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Abstract

Latin hypercube sampling(LHS)(McKay, M.D., 1979) is a method of sampling that can be used to estimate the value of
multidimensional integration. Loh(Loh, W.L., 1996b) and Neammanee and Rattanawong(Neammanee, K., 2009) gave a
uniform bound in normal approximation for LHS. In this paper, we give a non-uniform bound of this approximation by
using Stein’s method.
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1. Introduction and Main Results

Latin hypercube sampling(McKay, M.D., 1979) is a method of sampling that can be used to produce input values for
estimation of integrals over multidimensional domains. The main feature of Latin hypercube sampling(LHS) is that,
contrast to simple random sampling, it stratifies on all input dimensions simultaneously. More precisely, for positive
integers d and n, d > 2, let:

1. m, 1 <k < d, be random permutations of {1, ..., n} each uniformly distributed over all the n! possible permutations;
2. Ui, i 1 <i1,.0ig <n, 1 < j<d, be [0, 1] uniform random variables;
3. The U;, . ;, ;’s and m;’s all be stochastically independent.
A Latin hypercube sample of size n (taken from the d-dimensional hypercube [0, 1]%) is defined to be {X (71 (i), 72 (i), ..., 74 (i) :
1 <i<n},whereforalll <iy,...,ig <n,
Xi(it,nig) == U i, )/n V1< j<d,
X1y eerig) = (X1(1y ey 8q)s ooy X1y ey Bg))-

Let X be a random vector uniformly distributed on [0, 117 and f be a measurable function from [0, 1]¢ to R. In many
problem, we would like to estimate y = 0.1 f(x)dx. We note that E(f o X) = f(x)dx. The estimator for u that

[0,13¢
based on a Latin hypercube sampling is

1 n
fn= = D f 0 X (). ma(k), o (R)).
k=1

Then 1, is an unbiased estimator for . McKay Beckman and Conover(McKay, M.D., 1979) showed that in a great number
of instances, the varaince of fi, is substantially smaller than that of the estimator based on simple random sampling.
Stein(Stein, M.L., 1987) further proved that the asymptotic variance of f, is less than the asymtotic variance of an
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analogous estimator based on an independently and identically distributed sample. Owen(Owen,A.B., 1992) showed that
the multivariate central limit theorem holds for ji, when f is a bounded function. Assume that Var(i,) > 0, we define

ﬂn —H )
VVar(i,)

In 1996, Loh(Loh, W.L., 1996) gave a uniform bound on the normal approximation of W but he yield the convergence

W:

C
rate — under the finiteness of third moments without the value of C. Neammanee and Rattanawong(Neammanee, K.,
n
2009) give a constant C by using Stein’s method. Their result described in Theorem 1.1.

Theorem 1.1 For each iy, ...,i; € {1, ...,n}, let

(i, s iqg) = Ef o X(iy, ..., i),

Uity s ig) = (_ni)k > Z Z il L),

I<ji<p<.<jrsdgj;=1 g =1

where

[l if p=ji,ejr
? i, otherwise,

and

1 d-1
Y(it, orig) = ————[f 0 X(i1, o ig) + Z Uiy, o ig) + (=Dl (1.1)
k=1

n+fvar(it,)

Suppose that E(f o X(ij, e ig))* <00, 1<iy,...,ig < n.Then forn > 6% + 3,

1 3
Vds;  11.68 5.014d5?
sup [P(W < 2) — D)) S——= + —— + 8.845d76, + 12.5135, + 2
zeR ns n ns
3
2V2n6;
+ 1
ns

where O is the standard normal distribution, and
| & n
Se=—x D e D B G, i)l
L
In this paper, we give a non-uniform bound on the normal approximation of W. Here is our result.
Theorem 1.2 Suppose E(f o X(ij, ..., i4))® < co. Then for z € R,
7

1

c o 5 11

|P(W < 2) - @@)| < —— (% +n36; + 03+ 6,5} + 65}
1+ |Z| ns

Furthermore, if 6; ~ n~'?(k = 3,4, 6),

C
PW<z2)—-d < —.
[PV <2 - 0@ < G

To obtain a non-uniform bound for orthogonal array, Laipaporn and Neammanee(Laipaporn, K., 2007) assume 30" mo-
ment. But in Theorem 1.2, we assume 6" moment which is better than their result.

