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Abstract

In this paper, we study the numerical solution of a type of system of mixed nonlinear variational inequalities in a
Banach space. Using the properties of n—proximal mapping, we construct some iterative algorithms for solving
systems of mixed nonlinear variational inequalities. Moreover, we establish the convergence theorems for the
proposed numerical methods.

Keywords: system of mixed nonlinear variational inequalities, n—proximal mapping, iterative algorithm, conver-
gence

1. Introduction

Variational inequality is a kind of very important nonlinear problems and a powerful tool for studying a wide
class of problems arising in engineering, physics, economics, optimal control and so on, see for example Duvaut
and Lions (1976), Facchinei and Pang (2003), and references therein. During the last decades, researchers have
made great progress in obtaining numerical solutions of variational inequality, such as projection method and its
variations, linear approximation method, smoothing Newton method, domain decomposition method, etc. Since
standard projection methods depend on the inner product on Hilbert spaces, this kind of technique cannot be
extended to variational inequality in Banach spaces. Even more, for mixed variational inequalities, projection
method is neither appropriate, since it is difficult to find the projection.

Recently, thanks to emergence of new kinds of numerical solutions, variational inequalities have been extended
in many directions. One of the most important extensions is the system of variational inequalities, see Ferris and
Pang (1997), Kazmi and Khan (2007), Verma (2007), and references therein. Huang and Noor (2007) discussed
the convergence of projection method for a kind of system of variational inequalities in Hilbert spaces. Verma
(2001) studied the numerical solution for a kind of a system of nonlinear variational inequalities in Hilbert space,
and proposed a series of projection methods. In this paper, we will go on doing the work in this area. We study
the numerical solution of system of mixed nonlinear variational inequalities in Banach space. We introduce the
definition of n—proximal mapping for a proper subdifferentiable functional. Using the properties of n—proximal
mapping, we construct some iterative algorithms for solving systems of mixed nonlinear variational inequalities.
Morever, we establish the convergence theorems for the proposed numerical methods.

2. Preliminaries
First we give a hypothesis which will be used throughout the paper.

Hypothesis A Let B be a reflexive Banach space, B* be the dual space B and (-, -) denote the pairing between B*
and B. Let ¢: B — (—0o0, +00] be a proper lower semicontinuous and subdifferentiable functional.

Let 22" denote all subsets of B*. Let T: B — B* be single-valued mappings. We consider the following system of
mixed nonlinear variational inequalities (denoted by SMNVI): Find (x*,y*) € B X B, such that

NTE)+x" =y, x=x") 2 ¢(x") —d(x), y1>0, VxeB,
T +y" = x5y =y) 240 =), y2>0, VyeB.
We first recall the following definitions and some known results.

65

(D



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 6, No. 1; 2014

Definition 1 The following mapping J: B — 2% is said to be a normal dual mapping:

J) ={feB : (f,x) = fI-IIxIL LAl =[x}, Yx € B.

Definition 2 Let Hypothesis A hold and : B — B* be a mapping. Mapping x* — x, denoted by x = JZ) (x"), is
said to be a n—proximal mapping for ¢, if for any x* € B* and constant p > 0, there exists x € B satisfying

(nx = x",y = x) + pp(y) — pp(x) >0, VyeB. ()

Definition 3 Let A: B — B* be a single mapping. A is said to be @—strongly monotone, if for any x,y € B, there
exists constant @ > 0, such that
(Ax = Ay, x—y) 2 allx —)IP.

Hypothesis B Let 7 : B — B* be an a—strongly continuous mapping.

Definition 4 Let B be a Banach space, T: B — B is said to be s—Lipschitz continuous, if there exists s > 0 such
that
ITx) =TI < sllx—yll, VYx,y€B.

By the definition of subdifferentiable and (2), we have x* — nx € pd¢(x), hence
x = J(x") = (7 + pog)” ().

Remark 1 If B = H is a Hilbert space, n: H — H is an identity mapping on H, and ¢ is a proper convex
subdifferentiable functional, then n—proximal mapping for ¢ degenerates to a resolvent operator on H.

