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Abstract

Latin hypercube sampling(LHS)(McKay, M.D., 1979) is a method of sampling that can be used to estimate the value of

multidimensional integration. Loh(Loh, W.L., 1996b) and Neammanee and Rattanawong(Neammanee, K., 2009) gave a

uniform bound in normal approximation for LHS. In this paper, we give a non-uniform bound of this approximation by

using Stein’s method.
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1. Introduction and Main Results

Latin hypercube sampling(McKay, M.D., 1979) is a method of sampling that can be used to produce input values for

estimation of integrals over multidimensional domains. The main feature of Latin hypercube sampling(LHS) is that,

contrast to simple random sampling, it stratifies on all input dimensions simultaneously. More precisely, for positive

integers d and n, d ≥ 2, let:

1. πk, 1 ≤ k ≤ d, be random permutations of {1, ..., n} each uniformly distributed over all the n! possible permutations;

2. Ui1,...,id , j 1 ≤ i1, ..., id ≤ n, 1 ≤ j ≤ d, be [0, 1] uniform random variables;

3. The Ui1,...,id , j’s and πk’s all be stochastically independent.

A Latin hypercube sample of size n (taken from the d-dimensional hypercube [0, 1]d) is defined to be {X(π1(i), π2(i), ..., πd(i)) :

1 ≤ i ≤ n}, where for all 1 ≤ i1, ..., id ≤ n,

Xj(i1, ..., id) = (i j − Ui1,...,id , j)/n ∀1 ≤ j ≤ d,

X(i1, ..., id) = (X1(i1, ..., id), ..., Xd(i1, ..., id)).

Let X be a random vector uniformly distributed on [0, 1]d and f be a measurable function from [0, 1]d to R. In many

problem, we would like to estimate μ =
∫

[0,1]d f (x)dx. We note that E( f ◦ X) =

∫
[0,1]d

f (x)dx. The estimator for μ that

based on a Latin hypercube sampling is

μ̂n =
1

n

n∑
k=1

f ◦ X(π1(k), π2(k), ..., πd(k)).

Then μ̂n is an unbiased estimator for μ. McKay Beckman and Conover(McKay, M.D., 1979) showed that in a great number

of instances, the varaince of μ̂n is substantially smaller than that of the estimator based on simple random sampling.

Stein(Stein, M.L., 1987) further proved that the asymptotic variance of μ̂n is less than the asymtotic variance of an
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analogous estimator based on an independently and identically distributed sample. Owen(Owen,A.B., 1992) showed that

the multivariate central limit theorem holds for μ̂n when f is a bounded function. Assume that Var(μ̂n) > 0, we define

W =
μ̂n − μ√
Var(μ̂n)

.

In 1996, Loh(Loh, W.L., 1996) gave a uniform bound on the normal approximation of W but he yield the convergence

rate
C√

n
under the finiteness of third moments without the value of C. Neammanee and Rattanawong(Neammanee, K.,

2009) give a constant C by using Stein’s method. Their result described in Theorem 1.1.

Theorem 1.1 For each i1, ..., id ∈ {1, ..., n}, let

μ(i1, ..., id) = E f ◦ X(i1, ..., id),

Uk(i1, ..., id) =
(−1)k

nk

∑
1≤ j1< j2<...< jk≤d

n∑
q j1=1

...

n∑
q jk=1

μ(l1, ..., ld),

where

lp =

⎧⎪⎪⎨⎪⎪⎩qp if p = j1, ..., jk,
ip otherwise,

and

Y(i1, ..., id) =
1

n
√

var(μ̂n)
[ f ◦ X(i1, ..., id) +

d−1∑
k=1

Uk(i1, ..., id) + (−1)dμ]. (1.1)

Suppose that E( f ◦ X(i1, ..., id))4 < ∞, 1 ≤ i1, ..., id ≤ n. Then for n ≥ 6d + 3,

sup
z∈R

|P(W ≤ z) − Φ(z)| ≤
√

dδ
1
4

4

n
3
8

+
11.68√

n
+ 8.845d

1
4 δ4 + 12.513δ4 +

5.014dδ
3
4

4

n
1
8

+
2
√

2πδ
3
4

4

n
1
8

where Φ is the standard normal distribution, and

δk =
1

nd− k−1
2

n∑
i1=1

...

n∑
id=1

E|Y(i1, ..., id)|k.

In this paper, we give a non-uniform bound on the normal approximation of W. Here is our result.

Theorem 1.2 Suppose E( f ◦ X(i1, ..., id))6 < ∞. Then for z ∈ R,

∣∣∣P(W ≤ z) − Φ(z)
∣∣∣ ≤ C

1 + |z| {
δ

1
4

4

n
3
8

+ n
5
4 δ

7
2

4
+ δ3 + δ

1
2

6
(δ

1
2

4
+ δ4)}.

Furthermore, if δk ∼ n−1/2(k = 3, 4, 6), ∣∣∣P(W ≤ z) − Φ(z)
∣∣∣ ≤ C

(1 + |z|) √n
.

To obtain a non-uniform bound for orthogonal array, Laipaporn and Neammanee(Laipaporn, K., 2007) assume 30th mo-

ment. But in Theorem 1.2, we assume 6th moment which is better than their result.

This paper is organized as follows. In section 2, we give a number of lemmas that are needed in proving our main

theorem(Theorem 1.2). A proof of Theorem 1.2 is given in section 3.

2. Auxiliary Results

In this section, we shall give auxiliary results for proving our main theorem.

Neammanee and Rattanawong (Neammanee, K., 2009) showed that there exist random permutations ρ1, ..., ρd−1 on

{1, ..., n} such that
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W =
n∑

i=1

Y(i, ρ1(i), ..., ρd−1(i)).

