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Abstract

Let f be an integrable function from R3 to R and μ =
∫

[0,1]3 f (x)dx. A simple estimator of μ is μ̂ =
1

n

n∑
i=1

f ◦ Xi where

X1, X2, ...Xn are independent random vectors and uniformly distributed on [0, 1]3. In 2006, Neammanee and Laipaporn

used the orthogonal array to choose the points Xi’s and established a non-uniform concentration inequality. In this article,

we improve their result.
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1. Introduction

Let f : [0, 1]k → R be a measurable function and let X be a uniform random vector on [0, 1]k. In computer experiments,

for examples, the behavior of nuclear weapon, climate change, the electrical circuit and the fluid flow problems, we

simply refer the collection of input as x, the simulator of each circumstance as f , and the output of experiment as f (x).

The expected value,

μ = E( f ◦ X) =

∫
[0,1]k

f (x)dx,

is cosidered as the representative of output tendency. Sometimes the function f is not easily computed or the dimension

k is very high. It is widely acceptable that Monte Carlo method is competitive for high-dimensional problem ((Davis, P.

J.,1984) and (Evans, M., 2000)). That is, we randomly choose n points from [0, 1]k ,say X1, X2, ...Xn, and define

μ̂ =
1

n

n∑
i=1

f ◦ Xi

to estimate the expected value E( f ◦ X).

Alternatively, the selection of the n points X1, X2, ..., Xn are presented by many mathematicians such as lattice point

sampling (Patterson, H. D.,1954), Latin hypercube sampling (Owen, A. B., 1992a), orthogonal array sampling (Owen, A.

B., 1992b) and scrambled net sampling (Owen, A. B., 1997) and (Tang, B., 1993). In this article, we use the orthogonal

array sampling which provide many applications ((Davis, J., 2007), (Lazic, L., 2008), (Lee, K. H., 2003) and (Lin, K. P.,

2008)) and the definition is stated as follow.

Let d, n and t be positive integers with t ≤ d. An orthogonal array of strength t is a matrix of n rows and d columns

with elements taken from the set {0, 1, . . . , q − 1} such that in any n × t submatrix, each of the qt possible rows occurs

the same number of times. The class of all such arrays is denoted by OA(n, d, q, t). In 1996, Loh considered the function

f : [0, 1]3 → R and used A = (ai, j) ∈ OA(q2, 3, q, 2) to approximate μ by the estimator
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μ̂ =
1

q2

q2∑
i=1

f ◦ X(π1(ai,1), π2(ai,2), π3(ai,3))

where

(a) π1, π2, π3 are random permutations of {0, 1, ..., q − 1},
(b) for any i1, i2, i3 ∈ {0, 1, ..., q − 1} and j ∈ {1, 2, 3}

X
(
i1, i2, i3

)
=
(
X1(i1, i2, i3), X2(i1, i2, i3), X3(i1, i2, i3)

)
,

Xj(i1, i2, i3) =
i j + Ui1,i2,i3, j

q
and

Ui1,i2,i3, j’s are uniform random variables on [0,1] and

(c) Ui1,i2,i3, j’s and πk’s are all stochastically independent.

In 1996, Loh was the first who considered the normal approximation of

W =
μ̂ − μ√
Var(μ̂)

where Var(μ̂) > 0. He gave a uniform bound of orthogonal array sampling designs and Laipaporn and Neammanee

improved the bound to the rate O(q− 1
2 ) in (Laipaporn, K., 2008). Besides the normal approximation, they also investigated

a non-uniform concentration inequality of W in Theorem 1(Laipaporn, K., 2006).

Theorem 1 Assume that E( f ◦ X)4 < ∞. Then, there exists a constant C such that

P(z ≤ W ≤ w) ≤ C
1 + z

(w − z) +
1

1 + z
O(

1√
q

), as q → ∞,

for any real number 0 < z ≤ w.

In this paper we will improve the bound of Theorem 1 as in Theorem 2.

Theorem 2 Assume that E( f ◦ X)4 < ∞. Then, there exists a constant C such that

P(z ≤ W ≤ w) ≤ C
(1 + z)3

(w − z) +
1

(1 + z)2
O(

1√
q

), as q → ∞,

for any real number 0 < z ≤ w.

2. Auxiliary Results

To prove Theorem 2, we need the following lemmas and some notations.