This paper is organized as follows. In section 2, we give a number of lemmas that are needed in proving our main
theorem(Theorem 1.2). A proof of Theorem 1.2 is given in section 3.

2. Auxiliary Results
In this section, we shall give auxiliary results for proving our main theorem.

Neammanee and Rattanawong (Neammanee, K., 2009) showed that there exist random permutations pj, ..., 04— On
{1, ...,n} such that
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W=D YGpr (D) a1 ().
i=1

For fixed z > 0, we also define
Y. (i1, e iy) = Y1y ooy i) (Y (i1s s i)l > 1+ 2),
Yulits oy ia) = Yty ooy i)L(Y (i1, s i) < 1+ 2),
wherellis the indicator function and

V() = D Yolis i) s -1 i),
i=1

To define a coupling pair 7(p) of 7(,0), let I and K be uniformly distributed random variables on {1, ..., n}, (I, K) uniformly
distributed on {(i, k)|i,k = 1, ...,n,i # k} and assume that they are independent of py, ..., p4—1 and Y(iy, ..., ig)’s.

Let

Y()=Y(©) ~S1,~S2. +S3.+S4,

where _ _ _ _
Si1.=Y.(L,pi(D),....pa-1(D), S2; =YK, p1(K), ..., pa-1(K)),

S5 = YL, p1(K), ooy pa1(K)), Saz = YK, p1(D), oy pa—i (D).

Note that, by the same argument as in Neammanee and Suntornchost(Neammanee, K., 2005), ’f(p) and ?(p) is an
exchangeable pair and §;, for i = 1,2, 3,4 are identically distributed.

Lemma 2.1 Let g be a continuous and piecewise continuously differential function. Then,

00

EY(p)s(Y(p)) = E f g (Y(p) + DK(1)dt + Ag(Y(p))

and

S

1
3
64
3
ns

AsY (o) < C(=% +64)(Es* Y ()

where
K() = %(’Y’(p) ~Y(e)(UO < 1 < Y(p) = Y(p) = LY (p) = Y(p) < 1 < 0)).
proof Let A be the o-algebra generated by
(Yoliop1 (D) s par (D) s 1 < i < ).
By the same argument as in Neammanee and Suntornchost(Neammanee, K., 2005), we can show that
2E(s(Y(pDE™(Y(p) = Y(p))} + E(Y(p) = Y(p))[g(V)(p) = (Y (p))] = 0.
From this fact and the fact that
E7Y(p) = Y(p)]
= E[-5,.-85.+83.+54-]
= ~EY,(Lp1 (D), .. pa—i (1)) = EY (K, p1 (K), ..., pa-1(K))
+ E"V.(Lp1(K), <o a1 (KD) + EV(K, pr (D), oy pa-1 (1)

n(n

2 n . 2 n .
=-= Z‘ Vo pr Do Pt (D) + o= B Z‘ Zk] Y.(i, 1K), e -1 (K))
= Tz

2

st AW DI ECICRRIRI()

i=1 k=1

=2V +
n

~ Y., p1(0)s s a1 (D))}

2 . 2 n n —
= - Y(p) + E® Y.(i, 1K), .. pa-1(K)),
n-—1 nn-1) P
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we have
—~ —~ -1 ~ —~ — —
EY(p)g(Y(p)) = n—E(Y () = Y(e)Ig(Y(p)) — g(Y(p))]

* Eg(Y(p))ZZY(z 1), s -1 ()

i=1 k=1

Y()lg(Y () — g(Y(p)] + Ag(Y(p))