For fixed z ≥ 0, we also define

Yz(i1, ..., id) = Y(i1, ..., id)I(|Y(i1, ..., id)| > 1 + z),

Ŷz(i1, ..., id) = Y(i1, ..., id)I(|Y(i1, ..., id)| ≤ 1 + z),

whereIis the indicator function and

Ŷ(ρ) =

n∑
i=1

Ŷz(i, ρ1(i), ..., ρd−1(i)).

To define a coupling pair Ỹ(ρ) of Ŷ(ρ), let I and K be uniformly distributed random variables on {1, ..., n}, (I,K) uniformly

distributed on {(i, k)|i, k = 1, ..., n, i � k} and assume that they are independent of ρ1, ..., ρd−1 and Y(i1, ..., id)’s.

Let

Ỹ(ρ) = Ŷ(ρ) − Ŝ 1,z − Ŝ 2,z + Ŝ 3,z + Ŝ 4,z

where

Ŝ 1,z = Ŷz(I, ρ1(I), ..., ρd−1(I)), Ŝ 2,z = Ŷz(K, ρ1(K), ..., ρd−1(K)),

Ŝ 3,z = Ŷz(I, ρ1(K), .., ρd−1(K)), Ŝ 4,z = Ŷz(K, ρ1(I), ..., ρd−1(I)).

Note that, by the same argument as in Neammanee and Suntornchost(Neammanee, K., 2005), Ŷ(ρ) and Ỹ(ρ) is an

exchangeable pair and Ŝ i,z for i = 1, 2, 3, 4 are identically distributed.

Lemma 2.1 Let g be a continuous and piecewise continuously differential function. Then,

EŶ(ρ)g(Ŷ(ρ)) = E
∫ ∞

−∞
g′(Ŷ(ρ) + t)K(t)dt + Δg(Ŷ(ρ))

and

|Δg(Ŷ(ρ))| ≤ C
(δ 1

4

4

n
3
8

+ δ4
)(

Eg2(Ŷ(ρ))
) 1

2

where

K(t) =
n − 1

4
(Ỹ(ρ) − Ŷ(ρ))(I(0 ≤ t ≤ Ỹ(ρ) − Ŷ(ρ)) − I(Ỹ(ρ) − Ŷ(ρ) ≤ t < 0)).

proof Let A be the σ-algebra generated by

{Ŷz(i, ρ1(i), ..., ρd−1(i)) : 1 ≤ i ≤ n}.
By the same argument as in Neammanee and Suntornchost(Neammanee, K., 2005), we can show that

2E{g(Ŷ(ρ))EA(Ỹ(ρ) − Ŷ(ρ))} + E(Ỹ(ρ) − Ŷ(ρ))[g(Ỹ)(ρ) − g(Ŷ(ρ))] = 0.

From this fact and the fact that

EA[Ỹ(ρ) − Ŷ(ρ)]

= EA[−Ŝ 1,z − Ŝ 2,z + Ŝ 3,z + Ŝ 4,z]

= −EAŶz(I, ρ1(I), ..., ρd−1(I)) − EAŶz(K, ρ1(K), ..., ρd−1(K))

+ EAŶz(I, ρ1(K), ..., ρd−1(K)) + EAŶz(K, ρ1(I), ..., ρd−1(I))

= −2

n

n∑
i=1

Ŷz(i, ρ1(i), ..., ρd−1(i)) +
2

n(n − 1)
EA

n∑
i=1

∑
k

k�i

Ŷz(i, ρ1(k), ..., ρd−1(k))

= −2

n
Ŷ(ρ) +

2

n(n − 1)
EA

n∑
i=1

{
n∑

k=1

Ŷz(i, ρ1(k), ..., ρd−1(k))

− Ŷz(i, ρ1(i), ..., ρd−1(i))}

= − 2

n − 1
Ŷ(ρ) +

2

n(n − 1)
EA

n∑
i=1

n∑
k=1

Ŷz(i, ρ1(k), ..., ρd−1(k)),
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we have

EŶ(ρ)g(Ŷ(ρ)) =
n − 1

4
E(Ỹ(ρ) − Ŷ(ρ))[g(Ỹ(ρ)) − g(Ŷ(ρ))]

+
1

n
Eg(Ŷ(ρ))

n∑
i=1

n∑
k=1

Ŷz(i, ρ1(k), ..., ρd−1(k))

=
n − 1

4
E(Ỹ(ρ) − Ŷ(ρ))[g(Ỹ(ρ)) − g(Ŷ(ρ))] + Δg(Ŷ(ρ))

=
n − 1

4
E(Ỹ(ρ) − Ŷ(ρ))

∫ Ỹ(ρ)−Ŷ(ρ)

0

g′(Ŷ(ρ) + t)dt + Δg(Ŷ(ρ))

= E
∫ ∞

−∞
g′(Ŷ(ρ) + t)K(t)dt + Δg(Ŷ(ρ))

where

|Δg(Ŷ(ρ))| = 1

n
E|g(Ŷ(ρ))

n∑
i=1

n∑
k=1

Ŷz(i, ρ1(k), ..., ρd−1(k))|

≤ 1

n
{Eg2(Ŷ(ρ))} 1

2 {E[

n∑
i=1

n∑
k=1

Ŷz(i, ρ1(k), ..., ρd−1(k))]2} 1
2 .

The proof will be completed, if we can show that

E[

n∑
i=1

n∑
k=1

Ŷz(i, ρ1(k), ..., ρd−1(k))]2 ≤ C
(
n

5
4 δ

1
2

4
+ n2δ24

)
.