Lemma 1 (Xia & Huang, 2008) Let Hypothesises A and B hold. Then for any x* € B* and any p > 0, there exists
unique x € B such that

(nx = x",y = x) + pp(y) — pp(x) 20, Vy € B.
That is, x = Jg’(x*), n—proximal mapping for ¢ is well defined.
Lemma 2 (Xia & Huang, 2008) Let Hypothesises A and B hold. Then n—proximal mapping Jff = (7 + pop)~!

1 .
is ——Lipschitz continuous. If the subdifferentiable 0¢: B — 28 of ¢ is E—strongly monotone, then n—proximal
a

1
mapping JZ’ = (7 + pod)~" is n g—Lipschitz continuous.
a
Lemma 3 Let Hypothesises A and B hold. Then, (x*,y*) € B X B is the solution of (1) if and only if

X = I — pn T + x° = y9)],

V= JPInG") = ponT () +y* = x)], (3)
where J;f =+ pdd)~', p > 0is a constant.
Proof. Let (x*,y") satisfy (3). Since Jfﬁ = (7 + pdg)~", we have (3) holds if and only if (x*,y*) satisfies
n(x*) = pn TG +x" = y") € nx") + pdp(x”), @
no»") = p(T(x") +y* — x*) € n(y*) + pdp(y").
By the definition of functional subdifferentiable, (4) is equivalent to
TG +x" =y x—x") 2 ¢(x") - ¢(x), VxeB,
T +y = xy=y) 2 ¢() —¢(), VYyeB.
In summary, (x*, y*) is the solution of (1) if and only if (x*, y*) satisfies (3), which completes the proof. U

Lemma 4 (Verma, 2001) Let {5,};", be a non negative sequence, and satisfy the following inequality

Ops1 < (1 =2,)0,+0,, VYn=>0,

where, A, € [0,1], 2. A, = o0, and o, = 0(4,,), then lim §,, = 0.
n=0 n—oco
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3. Numerical Methods and Convergence
Based on Lemma 3, we propose the following iterative numerical methods for (1).

Method 1 Let Hypothesises A and B hold. For any (xg, yo) € B X B, calculate (x+1, yu+1) € B X B:
X1 = (1 = ap)x, + an(J,(op[n(xn) =T () + X0 — y)D)s
Yt = (1= by + ba(Jy [1Gn) = pr2 T (n) + yu = 5D,
where 0 <a,<1,0<b, < 1.

Method 2 Let Hypothesises A and B hold. For any(xy, yg) € B X B, calculate (x,+1,Vn+1) € B X B:
Xue1 = (1= @p)xy + ap(J5[0) = o T () + Xy = yu))D,
Yer = (1= Bp)yn + ba(Jy10n) = P2 T (Kpa1) + Y = Xns))
where 0 <a,<1,0<b, < 1.

Method 3 Let Hypothesises A and B hold. For any(xy, yo) € B X B, calculate (x,+1,Vn+1) € B X B:
et = (1= an)x, + an (I3 () = pi TOn) + X0 = YD),
et = J5Gn) = AT (xa) + Y = X)),
where 0 < a, < 1.
Method 4 Let Hypothesises A and B hold. For any(xy, yg) € B X B, calculate (x,+1,Vn+1) € B X B:
Xt = (1= @)y + an(I50(x0) = P TGn) + Xn = y)),
Yn+1 = Jg[ﬂ()’n) = (2T (Xp41) + Yo = Xns)],
where 0 < a, < 1.
Remark 2 By Lemma 1, methods 1-4 are well pose.

Theorem 1 Ler Hypothesises A and B hold. Let n— I be s—Lipschitz continuous. Suppose that (x*,y*) is a solution
of SMNVI (1). Additionally, we assume that operators y1\T — I and y,T — I are s;—Lipschitz and s,—Lipschitz
continuous, respectively, such that s,b, — a, > 0, s1a, — b, > 0, and 1 > p > 0 satisfies

Wa—s—1 by(a—s—1
e ®
Then the sequence {(x,,y,)} generated by Method I converges to (x*,y").

