hold and we conclude
that the boundary value problem (37), (38) has a unique solution.

Example 2 Consider the following discrete boundary value problem

Dx; = (Dxy1, Dxyn) = (t,%xk COS Xy, t,%xk sin xy), 39)
= (filtx, x0), ot 1)) = ft, x0), k=1,---,20,
1 0 1 0 1 0
(0 l)xo + (0 1))63 + (0 l)x,, =(1,1), (40)

where x; = 6x3/2 + (1 — 6)x; 2. The boundary value problem (39), (40) has a unique solution.

Proof Wehave M =N=R=1,a=(1,1),n=20,h=0.01 and § = 0.1. Let Q = {x € R?"*V ;|| x ||-< I}. By condition
(34), we obtain || Tu ||, < [ provided that [ > 2.702 x 1073. We have

I f lloo.2

2 2 :
maxycomaxi<i<20il f; Il (xx +w) cos(xx +w) I, | £ Il (e + w) sin(x +w) ||}

2
< maxseomaxizisao | 7 | (I I+ 1wl
< Alplld+1iwl,

with py = 2,k =1,---,20, || w ||I= 1/3, and || p |l= max <<l (0.01k)? |} = 0.04. Thus (33) holds. As in the previous
example, we have I') = 1. Condition (32) becomes ['ph(n + 6) || p ||= 0.00804 < 1. Thus all of the conditions of Theorem
2 hold and we conclude that the boundary value problem (39), (40) has a unique solution.

4. Convergence of Solutions

In this section, the previous results are applied to formulate a convergence theorem. The following is a generalization of
Theorem 2.5, (Gaines, 1974).

Theorem 3 Let the assumptions of Theorem 2 hold. Given € > 0, there exists a = 6(e) > O such thatif 0 < & < ¢ and x
is the solution of (1), (2), then there is a solution x of (3), (4) such that

max{[| x#,x) - x[l: 0 <7< 1} <€ 41)

where x(t,X) = x; + (t — ty)Dxyy for tp <t < tyqq.
Proof The proof is similar to that of (Gaines, 1974) and so is omitted.

Remark 1 It follows from Theorem 3 that if the solutions to the continuous problem (3), (4) are unique, then solutions to
(1), (2) converge to solutions of the continuous problem in the sense of Theorem 3.
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