In 1996, Loh introduced a random function ρπ : {0, 1, ..., q − 1}2 → {0, 1, ..., q − 1}
which is defined by (

i1, i2, ρπ(i1, i2)
)
=
(
π1(ai,1), π2(ai,2), π3(ai,3)

)
for some i ∈ {1, 2, .., q2}.

For each i, j and k ∈ {0, 1, ..., q−1}, and z > 0, we let I and K be uniformly distributed random variables on {0, 1, ..., q−1},
(I,K) uniformly distributed on

{
(i, k)|i, k = 0, 1, ..., q − 1, i � k

}
.

Let

Yz(i, j, k) = Y(i, j, k)I
(∣∣∣Y(i, j, k)

∣∣∣ > 1 + z
)
,

Ŷz(i, j, k) = Y(i, j, k)I
(∣∣∣Y(i, j, k)

∣∣∣ ≤ 1 + z
)
,

Ŷ =
q−1∑
i=0

q−1∑
j=0

Ŷz(i, j, ρπ(i, j))

and Ỹ = Ŷ − Ŝ 1,z − Ŝ 2,z + Ŝ 3,z + Ŝ 4,z

where Ŝ 1,z =

q−1∑
j=0

Ŷz(I, j, ρπ(I, j)), Ŝ 2,z =

q−1∑
j=0

Ŷz(K, j, ρπ(K, j)),

Ŝ 3,z =

q−1∑
j=0

Ŷz(I, j, ρπ(K, j)), Ŝ 4,z =

q−1∑
j=0

Ŷz(K, j, ρπ(I, j)).
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Lemma 3 ((Laipaporn, K., 2006) and (Loh, W.L., 1996)) Assume that E( f ◦ X)r < ∞ for some positive even integer r.

Then

1. E|Ỹ − Ŷ
∣∣∣r = O(

1

q
r
2

), as q → ∞,

2.

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EYr(i, j, k) = O(q3−r), as q → ∞,

3. For any positive integer n and t such that n + t is an even number and n + t ≤ r,
q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

E|Yn
z (i, j, k)| = O(q3−n−t)

(1 + z)t , as q → ∞.

Lemma 4 (Laipaporn, K., 2006) Let g : R → R be a continuous and piecewise continuously differentiable function, then

EŶg
(
Ŷ
)
= E

∫ ∞

−∞
g′(Ŷ + t)K(t)dt + Δ̃g

(
Ŷ
)

where

K(t) =
q − 1

4

(
Ỹ − Y

)(
I
(
0 ≤ t ≤ Ỹ − Y

) − I
(
Ỹ − Y ≤ t < 0

))
,

and

Δ̃g
(
Ŷ
)
=

1

q
Eg
(
Ŷ
) q−1∑

i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k).

Lemma 5 (Laipaporn, K., 2006) If E( f ◦ X)2 < ∞, then E(Ŷ − Ỹ)2 =
4

q
+ O(

1

q2
), as q → ∞.

Lemma 6 (Laipaporn, K., 2007) If E( f ◦ X)4 < ∞ , then

1. E

⎛⎜⎜⎜⎜⎜⎜⎝q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Y(i, j, k)

⎞⎟⎟⎟⎟⎟⎟⎠
4

≤ O(q2), as q → ∞,

2. E

⎛⎜⎜⎜⎜⎜⎜⎝q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Yz(i, j, k)

⎞⎟⎟⎟⎟⎟⎟⎠
4

≤ 1

(1 + z)2
O(

1

q2
), as q → ∞.

Lemma 7 Assume that E( f ◦ X)4 < ∞. Let γ = max

(
q(q − 1)

4(q − 4)
E|Ŷ − Ỹ |3, 1√

q

)
and

Uγ =
∑
i�k

∣∣∣∣ q−1∑
j=0

{
Ŷz(i, j, ρπ(i, j)) + Ŷz(k, j, ρπ(k, j)) − Ŷz(i, j, ρπ(k, j)) − Ŷz(k, j, ρπ(i, j))

}∣∣∣∣
× min

(
γ,
∑
i�k

∣∣∣∣ q−1∑
j=0

{
Ŷz(i, j, ρπ(i, j)) + Ŷz(k, j, ρπ(k, j)) − Ŷz(i, j, ρπ(k, j)) − Ŷz(k, j, ρπ(i, j))

}∣∣∣∣).
Then

1. EUγ ≥ 3q + O(1), as q → ∞,

2. Var(Uγ) ≤ γ2O(q2).

Proof. (1.) From the fact that min(a, b) ≥ b − b2

4a
for any a, b > 0,
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E(Uγ) = q(q − 1)E(Ŷ − Ỹ)min(γ, |Ŷ − Ỹ |)
≥ q(q − 1)E(Ŷ − Ỹ)2 − q(q − 1)

4γ
E|Ŷ − Ỹ |3

≥ q(q − 1)E(Ŷ − Ỹ)2 − q(q − 1)

4

(
q(q − 1)

4(q − 4)
E|Ŷ − Ỹ |3

)E|Ŷ − Ỹ |3.