=E f g (Y(p) + DK (1)dt + Ag(Y(p))

where

n

— 1 —~ 1 —~
|Ag(Y ()| = ;Elg(Y(p)) Y.(i, p1(k), ..., pa-1(k))|

i=1 k=1

:»—

i=1 k=1

The proof will be completed, if we can show that

EDY N VilioprR). s )P < C(n 65 +1752).

i=1 k=1

By the fact that

n
ZEY(il,...,id) -0,

for each j € {1, ..., d}(Neammanee, K., 2009), we have

D DL EYGpi(R) s paa ()Y pr(m), . p1 (m)
o a m’;Z’a k)

= Zn:ZZZEY(l P1(k), s pa-1 (RN Y (L, p1 (M), ..., pa-1(m))

Ilkll#_[mik

93 Z;ZEYO 1. <o it KDY (L p1 R, o Pt (K))
== I#i

+ DV EY(pi(K)s o pat (KDY (i pr(m), ..o pa-1 ()

i=1 k=1 m
! k m#k

= o= 1))@, 5 Z ZEY(/«I k) 3w 3 BV

my
my #k] ma#ky

n(d ) Z ZEY(/q kd)ZEY(l Kaooor k)
]

l#kl

=

e 1))<d = Z ZEY(kl k) Z . Z EY(ky,ms, ..., my)

ny d
my#ky ma#ky

<= Z Z[E)/(k1 k)P

=Cn \/_62
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7o) fo ¢ (T(p) + 0dt + Ag(F(p))
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Thus

=
=

E[Z Z Y(i,p1(K), s pa-1 (DT < EY*(i,p1 (), .., pa-1(K)) + Cn N6

i=1 k=1 i=1 k=1

Cn\nd,.
Using the fact that 2ab < a* + b* and

ENY (i1, s i)"Y (s oons i)
Y., ..., ia)|

< EY(@y, s i)"Y s i) (#)t
< EIY (i1, ..., i)™
(I+2)
for any integers m, n and t whichm > 0,n,t > 0,
we have
DD EYipr(K), o pus RDYolls pr(m), . pa1(m)
i,k Im
(Lm)#(i.k)
= o 1))(d - Z ZEY(kl,.. ko) Z . Z EY (1, ....mg)
ka= ml-f-k] mgy#ky
n(d = Z ZEY(kl,.. kd)ZEY(l ko, ..., ky)
b= ha= l#kl
EY.(ky, ... k EY.(ki, ma, ...,
Mo 1))(d > Z ; (ks s ka) nzlz mZ[ (k1 my, ...,mgq)
k= = my#ky mg#kg
2 2
< nz(d—z)[z ZEIY(kl,.. koIP + Z ZEY (ki oo kg
k=1 ky=1 k=
EY* EY*(ki, . ka) kd) EY4(k1,...,
]
< C(nog +n \/7;54).
Thus

ELY. D Yelispr(K)s o pat ()

i=1 k=1
< Z‘ ; EY2(i,p1(K). ... pa-1 (K)) + C(n6% + n Vnss)

= C(n Vné, + néi +n \/564).
Now, we conclude from (2.2) and (2.4) that

ELY Y Yelisp1K)s o pat ()P

i=1 k=1

B Y V@ pir 0= DY Vi i i 0P

i=1 k=1 i=1 k=1

<2ELY ) Y Y pr(R) s paa () +2E0) Y Yoli pr(B), s pu1 (D)

i=1 k=1 i=1 k=1

< C(n Vny + nd; + n\ndy)
(ngéf + ndi +n \/1354)
(ngéf + nz(ﬁ)

IA

C
C

IA

32

(2.2)

(2.3)

2.4)

> www.ccsenet.org



Journal of Mathematics Research September, 2009

where we have used the fact that

1 n n 1 n n 6

2 _ 2 - \12 4. Ly 94

8= W[Z ZIEY (ool S~ Z ZIEY (i1 ooy ia) = N 2.5)
= ig= =

i=1

1
in the third inequality and 1 ynds < ni6? + n?62 in the last inequality.