By the fact that

n∑
i j

EY(i1, ..., id) = 0, (2.1)

for each j ∈ {1, ..., d}(Neammanee, K., 2009), we have

∑
i,k

∑
l,m

(l,m)�(i,k)

EY(i, ρ1(k), ..., ρd−1(k))Y(l, ρ1(m), ..., ρd−1(m))

=

n∑
i=1

n∑
k=1

∑
l

l�i

∑
m

m�k

EY(i, ρ1(k), ..., ρd−1(k))Y(l, ρ1(m), ..., ρd−1(m))

+

n∑
i=1

n∑
k=1

∑
l

l�i

EY(i, ρ1(k), ..., ρd−1(k))Y(l, ρ1(k), ..., ρd−1(k))

+

n∑
i=1

n∑
k=1

∑
m

m�k

EY(i, ρ1(k), ..., ρd−1(k))Y(i, ρ1(m), ..., ρd−1(m))

=
1

(n(n − 1))(d−2)

n∑
k1=1

...

n∑
kd=1

EY(k1, ..., kd)
∑
m1

m1�k1

...
∑
md

md�kd

EY(m1, ...,md)

+
1

n(d−2)

n∑
k1=1

...

n∑
kd=1

EY(k1, ..., kd)
∑

l
l�k1

EY(l, k2, ..., kd)

+
1

(n(n − 1))(d−2)

n∑
k1=1

...

n∑
kd=1

EY(k1, ..., kd)
∑
m2

m2�k2

...
∑
md

md�kd

EY(k1,m2, ...,md)

≤ C
nd−2

n∑
k1=1

...

n∑
kd=1

[EY(k1, ..., kd)]2

= Cn
√

nδ2.
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Thus

E[

n∑
i=1

n∑
k=1

Y(i, ρ1(k), ..., ρd−1(k))]2 ≤
n∑

i=1

n∑
k=1

EY2(i, ρ1(k), ..., ρd−1(k)) +Cn
√

nδ2

= Cn
√

nδ2. (2.2)

Using the fact that 2ab ≤ a2 + b2 and

E|Y(i1, ..., id)|m|Yz(i1, ..., id)|n

≤ E|Y(i1, ..., id)|m|Yz(i1, ..., id)|n(
|Yz(i1, ..., id)|

1 + z
)t

≤ E|Y(i1, ..., id)|m+n+t

(1 + z)t (2.3)

for any integers m, n and t which m ≥ 0, n, t > 0,
we have ∑

i,k

∑
l,m

(l,m)�(i,k)

EYz(i, ρ1(k), ..., ρd−1(k))Yz(l, ρ1(m), ..., ρd−1(m))

=
1

(n(n − 1))(d−2)

n∑
k1=1

...

n∑
kd=1

EYz(k1, ..., kd)
∑
m1

m1�k1

...
∑
md

md�kd

EYz(m1, ...,md)

+
1

n(d−2)

n∑
k1=1

...

n∑
kd=1

EYz(k1, ..., kd)
∑

l
l�k1

EYz(l, k2, ..., kd)

+
1

(n(n − 1))(d−2)

n∑
k1=1

...

n∑
kd=1

EYz(k1, ..., kd)
∑
m2

m2�k2

...
∑
md

md�kd

EYz(k1,m2, ...,md)

≤ C
n2(d−2)

[

n∑
k1=1

...

n∑
kd=1

E|Yz(k1, ..., kd)|]2 +
C

nd−3

n∑
k1=1

...

n∑
kd=1

EY2
z (k1, ..., kd)

≤ C
n2(d−2)

[

n∑
k1=1

...

n∑
kd=1

EY4(k1, ..., kd)

(1 + z)3
]2 +

C
nd−3

n∑
k1=1

...

n∑
kd=1

EY4(k1, ..., kd)

(1 + z)2

≤ C
(
nδ24 + n

√
nδ4
)
.

Thus

E[

n∑
i=1

n∑
k=1

Yz(i, ρ1(k), ..., ρd−1(k))]2

≤
n∑

i=1

n∑
k=1

EY2
z (i, ρ1(k), ..., ρd−1(k)) +C

(
nδ24 + n

√
nδ4
)

= C
(
n
√

nδ2 + nδ24 + n
√

nδ4
)
. (2.4)

Now, we conclude from (2.2) and (2.4) that

E[

n∑
i=1

n∑
k=1

Ŷz(i, ρ1(k), ..., ρd−1(k))]2

= E[

n∑
i=1

n∑
k=1

Y(i, ρ1(k), ..., ρd−1(k)) −
n∑

i=1

n∑
k=1

Yz(i, ρ1(k), ..., ρd−1(k))]2

≤ 2E[

n∑
i=1

n∑
k=1

Y(i, ρ1(k), ..., ρd−1(k))]2 + 2E[

n∑
i=1

n∑
k=1

Yz(i, ρ1(k), ..., ρd−1(k))]2

≤ C
(
n
√

nδ2 + nδ24 + n
√

nδ4
)

≤ C
(
n

5
4 δ

1
2

4
+ nδ24 + n

√
nδ4
)

≤ C
(
n

5
4 δ

1
2

4
+ n2δ24

)
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where we have used the fact that

δ22 =
1

n2d−1
[

n∑
i1=1

...

n∑
id=1

EY2(i1, ..., id)]2 ≤ 1

nd−1

n∑
i1=1

...

n∑
id=1

EY4(i1, ..., id) =
δ4√

n
(2.5)

in the third inequality and n
√

nδ4 ≤ n
5
4 δ

1
2

4
+ n2δ24 in the last inequality.