By Lemma 5, we have

E(Uγ) ≥ q(q − 1)

(
4

q
+ O(

1

q2
)

)
− (q − 4)

= 3q + O(1).

(2.) By using the same argument of Lemma 2.5(Laipaporn, K., 2006), we have

Var(Uγ) ≤ q(q − 1)

4

{
γ2O(

1

q
) +

γ2

(1 + z)2
O(

1

q2
)

}
+

1

q(q − 1)

{
γ2(q4)

}
= γ2O(q2).

Lemma 8. If E( f ◦ X)4 < ∞, then EŶ4 = O(1), as q → ∞.
Proof. First we note that

EŶ4 = E

⎛⎜⎜⎜⎜⎜⎜⎝∑
i, j

Ŷz(i, j, ρπ(i, j))

⎞⎟⎟⎟⎟⎟⎟⎠
4

= E

⎛⎜⎜⎜⎜⎜⎜⎝∑
i, j

Y(i, j, ρπ(i, j)) −
∑
i, j

Yz(i, j, ρπ(i, j))

⎞⎟⎟⎟⎟⎟⎟⎠
4

≤ CEW4 +CE

⎛⎜⎜⎜⎜⎜⎜⎝∑
i, j

Yz(i, j, ρπ(i, j))

⎞⎟⎟⎟⎟⎟⎟⎠
4

.

In (Laipaporn, K., 2009), we proved that EW4 = O(1), so it remains to show that E

⎛⎜⎜⎜⎜⎜⎜⎝∑
i, j

Yz(i, j, ρπ(i, j))

⎞⎟⎟⎟⎟⎟⎟⎠
4

= O(1).

Note that E

⎛⎜⎜⎜⎜⎜⎜⎝∑
i, j

Yz(i, j, ρπ(i, j))

⎞⎟⎟⎟⎟⎟⎟⎠
4

= B1 + B2 + B3 + B4 + B5

where

B1 =
∑
i, j

EY4
z (i, j, ρπ(i, j))

B2 =
∑
i1, j1

∑
i2, j2

(i2, j2)�(i1, j1)

EY3
z (i1, j1, ρπ(i1, j1))Yz(i2, j2, ρπ(i2, j2))

B3 =
∑
i1, j1

∑
i2, j2

(i2, j2)�(i1, j1)

EY2
z (i1, j1, ρπ(i1, j1))Y2

z (i2, j2, ρπ(i2, j2))

B4 =
∑
i1, j1

∑
i2, j2

(i2, j2)�(i1, j1)

∑
i3, j3

(i3, j3)�(i1, j1)
(i3, j3)�(i2, j2)

EY2
z (i1, j1, ρπ(i1, j1))Yz(i2, j2, ρπ(i2, j2))Yz(i3, j3, ρπ(i3, j3))

B5 =
∑
i1, j1

∑
i2, j2

(i2, j2)�(i1, j1)

∑
i3, j3

(i3, j3)�(i1, j1)
(i3, j3)�(i2, j2)

∑
i4, j4

(i4, j4)�(i1, j1)
(i4, j4)�(i2, j2)
(i4, j4)�(i3, j3)

EYz(i1, j1, ρπ(i1, j1))Yz(i2, j2, ρπ(i2, j2))Yz(i3, j3, ρπ(i3, j3))Yz(i4, j4, ρπ(i4, j4)).
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By Lemma 3(3) we have

|B1| ≤ 1

q

∑
i, j,k

E|Y4
z (i, j, k)| = 1

q
O(q3−4) = O(

1

q2
),

|B2| ≤ 1

q2

⎡⎢⎢⎢⎢⎢⎢⎣ ∑
i1, j1,k1

E|Y3
z (i1, j1, k1)|

⎤⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎣ ∑

i2, j2,k2

E|Yz(i2, j2, k2)|
⎤⎥⎥⎥⎥⎥⎥⎦

=
1

q2(1 + z)
O(q3−3−1)(

1

1 + z
)O(q3−1−1)