Lemma 2.2 Suppose EY*(iy, ...,i5) < 00, 1 <y, ...,ig < n. Then

EY*(p) < C(nos + &3).

proof We observe that

E(Z Y (i, p1(0), s pa-1())* = My + My + M3 + My + Ms
im1

where

My = 3" EYXGp1(0), o a1 (D),
i=1

n

M, = Z‘ Z EY.(i, p1(D)s oo a1 QY2 G p1G)s o a1 (),
i=1
J#I

M; = Z} Z EY2(i,01(@)s s a1 QDY 01 (s oo a1 (1))
=l j
J#

M, = § g g EY2(i,p1(0), .cor pa=1 D)Y- (. 1 ()1 wves Pa-1(J))
=1 J &
j#i k#EL)

Yz(k’/)l (k)’ ---’Pd—l(k)) and

n

Ms=3" 3" 3" > EYispi(D: s pact DY 1 (s s Pt ()

J k l
J#i k#iLj I#ijk
Y (k, p1(k), ..y pa-1 (k) Y (L, p1 (D), <.y pa—1 (D).

i=1

We note that

1 n n
4,. .
|M1| = 1 EYZ (l], ...,ld) =
n £ :
i=1 ig=1

Bk

It follows from (2.3) and (2.5)that

C n n ) ) n n ) .
M| < s D D BV ci)] ) e 3 BV )
=1 ig=1 =l jg=1

C n n . ‘
< m[z Z EY4(11, ceey ld)]2
=1 ig=1

2

n
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Thus

By this fact and EW* < C vné;(Neammanee, K., 2008),

Lemma 2.3
%
0 0.
where |A| < C(is + —4).
ny N
proof Let

‘We observe that

34

C n
M| < WZ---
i1=1

< %[Z ...Zn:EY4(i1,...

C n
Ml < s Z
i=1

|Ms| <

=1 j1=1

ii=1 =1

cs?

n

C n
R
=1

= C \Vndss;
< C&5 and

%[Z

=l ig=1

C n
< — E
nAd-1) "
=1

=C6,
Ccés?
< 4

iqg=1

n

Zn:Em(il,...
zn:EYz(il,...

Zn: Z Z EYX(),

Jig)]?

e id)[znl
Ji=1
s id)[znl
J1=1

Jig)]*

Jig)]*

wI)EY2(j1s eers J2)

I AV A

Ja=1

. Z EIY(jt, s ja)*T

Ja=1

1 0.
E(Z; Y.(i,p1(@), o pat () < C(T% +53)

EY*(p) = EQY Y(i,p1(i)s s a1 () = ), Yolis p1(@)s s -1 (D))
i=1 i=1

<EW*+ EQ Ylip1 (D), o pact (D))

i=1
< C(Vndy +63).

— - 4
E(Y(p) - Y(p))* = ~+A

Sy =YU,p1(D), ..., pa-1 (D),
§2 = Y(K, p1(K), ... pa-1(K)),
§3 =YU,p1(K), ..., p4-1(K)),
Sq4 =YK, p1(D), ..., pa-1(D)),

S lz = Yz(I,PI(I)» ~~-’Pd—l(1)),

S2z = YK, p1(K), ..., pa-1(K))
S3,z = Yz(Iapl(K)y ---apdfl(K))v and

S4,Z = YZ(K’pl(I)7 -",Pd—l(l))~

4
E(YV(p) =~ Y(p)} = ) ES; +
k=1

(2.6)
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where

INERDY |ESS|+4ZES +ZZE|SS,|

I<i<j<4

and, by (2.1),

1 ¢ o .
ES} =~ Zl EY*(i,p1(), ... pa-1 ()