Lemma 2.2 Suppose EY4(i1, ..., id) < ∞, 1 ≤ i1, ..., id ≤ n. Then

EŶ4(ρ) ≤ C
(√

nδ4 + δ24
)
.

proof We observe that

E(

n∑
i=1

Yz(i, ρ1(i), ..., ρd−1(i))4 = M1 + M2 + M3 + M4 + M5

where

M1 =

n∑
i=1

EY4
z (i, ρ1(i), ..., ρd−1(i)),

M2 =

n∑
i=1

∑
j

j�i

EYz(i, ρ1(i), ..., ρd−1(i))Y3
z ( j, ρ1( j), ..., ρd−1( j)),

M3 =

n∑
i=1

∑
j

j�i

EY2
z (i, ρ1(i), ..., ρd−1(i))Y2

z ( j, ρ1( j), ..., ρd−1( j)),

M4 =

n∑
i=1

∑
j

j�i

∑
k

k�i, j

EY2
z (i, ρ1(i), ..., ρd−1(i))Yz( j, ρ1( j), ..., ρd−1( j))

Yz(k, ρ1(k), ..., ρd−1(k)) and

M5 =

n∑
i=1

∑
j

j�i

∑
k

k�i, j

∑
l

l�i, j,k

EYz(i, ρ1(i), ..., ρd−1(i))Yz( j, ρ1( j), ..., ρd−1( j))

Yz(k, ρ1(k), ..., ρd−1(k))Yz(l, ρ1(l), ..., ρd−1(l)).

We note that

|M1| = 1

nd−1

n∑
i1=1

...

n∑
id=1

EY4
z (i1, ..., id) =

δ4√
n
.

It follows from (2.3) and (2.5)that

|M2| ≤ C
n2(d−1)

n∑
i1=1

...

n∑
id=1

E|Yz(i1, ..., id)|
n∑

j1=1

...

n∑
jd=1

E|Yz( j1, ..., jd)|3

≤ C
n2(d−1)

[

n∑
i1=1

...

n∑
id=1

EY4(i1, ..., id)]2

=
Cδ24

n
,
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|M3| ≤ C
n2(d−1)

n∑
i1=1

...

n∑
id=1

n∑
j1=1

...

n∑
jd=1

EY2
z (i1, ..., id)EY2

z ( j1, ..., jd)

≤ C
n2(d−1)

[

n∑
i1=1

...

n∑
id=1

EY4(i1, ..., id)]2

=
Cδ24

n
,

|M4| ≤ C
n3(d−1)

n∑
i1=1

...

n∑
id=1

EY2
z (i1, ..., id)[

n∑
j1=1

...

n∑
jd=1

E|Yz( j1, ..., jd)|]2

=
C

n3(d−1)

n∑
i1=1

...

n∑
id=1

EY4(i1, ..., id)[

n∑
j1=1

...

n∑
jd=1

E|Y( j1, ..., jd)|2]2

= C
√

nδ4δ22
≤ Cδ24 and

|M5| ≤ C
n4(d−1)

[

n∑
i1=1

...

n∑
id=1

E|Yz(i1, ..., id)|]4

≤ C
n4(d−1)

[

n∑
i1=1

...

n∑
id=1

EY2(i1, ..., id)]4

= Cδ42

≤ Cδ24
n
.

Thus

E(

n∑
i=1

Yz(i, ρ1(i), ..., ρd−1(i)))4 ≤ C
( δ4√

n
+ δ24

)
.

By this fact and EW4 ≤ C
√

nδ4(Neammanee, K., 2008),

EŶ4(ρ) = E(

n∑
i=1

Y(i, ρ1(i), ..., ρd−1(i)) −
n∑

i=1

Yz(i, ρ1(i), ..., ρd−1(i)))4

≤ EW4 + E(

n∑
i=1

Yz(i, ρ1(i), ..., ρd−1(i)))4

≤ C
(√

nδ4 + δ24
)
.

Lemma 2.3
E(Ỹ(ρ) − Ŷ(ρ))2 =

4

n
+ Δ

where |Δ| ≤ C
(δ 1

2

4

n
5
4

+
δ4
n

)
.

proof Let

S 1 = Y(I, ρ1(I), ..., ρd−1(I)), S 1,z = Yz(I, ρ1(I), ..., ρd−1(I)),

S 2 = Y(K, ρ1(K), ..., ρd−1(K)), S 2,z = Yz(K, ρ1(K), ..., ρd−1(K))

S 3 = Y(I, ρ1(K), ..., ρd−1(K)), S 3,z = Yz(I, ρ1(K), ..., ρd−1(K)), and

S 4 = Y(K, ρ1(I), ..., ρd−1(I)), S 4,z = Yz(K, ρ1(I), ..., ρd−1(I)).

We observe that

E(Ỹ(ρ) − Ŷ(ρ))2 =

4∑
k=1

ES 2
k + Δ1 (2.6)
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where

|Δ1| ≤
∑

1≤i< j≤4

|ES iS j| + 4

4∑
i=1

ES 2
i,z +

n∑
i=1

n∑
j=1

E|S iS j,z|

and, by (2.1),

ES 2
1 =

1

n

n∑
i=1

EY2(i, ρ1(i), ..., ρd−1(i))

=
1

n
[EW2 −

n∑
i=1

∑
j

j�i

EY(i, ρ1(i), ..., ρd−1(i))Y( j, ρ1( j), ..., ρd−1( j))]

=
1

n
− 1

nd(n − 1)d−1

n∑
i1=1

...

n∑
id=1

∑
j1

j1�i1

...
∑

jd
jd�id

EY(i1, ..., id)EY( j1, ..., jd)

=
1

n
− (−1)d

nd(n − 1)d−1

n∑
i1=1

...