Proof. Since (x*,y*) is a solution of SMNVI (1), we have
X = I = pn TO) + x° = Y91,
then
2= (1= ax’ + a, () = pn TG +x* = y))).

Since y, T — I is s;—Lipschitz continuous, n: B — B*is a—strongly monotone and n — I is s—Lipschitz continuous,
we have

(12541 — x*|
= (1 = @p)xy + an (IS [10e) = p T Ga) + Xn = y)D) = (1 = a)x* = a,(J5 [n(x*) = p(N TG) + x* =y
< (1= apl = X'l + aullIS ) = o TG) + X, = y)] = (X)) = p( TG + x* =y
= (1= a)lx, = x| + allJ5 [70e) = o TGn) + X0 = y)] = Jo [0(x) = P TG + x, — y) 1+

IS0 = pn TGH) + %, = y)1 = I5I(x*) = pori TGF) + x* = y)|

an * * an * * *
(= ap)lln = 7l + e TOn) = yu = TG + YOl + —HlinCen) = 2 + (1= p)xn = n(x) + 57 + (0 = Dl

IA

PanS1
[07

an(s +1-p)

IA

(I = ap)llx, = x*|l +

lyn = yIl + lloxa = X711,
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where the second inequality obtained by Lemma 2.

Analogously for y*, we obtain

pbys2

[, — X7 + Iyn = y"1I-

. ; . b,(s+1—-p)
Ynsr =Y < (= b)llyn = ¥*II + | —

Hence, we have
X1 = 251+ llynser = Y7l < max{6y, O2}(llx, = x*|| + [y, = ¥*ID, (6)

an(s +1 —,0) +pbns2 pa,s; + bn(s +1 —P)

,92=l—bn+
[07 04

G, I = Ml + VIl Y(u,v) € BX B.

where, 8, = 1 —a, + . Define the norm || - || on B X B as:

Obviously, (B x B, || - ||.) is a Banach space. Hence, (6) implies

1Ce+15 Yae1) = (X, YO < max{fy, O}, yi) = (X7, YOl

By (5), we have 6,6, € (0, 1). Hence, by Lemma 4, we have
(Xn, yn) = (X",¥), n — oo,

which completes the proof. |
Similarly to the proof of theorem 1, we have the following theorems.

Theorem 2 Let Hypothesises A and B hold. Let n — I be s—Lipschitz continuous. Suppose that (x*,y") is a solution
of SMNVI (1). Additionally, we assume that operators y\T — I and y,T — I are s|—Lipschitz and s,—Lipschitz
continuous, respectively, such that s,b, — a, > 0, s1a, — b, > 0, and 1 > p > 0 satisfies

b,,sza,,slp2 + (aa,s; —ab,)p — a'zb,, <0,

—a,,b,,szp2 + Bp —a? <0,

where
b =ab,s» — aa, — aa,b, s> + a,sb,s>» + a,b,s>.

Then the sequence {(x,,y,)} generated by Method 2 converges to (x*,y").

Theorem 3 Let Hypothesises A and B hold. Let n— I be s—Lipschitz continuous. Suppose that (x*,y") is a solution
of SMNVI (1). Additionally, we assume that operators y1\T — I and y,T — I are s;—Lipschitz and s,—Lipschitz
continuous, respectively, such that s, —a, > 0, sja, —1 >0, 1 > p > 0 satisfies

p(a@—s—1 -1-
<a(a/ s )’ <cx s

S — ay sia, — 17
Then the sequence {(x,,y,)} generated by Method 3 converges to (x*,y").

Theorem 4 Let Hypothesises A and B hold. Let n— I be s—Lipschitz continuous. Suppose that (x*,y*) is a solution
of SMNVI (1). Additionally, we assume that operators y1\T — I and y,T — I are s;—Lipschitz and s,—Lipschitz
continuous, respectively, such that 1 > p > 0 satisfies

s2p + (@ —apsas —apsy —asy + aaysr)p + a,,az —a,as + a,a > 0,

anslszpz +(ays1a—a)p+as+a— a’ <0,
Then the sequence {(x,,y,)} generated by Method 4 converges to (x*,y").
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