1
= ~[EW’ - ZZEY@ P1(D)s s a1 DY (o1 (s s P11 ()]

i=1

j¢1
1
=" nd(,,_l)d 1 Z Zl ]Z ZEYol,.. iDEY (i o ja)
Ji#in Jﬁld
1 -1 d n n
=-- W DD EY G i) 2.7

ii=1 ig=1

Thus, from (2.6), (2.7) and the fact that S, S, S3, S 4 have the same distribution, we have

E(Y(p) - Y(p))* = = +Az
where
n n
A < £ 4 > IES:S; |+4ZES + 0 EISS . 2.8)
nn 1<i<j<4 i=1 j=1I
To prove the lemma, it suffices to find appropriate bounds the right-hand side of (2.8). We note from (2.3) that

1 ¢ o .
ES. =~ D EYXi,p1(0), e P (D)
i=1
1 n n 2 ) )
== Z Z EY2(iy, ....iq)
= Z ZEY“(zl,...,id)
ig=1
Cé
- \}1 2.9)
Or
From this fact, (2.5) and the fact that E|S |F < — for k € N, we have
nz
1 3
2,1 2,1 2,1 2 44 C62252 C64
EISS jo| <{ES;YHES )2 ={EST}H{EST }? < (2.10)

B

n n
fori, j=1,2,3,4. Note from (2.1) that

|ES 1S2| = |EY(L, p1(D), ... pa-1(1)Y (K, p1(K), ..., pa-1 (K))

.l n
=l Zl] Zk]EY<i,p1<i), s Pa1 DY (K, p1(R), e p-1 ()

k#i
1 n n
=|— ..y EY(y,.. EY(ky,....k
|(n(n_1))di; Zl @ zd)Z Z (k1 s )
ky#i; kd$1,1
= |;Zn] i](EY(il ia))’]
(n(n — 1)) 47 = T
= 4=
_C5,
-7
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By the same argument, we can show that

)
|ES;S ; |<2 2.11)

nn
for 1 <i< j<4.Now we conclude from (2.8) - (2.11) that

1 3 1
Al <C( 2 )sc((Sj GO, 0 )sc((Si + ‘5“).

—2 _4
nvn ot
3. Proof of Theorem 1.2

To bound |P(W < z) — ®(2)], it suffices to consider z > 0 as we have used the fact that ®(z) = 1 — ®(—z) and apply the
result to —W when z < 0. So, from now on, we assume z > 0.
Note that . _

[P(W < 2) = O(2)| < P(W # Y(p)) + [P(Y(p) < 2) — D) 3.1

and

P(W £ Y (p)) = PO T(Y (G, pr (@), s pat (D] > 1 +2) 2 1)
i=1

< D EIYGpr1 (@) e paet (D)) > 1+2)
i=1

1 n n ) )
= =7 D D ElY G i) > 1 42)

=1 ig=1

1 n n . )
= = Z Z P(Y(iys . ig)] > 1 +2)

=1 ig=1

1 < S EYG e ig)l
n‘HZmZ (1+2)

ii=1 =1

IA

_ _ (3.2)

Hence, it suffices to bound IP(?(p) < z) — d(z)|. To do this we will apply Stein’s method and the idea from Neammanee
and Rattanawong(Neammanee, K., 2008).

In 1972, Stein(Stein, C.M., 1972) introduced a powerful and general method for obtaining explicit bound for the error in
the normal approximation to the distribution of a sum of dependent random variables. His technique was relied instead
on the elementary differantial equation. The Stein’s equation for normal distribution function is

gw)—wgw) =I(w <z) — P(z) forweR. 3.3)
It is well-known that the solution g, of (3.3) is of the form