n∑
id=1

[EY(i1, ..., id)]2. (2.7)

Thus, from (2.6), (2.7) and the fact that S 1, S 2, S 3, S 4 have the same distribution, we have

E(Ỹ(ρ) − Ŷ(ρ))2 =
4

n
+ Δ2

where

|Δ2| ≤ Cδ2
n
√

n
+
∑

1≤i< j≤4

|ES iS j| + 4

4∑
i=1

ES 2
i,z +

n∑
i=1

n∑
j=1

E|S iS j,z|. (2.8)

To prove the lemma, it suffices to find appropriate bounds the right-hand side of (2.8). We note from (2.3) that

ES 2
1,z =

1

n

n∑
i=1

EY2
z (i, ρ1(i), ..., ρd−1(i))

=
1

nd

n∑
i1=1

...

n∑
id=1

EY2
z (i1, ..., id)

≤ C
nd

n∑
i1=1

...

n∑
id=1

EY4(i1, ..., id)

=
Cδ4
n
√

n
. (2.9)

From this fact, (2.5) and the fact that E|S 1|k ≤ δk

n
k−1

2

for k ∈ N, we have

E|S iS j,z| ≤ {ES 2
i }

1
2 {ES 2

j,z}
1
2 = {ES 2

1}
1
2 {ES 2

1,z}
1
2 ≤ Cδ

1
2

2
δ

1
2

4

n
≤ Cδ

3
4

4

n
9
8

(2.10)

for i, j = 1, 2, 3, 4. Note from (2.1) that

|ES 1S 2| = |EY(I, ρ1(I), ..., ρd−1(I))Y(K, ρ1(K), ..., ρd−1(K))|

= | 1

n(n − 1)

n∑
i=1

∑
k

k�i

EY(i, ρ1(i), ..., ρd−1(i))Y(k, ρ1(k), ..., ρd−1(k))|

= | 1

(n(n − 1))d

n∑
i1=1

...

n∑
id=1

EY(i1, ..., id)
∑

k1

k1�i1

...
∑
kd

kd�id

EY(k1, ..., kd)|

= | 1

(n(n − 1))d

n∑
i1=1

...

n∑
id=1

(EY(i1, ..., id))2|

=
Cδ2
n
√

n
.
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By the same argument, we can show that

|ES iS j| ≤ Cδ2
n
√

n
(2.11)

for 1 ≤ i < j ≤ 4. Now we conclude from (2.8) - (2.11) that

|Δ| ≤ C
( δ2
n
√

n
+
δ

3
4

4

n
9
8

+
δ4

n
√

n

)
≤ C
(δ 1

2

4

n
7
4

+
δ

3
4

4

n
9
8

+
δ4

n
√

n

)
≤ C
(δ 1

2

4

n
5
4

+
δ4
n

)
.

3. Proof of Theorem 1.2

To bound |P(W ≤ z) − Φ(z)|, it suffices to consider z ≥ 0 as we have used the fact that Φ(z) = 1 − Φ(−z) and apply the

result to −W when z < 0. So, from now on, we assume z ≥ 0.
Note that

|P(W ≤ z) − Φ(z)| ≤ P(W � Ŷ(ρ)) + |P(Ŷ(ρ) ≤ z) − Φ(z)| (3.1)

and

P(W � Ŷ(ρ)) = P(

n∑
i=1

I(|Y(i, ρ1(i), ..., ρd−1(i))| > 1 + z) ≥ 1)

≤
n∑

i=1

EI(|Y(i, ρ1(i), ..., ρd−1(i))| > 1 + z)

=
1

nd−1

n∑
i1=1

...

n∑
id=1

EI(|Y(i1, ..., id)| > 1 + z)

=
1

nd−1

n∑
i1=1

...

n∑
id=1

P(|Y(i1, ..., id)| > 1 + z)

≤ 1

nd−1

n∑
i1=1

...

n∑
id=1

E|Y(i1, ..., id)|3
(1 + z)3

=
δ3

(1 + z)3
. (3.2)

Hence, it suffices to bound |P(Ŷ(ρ) ≤ z) − Φ(z)|. To do this we will apply Stein’s method and the idea from Neammanee

and Rattanawong(Neammanee, K., 2008).

In 1972, Stein(Stein, C.M., 1972) introduced a powerful and general method for obtaining explicit bound for the error in

the normal approximation to the distribution of a sum of dependent random variables. His technique was relied instead

on the elementary differantial equation. The Stein’s equation for normal distribution function is

g′(w) − wg(w) = I(w ≤ z) − Φ(z) for w ∈ R. (3.3)

It is well-known that the solution gz of (3.3) is of the form

gz(w) =

⎧⎪⎪⎨⎪⎪⎩
√

2πe
1
2

w2

Φ(w)[1 − Φ(z)] if w ≤ z,√
2πe

1
2

w2

Φ(z)[1 − Φ(w)] if w > z,

with 0 ≤ gz(w) ≤ 1 for all w ∈ R,

0 < gz(w) ≤ min(

√
2π

4
,

1

|z| ) for all w ∈ R and z � 0, (3.4)

|g′
z(w) − g′

z(v)| ≤ 1, for all real w, v, (3.5)

and |g′
z(w)| ≤ 1 for all w ∈ R (3.6)

(Stein(1972, pp.22-23)).