=
1

(1 + z)2
O(

1

q2
),

|B3| ≤ 1

q2

⎡⎢⎢⎢⎢⎢⎢⎣∑
i, j,k

E|Y2
z (i, j, k)|

⎤⎥⎥⎥⎥⎥⎥⎦
2

=
1

q2

(
1

(1 + z)2
O(q3−2−2)

)2
=

1

(1 + z)4
O(

1

q4
),

|B4| ≤ 1

q3

⎡⎢⎢⎢⎢⎢⎢⎣ ∑
i1, j1,k1

E|Y2
z (i1, j1, k1)|

⎤⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎣ ∑

i2, j2,k2

E|Yz(i2, j2, k2)|
⎤⎥⎥⎥⎥⎥⎥⎦

2

=
1

q3(1 + z)2
O(q3−2−2)

(
1

(1 + z)
O(q3−1−1)

)2
=

1

(1 + z)4
O(

1

q2
)

and |B5| ≤ 1

q4

⎡⎢⎢⎢⎢⎢⎢⎣∑
i, j,k

E|Yz(i, j, k)|
⎤⎥⎥⎥⎥⎥⎥⎦

4

= (
1

q4
)

(
1

(1 + z)
O(q3−1−1)

)4
=

1

(1 + z)4
O(1).

Hence E

⎛⎜⎜⎜⎜⎜⎜⎝∑
i, j

Yz(i, j, ρπ(i, j))

⎞⎟⎟⎟⎟⎟⎟⎠
4

= O(1). Therefore EŶ4 = O(1).

3. Proof of Theorem 2

Proof. Note that P(z ≤ W ≤ w) ≤ P(W � Ŷ) + P(z ≤ Ŷ ≤ w)

and by Lemma 3(2),

P(W � Ŷ) = P
( q−1∑

i=0

q−1∑
j=0

I(|Y(i, j, ρπ(i, j))| > 1 + z) ≥ 1
)

≤ E
( q−1∑

i=0

q−1∑
j=0

I(|Y(i, j, ρπ(i, j))| > 1 + z)
)

=
1

q

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

EI(|Y(i, j, k)| > 1 + z)

≤ 1

q

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

E|Y(i, j, k)|4
(1 + z)4

≤ 1

q(1 + z)4
O(q3−4)

=
1

(1 + z)4
O(

1

q2
).
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If we can show that P(z ≤ Ŷ ≤ w) ≤ C
(1 + z)3

(w − z) +
1

(1 + z)2
O(

1√
q

). Then we have Theorem 2. Let γ be defined as in

Lemma 7.

Case 1 (1 + z)2γ ≥ 1.

By Lemma 8 and the fact that γ ≥ 1

(1 + z)2
, we have

P(z ≤ Ŷ ≤ w) ≤ P(z ≤ Ŷ) = P(1 + z ≤ 1 + Ŷ)

≤ E|Ŷ + 1|4
(1 + z)4

≤ C
E|Ŷ |4

(1 + z)4
+

C
(1 + z)4

≤ C
(1 + z)4

≤ Cγ
(1 + z)2

.

By Hölder’s inequality and Lemma 3(1), E|Ỹ − Ŷ
∣∣∣3 = O(

1

q
√

q
). Then γ = O(

1√
q

) and we have P(z ≤ W ≤ w) ≤
1

(1 + z)2
O(

1√
q

).

Case 2 (1 + z)2γ < 1.

Let f : R → R be defined by

f (t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
0 if t < z − γ,
(1 + t + γ)3(t − z + γ) if z − γ ≤ t ≤ w + γ,

(1 + t + γ)3(w − z + 2γ) if t > w + γ.

Then f is a non decreasing function satisfying

f ′(t) ≥
⎧⎪⎪⎪⎨⎪⎪⎪⎩

(1 + z)3 for z − γ < t < w + γ,

0 otherwise .

Since f is a continuous and piecewise continuously differentiable function, by Lemma 4 we have

EŶ f (Ŷ) = E
∫ ∞

−∞
f ′(Ŷ + t)K(t)dt + Δ̃ f (Ŷ).
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Let Uγ be defined as in Lemma 7, we observe that

E
∫ ∞

−∞
f ′(Ŷ + t)K(t)dt

≥ (1 + z)3EI(z ≤ Ŷ ≤ w)

∫
|t|≤γ

K(t)dt

=
(q − 1)(1 + z)3

4
EI(z ≤ Ŷ ≤ w)|Ŷ − Ỹ | min(γ, |Ŷ − Ỹ |)

=
(q − 1)(1 + z)3

4q(q − 1)
EI(z ≤ Ŷ ≤ w)Uγ

≥ (1 + z)3

4q
EI(z ≤ Ŷ ≤ w)UγI(Uγ ≥ q)

≥ (1 + z)3

4
EI(z ≤ Ŷ ≤ w)I(Uγ ≥ q)

=
(1 + z)3

4
E
{
EI(z ≤ Ŷ ≤ w) − I(z ≤ Ŷ ≤ w,Uγ ≤ q)

}
≥ (1 + z)3

4

{
P(z ≤ Ŷ ≤ w) − P(Uγ ≤ q)

}
.