. Vare P w1 - d(2)] if w<z
W =

8 VIR o)1 — dw)] if w > 2,
with 0<g.w)<1 forall weR,

2
0<g(w)<mm(\/4_ ||) forall we Randz # 0, 3.4
lgZ(w) — g.(W| < 1, for all real w, v, (3.5)
and lgZw)| <1 forall weR (3.6)
(Stein(1972, pp.22-23)).
From (3.3), . _ — —
IP(Y(p) < z) — ©(2)] = |[Eg.(Y(p)) — EY(p)g.(Y(p))l. 3.7
To bound the right handside of (3.7), Neammanee and Rattanawong(2008) construct the random permutation 71, 75, . . . , Tg-1

in the followings.
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Letl,K,Ly,...,L4—1, My, ..., My_; be random variables with uniformly distribution on {1, 2, ..., n} and py, ..., Pg—1, T1, ---» Td—1
are random permutations of {1, 2, ..., n}. Assume that

{I, K, Ll, veey Ld—l’ M[ 5 aees Md—l P15 s Pd=15Tls -e0» Td—l} is independent of Y(il, vees l.d),S,

(I, K),(Ly, My), ...,(Ly-1, My_y) are uniformly distributed on

{(i,k)|i,k=1,2,...,nand i # k,

I, K), (L, My), ..., (Lg-1, M4_1) andTy, ..., T4 are mutually independent,

(I,K) and py, ..., pg—1 are mutually independent, and

@) if a# LK1 (L), 77 (M),
L; if a=1,
pi(@) = {M; if =K,
() if @=17N(Ly),
(K) if a=17'(M)),

where pi(p; (@) = p7 (pi(@) = @, fori=1,....d - 1.
Then, they showed that

00

15.T(0) - T0)g.(T(p))| < |ES.(F () f K()di - E f ¢.(T(p) + DK(0)di]

—00
00

+ |Eg/(T(r)E f

—00

K(t)dt — Eg/(Y (1)) f ) K(0)di|

+|Eg\(Y(1)) — E/(Y(T))E f : K(n)dt|
+Ag.(Y(p))|
= |T1| + |Ta| + |T5] + [T4l. (3.8)
We observe from Lemma 2.1 and (3.4) that
T < 2+ oES TN < li{é—“ + 64}, (3.9)
ns +2Z ps

By the fact that
A
lgtw+ ) —g(w+1) - f h(w + u)du| < I(z — max(s,t) < w < z — min(s, 1))
t

(Chen, L.H.Y., 2001), we have

00

T <E f 1.T () — 8. (T(p) + DKt

=E I: lg.(Y(p) + AY) — g.(Y(p) + DK (t)dt
=t (3.10)
where
AY =Y(®) - Y(p)

Ty, = EI(S < ﬁ) f B I(z — max(AY, 1) < Y(p) < z — min(AY, ))K(0)dt,

z 00 AY -
Ti2 = EIG < ) f f WY (p) + K (H)duds,

T =E16> ) [ 1T+ A7) - ¢Fip) + K0,
§ =|AY| +|Y(p) - Y(p)| and
h(w) = (wg.(w))'.
Hence, by (3.1), (3.2), (3.7)-(3.10),

1
1

C o
|P(W < Z) - (D(Z)| < T11 + T12 + T13 + |T2| + |T3| + 1_-‘1-2(_‘; + 53 + 64) (311)
ns
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1
c /96, 7
Step 1. Ty, < ?(— +I’l§2)