From (3.3),

|P(Ŷ(ρ) ≤ z) − Φ(z)| = |Eg′
z(Ŷ(ρ)) − EŶ(ρ)gz(Ŷ(ρ))|. (3.7)

To bound the right handside of (3.7), Neammanee and Rattanawong(2008) construct the random permutation τ1, τ2, . . . , τd−1

in the followings.
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Let I,K, L1, ..., Ld−1,M1, ...,Md−1 be random variables with uniformly distribution on {1, 2, ..., n} and ρ1, ..., ρd−1, τ1, ..., τd−1

are random permutations of {1, 2, ..., n}. Assume that

{I,K, L1, ..., Ld−1,M1, ...,Md−1, ρ1, ..., ρd−1, τ1, ..., τd−1} is independent of Y(i1, ..., id)′s,

(I,K), (L1,M1), ..., (Ld−1,Md−1) are uniformly distributed on

{(i, k)|i, k = 1, 2, ..., n and i � k,

(I,K), (L1,M1), ..., (Ld−1,Md−1) andτ1, ..., τd−1 are mutually independent,

(I,K) and ρ1, ..., ρd−1 are mutually independent, and

ρi(α) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

τi(α) if α � I,K, τ−1
i (Li), τ

−1
i (Mi),

Li if α = I,
Mi if α = K,
τi(I) if α = τ−1

i (Li),

τi(K) if α = τ−1
i (Mi),

where ρi(ρ
−1
i (α)) = ρ−1

i (ρi(α)) = α, for i = 1, ..., d − 1.
Then, they showed that

|g′
z(Ŷ(ρ)) − Ŷ(ρ)gz(Ŷ(ρ))| ≤ |Eg′

z(Ŷ(τ))

∫ ∞

−∞
K(t)dt − E

∫ ∞

−∞
g′

z(Ŷ(ρ) + t)K(t)dt|

+ |Eg′
z(Ŷ(τ))E

∫ ∞

−∞
K(t)dt − Eg′

z(Ŷ(τ))

∫ ∞

−∞
K(t)dt|

+ |Eg′
z(Ŷ(τ)) − Eg′

z(Ŷ(τ))E
∫ ∞

−∞
K(t)dt|

+ |Δgz(Ŷ(ρ))|
:= |T1| + |T2| + |T3| + |T4|. (3.8)

We observe from Lemma 2.1 and (3.4) that

|T4| ≤ C{δ
1
4

4

n
3
8

+ δ4}{Eg2
z (Ŷ(ρ))} 1

2 ≤ C
1 + z

{δ
1
4

4

n
3
8

+ δ4}. (3.9)

By the fact that

|g′
z(w + s) − g′

z(w + t) −
∫ s

t
h(w + u)du| ≤ I(z − max(s, t) < w < z − min(s, t))

(Chen, L.H.Y., 2001), we have

|T1| ≤ E
∫ ∞

−∞
|g′

z(Ŷ(τ)) − g′
z(Ŷ(ρ) + t)|K(t)dt

= E
∫ ∞

−∞
|g′

z(Ŷ(ρ) + ΔŶ) − g′
z(Ŷ(ρ) + t)|K(t)dt

≤ T11 + T12 + T13 (3.10)

where

ΔŶ = Ŷ(τ) − Ŷ(ρ)

T11 = EI(δ <
z
4

)

∫ ∞

−∞
I(z − max(ΔŶ , t) < Ŷ(ρ) < z − min(ΔŶ , t))K(t)dt,

T12 = EI(δ <
z
4

)

∫ ∞

−∞

∫ ΔŶ

t
h(Ŷ(ρ) + u)K(t)dudt,

T13 = EI(δ ≥ z
4

)

∫ ∞

−∞
|g′

z(Ŷ(ρ) + ΔŶ) − g′
z(Ŷ(ρ) + t)|K(t)dt,

δ = |ΔŶ | + |Ỹ(ρ) − Ŷ(ρ)| and

h(w) = (wgz(w))′.

Hence, by (3.1), (3.2), (3.7)-(3.10),

|P(W ≤ z) − Φ(z)| ≤ T11 + T12 + T13 + |T2| + |T3| + C
1 + z

(
δ

1
4

4

n
3
8

+ δ3 + δ4). (3.11)
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Step 1. T11 ≤ C
1 + z

(δ 1
4

4

n
3
8

+ nδ
7
2

4

)
.

We used the idea from Chen and Shao(Chen, L.H.Y., 2001) to define fδ : R → R by

fδ(t) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0 if t < z − 2δ,

(1 + t + δ)(t − z + 2δ) if z − 2δ ≤ t ≤ z + 2δ,

4δ(1 + t + δ) if t > z + 2δ.

Note that

| fδ(t)| ≤ 4δ(1 + |t| + δ) for all t (3.12)

and

f ′
δ (t) ≥

{
1 + z − δ if z − 2δ ≤ t ≤ z + 2δ,
0 otherwise.

(3.13)

By the same argument as in Lemma 2.1, we have

E
∫ ∞

−∞
f ′
δ (Ŷ(ρ) + t)K(t)dt ≤ EŶ(ρ) fδ(Ŷ(ρ)) +C

(δ 1
4

4

n
3
8

+ δ4
)(

E f 2
δ (Ŷ(ρ))

) 1
2
. (3.14)

Thus, by (3.13) and (3.14),

T11 ≤ E
∫

|t|≤|Ỹ(ρ)−Ŷ(ρ)|
I(δ <

z
4

)I(z − (|ΔŶ | + |t|) < Ŷ(ρ) < z + (|ΔŶ | + |t|))K(t)dt

≤ E
∫

|t|≤|Ỹ(ρ)−Ŷ(ρ)|
I(δ <

z
4

)I(z − δ < Ŷ(ρ) < z + δ)K(t)dt

≤ C
1 + z

E
∫

|t|≤|Ỹ(ρ)−Ŷ(ρ)|
I(δ <

z
4

)(1 + z − δ)I(z − δ < Ŷ(ρ) < z + δ)K(t)dt

≤ C
1 + z

E
∫

|t|≤|Ỹ(ρ)−Ŷ(ρ)|
f ′
δ (Ŷ(ρ) + t)K(t)dt

≤ C
1 + z

[EŶ(ρ) fδ(Ŷ(ρ)) + (
δ

1
4

4

n
3
8

+ δ4)(E f 2
δ (Ŷ(ρ)))