By this fact, Lemma 7(1,2), Lemma 8 and γ = O(
1√
q

),

P(z ≤ Ŷ ≤ w) ≤ 4

(1 + z)3
EŶ f (Ŷ) − 4

(1 + z)3
Δ̃ f (Ŷ) + P(Uγ ≤ q)

≤ 4

(1 + z)3
(w − z + 2γ)E|Ŷ ||1 + γ + Ŷ |3

+
4

(1 + z)3
|Δ̃ f (Ŷ)| + P(EUγ − Uγ ≥ 3q + O(1) − q)

≤ C
(1 + z)3

(w − z + 2γ)E|Ŷ ||(1 + γ)3 + Ŷ3|

+
4

(1 + z)3
|Δ̃ f (Ŷ)| + P(EUγ − Uγ ≥ q)

≤ C
(1 + z)3

(w − z + 2γ)
{
E|Ŷ | + E|Ŷ |4

}
+

4

(1 + z)3
|Δ̃ f (Ŷ)| + C

q2
E(Uγ − EUγ)2

≤ C
(1 + z)3

(w − z) +
4

(1 + z)3
|Δ̃ f (Ŷ)| + C

q2
γ2O(q2)

≤ C
(1 + z)3

(w − z) +
4

(1 + z)3
|Δ̃ f (Ŷ)| + 1

(1 + z)2
O(

1√
q

). (1)
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From, Lemma 6(1,2), Lemma 8 and the fact that γ = O(
1√
q

),

|Δ̃ f (Ŷ)| = ∣∣∣1
q

E f (Ŷ)

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)
∣∣∣

≤ 1

q
(w − z + 2γ)E

∣∣∣(1 + γ + Ŷ)3

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)
∣∣∣

≤ C
q

(w − z + 2γ)E
∣∣∣(1 + γ)3

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)
∣∣∣

+
C
q

(w − z + 2γ)E
∣∣∣Ŷ3

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Ŷz(i, j, k)
∣∣∣

≤ C(w − z + 2γ)(1 + γ3)
1

q

q−1∑
k=0

E
∣∣∣ q−1∑

i=0

q−1∑
j=0

Ŷz(i, j, k)
∣∣∣

+
C
q

(w − z + 2γ)E
∣∣∣Ŷ3( q−1∑

i=0

q−1∑
j=0

q−1∑
k=0

Y(i, j, k) −
q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Yz(i, j, k)
)∣∣∣

≤ C(w − z + 2γ)(1 + γ3)E
∣∣∣ q−1∑

i=0

q−1∑
j=0

Ŷz(i, j, ρπ(i, j))
∣∣∣

+
C
q

(w − z + 2γ)E
∣∣∣Ŷ3

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Y(i, j, k)
∣∣∣

+
C
q

(w − z + 2γ)E
∣∣∣Ŷ3

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Yz(i, j, k)
∣∣∣

≤ C(w − z + 2γ)(1 + γ3)E|Ŷ |

+
C
q

(w − z + 2γ){EŶ4} 3
4 {E(

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Y(i, j, k))4} 1
4

+
C
q

(w − z + 2γ){EŶ4} 3
4 {E(

q−1∑
i=0

q−1∑
j=0

q−1∑
k=0

Yz(i, j, k))4} 1
4

≤ C(w − z + 2γ)(1 + γ3) +
C
q

(w − z + 2γ)O(q
1
2 )

+
C
q

(w − z + 2γ)
1

(1 + z)
1
2

O(q− 1
2 )

≤ C(w − z + 2γ)

(
1 + O(

1√
q

)

)
≤ C(w − z) + O(

1√
q

).

From this fact and (1), we can conclude that

P(z ≤ Ŷ ≤ w) ≤ C
(1 + z)3

(w − z) +
1

(1 + z)2
O(

1√
q

).
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