3 .
i'ns 4

We used the idea from Chen and Shao(Chen, L.H.Y., 2001) to define f5 : R — R by

0 if 1 < z— 26,
fs()=q(0+t+6)(t—z+20) ifz—26<t<z+26,
45(1 + 1 + 6) if 1>z +26.
Note that
50 <46(1 + || +6)  forall¢ (3.12)
and
1+z-0 ifz-26<t<z+26,
£ 2 { otherwise. (.13)
By the same argument as in Lemma 2.1, we have
f £¥() + 0K (ndt < EY(0) f5(Y(0)) + C(% 8s)(ER X)) (3.14)
Thus, by (3.13) and (3.14),
T <E f B 16 < D ~ (AT] + i) < Y(p) < 2+ (AY| + K ()dr
W<IT(p)-T(p) 4
<E f (6 < )z - 6 < Y(p) < 7+ 5)K(t)dt
<P ()Y (o)l 4
< LEf 16 < 2)(1 +z-6)I(z - 6 < Y(p) < z+ O)K(1)dt
L+z Jusio)-vio 4
SToE [ e+ ok
1+ <7 (p)-T(p)
c l
I—[EY(p)fa(Y(p)) + (— + 54)(Ef6(Y(p))) (3.15)
To bound E|Y(p)f5(Y(p))| and Ef2(Y(p)), we note that
EY*(p) = ELY Vo(is p1(Ds s a1 (D
i=1
= ELY Y p1(@)s o a1 ) = ) Yolis p1(0D)s o Pt (DI
i=1 i=1
< ELY Y p1(); s pat O + ELY Yol pr(Ds s pa-t (D)
i=1 i=1
<SEW?+n )" EY2,p1(i), s pa1 (1)
i=1
n(d ) Z Zl EY (ll,.. ld)
EY (l] 9 ooy
n(d 2 Z Zl (1+ z)2
=1+ C+nds, (3.16)
EY(p) - Vo)l < Z EFS,.I = CES,.If < Cf‘ (3.17)
i=1 2
EIAY[ < % (3.18)
nz2
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and

Es* < &%
na
We conclude from Lemma 2.2, (2.5), (3.12), (3.16) - (3.19) and Cauchy - Schwarz inequality,

EIY(p)fs(Y(o))] < C(EV(0)l6 + EV*(p)5 + EY(p)l5°)

forall k€ N. (3.19)

1 3 H 1
6, 6f o6f 67 6
4
SC(i3 ;41+;‘§+;43+—1)
ns ns ns n4 n2

LN

%
4 1
<C(= +n%s
n

)

3
8

and
1 3
— 65 65
Ef2(V(p)) < CE(® +6°7(p) + 6%) < =+ + 4|
ns+ ns

1
From this fact and (3.15), T < —(—62 + 6%)
.19), < nd; ).
R nt 4

C 11 1
Step 2. 71z + Tz < 7 (03+ 8505 + 0405 ).

Since
00 A? 00 .
Ef f K(t)dudt < Ef (IAY| + |t)K (1)dt
< Cn(EIAYI(Y(p) = Y(p))* + EIY(p) = Y(p))
< Co3,
and

c o
(1+Z)2 1 WS§01'W>Z

Cl+z if $<w<y,
h(w) <

(Laipaporn, K., 2007),
Ty,

00 AY
<E f f WY (p) + WKLY (p) +u < % or Y(p) + u > z)dudt

00 AY
+ EI(S < 2) f f WY (p) + u)K(t)]I(% <Y(p) + u < 2)dudt

C63 z 0o AY - z
< Gy HCUFIEIG < ) I i I KOLT(p) +u > 3)dud. (3.20)

It remains to bound the second term on the right hand side of (3.20). By the fact that K(z) = O for |¢] > IY(p) - Y(p)l,
Lemma 2.2, (3.17) and (3.18),

00 AY
EIG < 2) f f KOWY(p) + u > %)dudt
z 00 AY e z
< EI6 < 3) f f KOUT(p) +6 > >)duds
00 AY e z
-E f f KOUT(p) > J)dudt
< EIY(p) > 45‘) f " (AT + 1)K (t)dt

< {PT) > D) {(EQTTo) - To)' + (BT e) - 7))
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N o

< S(EP)

<

3 |

1 1 1
< ——— (6282 + 6402).
_(1+Z)2(4 6 46)
C 11 1
From this fact and (3.20) we have T1; < —— (63 + 0,6 + 046;).
1+z

By (3.5), (3.17), and (3.19),

Tis < CrEI(S > ﬁ)&(p) -Y(p)?