1
2 ]. (3.15)

To bound E|Ŷ(ρ) fδ(Ŷ(ρ))| and E f 2
δ (Ŷ(ρ)), we note that

EŶ2(ρ) = E[

n∑
i=1

Ŷz(i, ρ1(i), ..., ρd−1(i))]2

= E[

n∑
i=1

Y(i, ρ1(i), ..., ρd−1(i)) −
n∑

i=1

Yz(i, ρ1(i), ..., ρd−1(i))]2

≤ E[

n∑
i=1

Y(i, ρ1(i), ..., ρd−1(i))]2 + E[

n∑
i=1

Yz(i, ρ1(i), ..., ρd−1(i))]2

≤ EW2 + n
n∑

i=1

EY2
z (i, ρ1(i), ..., ρd−1(i))

= 1 +
1

n(d−2)

n∑
i1=1

...

n∑
id−1=1

EY2
z (i1, ..., id)

≤ 1 +
1

n(d−2)

n∑
i1=1

...

n∑
id−1=1

EY4(i1, ..., id)

(1 + z)2

= 1 +C
√

nδ4, (3.16)

E|Ỹ(ρ) − Ŷ(ρ)|k ≤ C
4∑

i=1

E|Ŝ i,z|k = CE|Ŝ 1,z|k ≤ Cδk
n

k−1
2

, (3.17)

E|ΔŶ |k ≤ Cδk
n

k−1
2

(3.18)
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and

Eδk ≤ Cδk
n

k−1
2

for all k ∈ N. (3.19)

We conclude from Lemma 2.2, (2.5), (3.12), (3.16) - (3.19) and Cauchy - Schwarz inequality,

E|Ŷ(ρ) fδ(Ŷ(ρ))| ≤ C
(
E|Ŷ(ρ)|δ + EŶ2(ρ)δ + E|Ŷ(ρ)|δ2

)
≤ C
(δ 1

4

4

n
3
8

+
δ

3
4

4

n
1
8

+
δ

5
4

4

n
3
8

+
δ

1
2

4

n
3
4

+
δ4

n
1
2

)
≤ C
(δ 1

4

4

n
3
8

+ n
1
8 δ

5
4

4

)

and

E f 2
δ (Ŷ(ρ)) ≤ CE(δ2 + δ2Ŷ2(ρ) + δ4) ≤ δ

1
2

4

n
3
4

+
δ

3
2

4

n
1
4

.

From this fact and (3.15), T11 ≤ C
1 + z

(δ 1
4

4

n
3
8

+ nδ
7
2

4

)
.

Step 2. T12 + T13 ≤ C
1 + z

(δ3 + δ
1
2

4
δ

1
2

6
+ δ4δ

1
2

6
).

Since

E
∫ ∞

−∞

∫ ΔŶ

t
K(t)dudt ≤ E

∫ ∞

−∞
(|ΔŶ | + |t|)K(t)dt

≤ Cn(E|ΔŶ |(Ỹ(ρ) − Ŷ(ρ))2 + E|Ỹ(ρ) − Ŷ(ρ)|3)

≤ Cδ3,

and

h(w) ≤
⎧⎪⎪⎪⎨⎪⎪⎪⎩

C(1 + z) if z
2
< w ≤ z,

C
(1 + z)2

if w ≤ z
2

or w > z

(Laipaporn, K., 2007),

T12

≤ E
∫ ∞

−∞

∫ ΔŶ

t
h(Ŷ(ρ) + u)K(t)I(Ŷ(ρ) + u ≤ z

2
or Ŷ(ρ) + u > z)dudt

+ EI(δ <
z
4

)

∫ ∞

−∞

∫ ΔŶ

t
h(Ŷ(ρ) + u)K(t)I(

z
2
< Ŷ(ρ) + u ≤ z)dudt

≤ Cδ3
(1 + z)2

+C(1 + z)EI(δ <
z
4

)

∫ ∞

−∞

∫ ΔŶ

t
K(t)I(Ŷ(ρ) + u >

z
2

)dudt. (3.20)

It remains to bound the second term on the right hand side of (3.20). By the fact that K(t) = 0 for |t| > |Ŷ(ρ) − Ỹ(ρ)|,
Lemma 2.2, (3.17) and (3.18),

EI(δ <
z
4

)

∫ ∞

−∞

∫ ΔŶ

t
K(t)I(Ŷ(ρ) + u >

z
2

)dudt

≤ EI(δ <
z
4

)

∫ ∞

−∞

∫ ΔŶ

t
K(t)I(Ŷ(ρ) + δ >

z
2

)dudt

= E
∫ ∞

−∞

∫ ΔŶ

t
K(t)I(Ŷ(ρ) >

z
4

)dudt

≤ EI(Ŷ(ρ) >
z
4

)

∫ ∞

−∞
(|ΔŶ | + |t|)K(t)dt

≤ n
4

{
P(Ŷ(ρ) >

z
4

)
} 1

2
{(

E(ΔŶ)2(Ỹ(ρ) − Ŷ(ρ))4
) 1

2
+
(
E(Ỹ(ρ) − Ŷ(ρ))6

) 1
2
}
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≤ C
z2

(
EŶ4(ρ)

) 1
2
δ

1
2

6

n
1
4

≤ C
(1 + z)2

(δ
1
2

4
δ

1
2

6
+ δ4δ

1
2

6
).