1

C — —
7”{E63}§{E|Y<p> ~Yo)P)
< Cos

1+z2

2
3

IA

C 11 1
Hence, T, + T3 < 1—+Z(63 + 645(% + 64662)

1
c 6
Step 3. [T < ———(— +d4) .
p 3. T (1+Z)(n% 4)

We will bound T’ by using the technique from Lemma 9 and Lemma 10 of Ho and Chen(Ho, S.T., 1978). Let

G= ’Y\Z(Ia Ml’ () Md—l) + ’Y\Z(Kv Llr ) Ld—l)
~ Y.L, Ly, oy Laoy) = YK, My, ..., My_y)

and

A={r()# L, t(K) # M;, t;() # M;, T{(K) # L;;1 <i<d -1}
By the same argument as Neammanee and Rattanawong(Neammanee, K., 2009),
T2 < n|Eg/(Y(x)[E™" G*L(A°) — G*I(A)]|. (3.21)
Let B be the o-algebra generated by

{1, K Ly,.,Li\,My,... My, Y(il, ...,id) 1< Iy ig < n}

. C
By the fact that E®I(A°) < = (Neammanee, K., 2008)
n
we have

E|GIFI(A®) = E|GI'E®I(A®) = £E|G|k = C—‘Sf for k € N. (3.22)
n

kel
n:?

z
‘We observe that for w < 5

lgZw)| = [[1 — D)1 + V2rwe™ O(w)]|
< (1 + Vet o)
z 2 2

3z zz
V2me™s e 7
<4

Z

|
[\

C
< —
1+z
2

where we have used the fact that 1 — ®(z) < <z for z > O(Barbour, A.D., 2005) in the second inequality.

z
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From this fact, (2.5), (3.6), (3.21), (3.22), we have

|T>| < n'Eg;(?(T))H(?(T) < %)[EW*"MGzﬂ(A") - G2]I(AC)]

+ n‘Eg;(?(T))]I(’Y\(T) > %)[ET],‘Q,“.,TJ,] GZH(AC) _ G2H(Ac‘):|

< ﬂEGzJI(AC) + Cn|E]1(?(T) > E)[ET"TZ"“’T‘“GZ]I(A”) - G2]1(AC)]
1+z 2
C62 v, < T1,T2, ,Ta—1 Y2 oy _ (2 c\\2 %
< TV + Cn(EL(Y(7) > JEE G*I(A°) - G*I(A))?)
Ca Cn 32 2T¢ ACY 2 TESUPIRY:
< TV uien )(EY (TNEG*I(AY)EG? + EG*I(A )))
Cé, Cn 1
S(1+z)\/ﬁ (1+ )( + Vnda)( \/')
< 62 )
I+ Z)(n_4 + 04).

Step 4. |T;| <

5
s Z)(nii + x/r_zéi).

By the same argument as Chen and Shao(Chen, L.H.Y., 2001), we can show that E Ig;(?(r))l < —— (1 + Vnéy), for

I+ )2

z > 0. From this fact and Lemma 2.3, we have

00

T3] = |Eg.(Y(7)) — Eg.(Y(T))E f K(t)d1|

—00

~ g T - £ [ K

Ot NSy -l s
T T BT =Y

— {0+ \/_54)(— +64)

( )2

c
S Tl + V)

From (3.11) and step 1 - step 4, we have the theorem.

Remark There are various alternative ways to select the points X/s for estimation of integrals over multidimensional do-
mains. For examples, simple random sampling, lattice sampling( Patterson, H.D., 1954), the orthogonal arrays((Laipaporn,
K., 2007), (Loh, W.L., 1996a), (Owen, A.B., 1992) and (Tang, B., 1993)), scrambled net((Owen, A.B., 1997a) and (Owen,
A.B., 1997b)).
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