From this fact and (3.20) we have T12 ≤ C
1 + z

(δ3 + δ
1
2

4
δ

1
2

6
+ δ4δ

1
2

6
).

By (3.5), (3.17), and (3.19),

T13 ≤ CnEI(δ ≥ z
4

)(Ỹ(ρ) − Ŷ(ρ))2

≤ Cn
z

{Eδ3} 1
3 {E|Ỹ(ρ) − Ŷ(ρ)|3} 2

3

≤ Cδ3
1 + z

.

Hence, T12 + T13 ≤ C
1 + z

(δ3 + δ
1
2

4
δ

1
2

6
+ δ4δ

1
2

6
).

Step 3. |T2| ≤ C
(1 + z)

(
δ

1
2

4

n
1
4

+ δ4) .

We will bound T2 by using the technique from Lemma 9 and Lemma 10 of Ho and Chen(Ho, S.T., 1978). Let

G = Ŷz(I,M1, ...,Md−1) + Ŷz(K, L1, ..., Ld−1)

− Ŷz(I, L1, ..., Ld−1) − Ŷz(K,M1, ...,Md−1)

and

A = {τi(I) � Li, τi(K) � Mi, τi(I) � Mi, τi(K) � Li; 1 ≤ i ≤ d − 1}.

By the same argument as Neammanee and Rattanawong(Neammanee, K., 2009),

|T2| ≤ n|Eg′
z(Ŷ(τ))[Eτ1,...,τd−1G2I(Ac) − G2I(Ac)]|. (3.21)

Let B be the σ-algebra generated by

{I,K, L1, ..., Ld−1,M1, ...,Md−1,Y(i1, ..., id) : 1 ≤ i1, ..., id ≤ n}.

By the fact that EBI(Ac) ≤ C
n

(Neammanee, K., 2008)

we have

E|G|kI(Ac) = E|G|kEBI(Ac) =
C
n

E|G|k = Cδk
n

k+1
2

for k ∈ N. (3.22)

We observe that for w ≤ z
2
,

|g′
z(w)| = |[1 − Φ(z)][1 +

√
2πwe

1
2

w2

Φ(w)]|

≤ {e− z2

2

z
}[1 + √

2π(
z
2

)e
z2

8 Φ(
z
2

)]

≤
√

2πe− 3z2

8

2
+

e− z2

2

z

≤ C
1 + z

where we have used the fact that 1 − Φ(z) ≤ e− z2

2

z for z > 0(Barbour, A.D., 2005) in the second inequality.
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From this fact, (2.5), (3.6), (3.21), (3.22), we have

|T2| ≤ n
∣∣∣∣Eg′

z(Ŷ(τ))I(Ŷ(τ) ≤ z
2

)
[
Eτ1,τ2,··· ,τd−1G2I(Ac) − G2I(Ac)

]∣∣∣∣
+ n
∣∣∣∣Eg′

z(Ŷ(τ))I(Ŷ(τ) >
z
2

)
[
Eτ1,τ2,··· ,τd−1G2I(Ac) − G2I(Ac)

]∣∣∣∣
≤ Cn

1 + z
EG2I(Ac) +Cn

∣∣∣∣EI(Ŷ(τ) >
z
2

)
[
Eτ1,τ2,··· ,τd−1G2I(Ac) − G2I(Ac)

]∣∣∣∣
≤ Cδ2

(1 + z)
√

n
+Cn

(
EI(Ŷ(τ) >

z
2

)E(Eτ1,τ2,··· ,τd−1G2I(Ac) − G2I(Ac))2
) 1

2

≤ Cδ2
(1 + z)

√
n
+

Cn
(1 + z)

(
EŶ2(τ)(EG2I(Ac)EG2 + EG4I(Ac))

) 1
2

≤ Cδ2
(1 + z)

√
n
+

Cn
(1 + z)

(
(1 +

√
nδ4)(

δ4

n2
√

n
)
) 1

2

≤ C
(1 + z)

(
δ

1
2

4

n
1
4

+ δ4).

Step 4. |T3| ≤ C
(1 + z)

(δ 1
2

4

n
1
4

+
√

nδ24
)
.

By the same argument as Chen and Shao(Chen, L.H.Y., 2001), we can show that E|g′
z(Ŷ(τ))| ≤ C

(1 + z)2
(1 +

√
nδ4), for

z > 0. From this fact and Lemma 2.3, we have

|T3| = |Eg′
z(Ŷ(τ)) − Eg′

z(Ŷ(τ))E
∫ ∞

−∞
K(t)dt|

= |Eg′
z(Ŷ(τ))||1 − E

∫ ∞

−∞
K(t)dt|

≤ C(1 +
√

nδ4)

(1 + z)2
|1 − n − 1

4
E(Ỹ(ρ) − Ŷ(ρ))2|

≤ C
(1 + z)2

(1 +
√

nδ4)(
δ

1
2

4

n
1
4

+ δ4)

≤ C
(1 + z)

(δ 1
2

4

n
1
4

+
√

nδ24
)
.

From (3.11) and step 1 - step 4, we have the theorem.

�

Remark There are various alternative ways to select the points X′
i s for estimation of integrals over multidimensional do-

mains. For examples, simple random sampling, lattice sampling( Patterson, H.D., 1954), the orthogonal arrays((Laipaporn,

K., 2007), (Loh, W.L., 1996a), (Owen, A.B., 1992) and (Tang, B., 1993)), scrambled net((Owen, A.B., 1997a) and (Owen,

A.B., 1997b)).
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