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Abstract

In this paper, we are concerned with the following Kirchhoff problem

(a + /lfRN(Wul2 + V(x)|u|2)) [-Au+ V(x)u] = f(x,u), xe€ RV,
ue HHRY), u>0, x e RV,

where N > 3, a > 0 is a constant, 4 > 0 is a parameter, the potential V(x) may not be radially symmetric and f(x, s)
is asymptotically linear with respect to s at infinity. Under some assumptions on V and f, we prove the existence
of a positive solution for A small and the nonexistence result for A large.
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1. Introduction

In this paper, we consider the existence of positive solutions to the following Kirchhoff type problem:

{ (a+ 2 Lu(Vul + V) [-Au + V(xul = f(x.u), xeRY, 0

ue H'@®RY), u>0, x e RV,

where N > 3, a > 0 is a constant and A > 0 is a parameter. We assume that V(x) and f(x, s) verify the following
hypotheses:

(V1) V(x) € C(RY) and there exists I’y > 0 such that

(IVul* + V(x)u?)
T2 inf b > 0;
ueH' (RM)\(0} S ul?

(Vz)I ‘1im V(x) = V(e0) € (0, +o0);

X|—+00

(fi) f € CRY xR,,R,) and f(x,s) = 0forall s <0;

(f») there exist 0 < p(x), g(x) € L*(RY) with |p(x)|e < Ty, g(c0) = ‘ Ilim q(x) < V(oc0) such that
X|—>+0c0

p(x), lim TACTD) = g(x) # 0 uniformly in x € RY
§—+00 as

tim 759 _
s—=0 as

and 0 < % < g(x) for all x e RN and s # 0.

By a positive solution of problem (1), we mean u € H'(RV) such that u > 0 a.e. in R and

(a +A f (IVul> + V(x)uz)) f (VuVv + V(x)uv) = f F(x, u)v,
RN RN RN
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for any v € H'(RV).

In recent years, the following elliptic problem

{ —(a+b for IVuP) Au+ V(xju = f(x.u), xeRY, o

ue H' (RY)

has been studied extensively by many researchers, where N = 1,2,3 and a,b > 0 are constants. (2) is a nonlocal
problem as the appearance of the term fRN |Vul?> implies that (2) is not a pointwise identity. This causes some
mathematical difficulties which make the study of (2) particularly interesting. Problem (2) arises in an interesting
physical context. Indeed, if we set V(x) = 0 and replace R" by a bounded domain Q c R" in (2), then we get the
following Kirchhoff Dirichlet problem

{ —(a+b f, IVuP) Au = f(x,u), xeQ,
M:O’ xeaﬂ,

which is related to the stationary analogue of the equation

ou

u (Py E L_
ox

o 2L

2 2
dx)auzo

p a2

— +
h 2L J,
presented by Kirchhoff in 1883. The readers can learn some early research of Kirchhoff equations from Bernstein
(1940) and Pohozaev (1975). In 1978, J. L. Lions introduced an abstract functional analysis framework to the
following equation

Uy — (a +b f |vu|2)Au = f(x,u). 3)
Q

After that, (3) received much attention, see (Alves & Crrea, 2001; Alves & Figueiredo, 2009; Arosio & Panizzi,
1996; Cavalcanti & Cavalcanti, 2001; D’ Ancona & Spagnolo, 1992) and the references therein.

Before we review some results about (2), we give several definitions.

Let (X,|| - ||) be a Banach space with its dual space (X*,| - ||.), I € C'(X,R)and ¢ € R. We say a sequence {x,}
in X a Palais-Smale sequence at level ¢ ((PS). sequence in short) if I(x,) — c and || I'(x,) ||s— 0 asn — co. We
say that [ satisfies (PS). condition if for any (PS). sequence {x,} in X, there exists a subsequence {x,,} such that
Xy, — Xo in X for some xp € X.

Throughout the paper, we use the standard notations. We write fQ h to mean the Lebesgue integral of h(x) over a
domain Q ¢ R". The norm of u € L?(R") (1 < p < +o0) will be denoted by |ul,. We use “—” and “—” to denote
the strong and weak convergence in the related function space respectively. B,(x) £ y e RV |x—y| < r}. We
denote |A| the Lebesgue measure of a subset A € RY. C will denote a positive constant unless specified.

There have been some works about the existence, multiplicity results to (2) by using variational methods, see e.g.
(He & Zou, 2012; Jin & Wu, 2010; Liu & He, 2012; Wang et al., 2012; Wu, 2011). Clearly weak solutions of (2)
correspond to critical points of the energy functional

2
Y(u) = % fR N(aIVu|2 + V)lul?) + Z( fR ) |Vu|2) - fR ) F(x,u)

defined on E £ {u € H'(RY) fRN V(x)ul> < oo}, where F(x,u) = fou f(x, s)ds. A typical way to deal with (2) is
to use the Mountain-Pass Theorem. For this purpose, one usually assumes that f(x, u) is subcritical, superlinear at
the origin and either is 4-superlinear at infinity in the sense that

. F(x,u)
lim )

= +co uniformly in x € RY
|u|—>+00 u

or satisfies the Ambrosetti-Rabinowitz type condition ((AR) in short):

(AR) Au >4 suchthat O <y F(x,u) < f(x,u)u forallu # 0.
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Under the above conditions, one easily sees that ¥ possesses a mountain-pass geometry around 0 € H'(R") and
by the Mountain-Pass Theorem, one can get a (PS) sequence of ¥. Moreover, the (PS') sequence is bounded if

(F) 4F(x,u) < f(x,u)u forallu € R

holds. However, it is not easy to see that W is weakly continuous by direct calculations due to the existence of
the nonlocal term fRN [Vul?. In fact, in general, we do not know fRN Vi, — fRN [Vul? from u, — u in E. This
difficulty was dealt with in (Jin & Wu, 2010; Li et al., 2012), when V(x) = const and f(x, ) is radially symmetric
to x, by using the radially symmetric Sobolev space H!(RY) = {u € H'(R")| u(|x|) = u(x)}, where the embeddings
H,1 (RY) — LI(RM) (2 < g < 2*) are compact. In (Liu & He, 2012; Wu, 2011), the potential V(x) satisfies:

(V3) inf V(x) = a; > 0 and for each M > 0, |{x € RY| V(x) < M}| < +co.
xeRN

By using a weighted Sobolev space E = {u € H'(RV)] fRN V(xX)lul> < oo}, where E «— LI(RN) (2 < ¢ < 2*) are
compact to guarantee that (PS) condition holds, this difficulty was overcome. In (He & Zou, 2012; Wang et al.,
2012), the potential V(x) satisfies:
(Vy) 0< V= inf V(x) <liminf V(x),
xeRN [x]—+00

then the method used above can not work. However, for the mountain-pass level c, it can be proved in (He & Zou,
2012; Wang et al., 2012) that each (PS). sequence weakly converges to a critical point of ¥ in H'(R") and their
argument strongly depends on the fact that ¢ = inf W(N), where N = {u € H'(RM\{0}| (¥ («), u) = 0} and % is
strictly increasing for u > 0.

Recently, in 2012, Li et al. studied (1) in the case when V(x) = b > 0 is a constant and f(x,u) = f(u) is of
subcritical growth and superliner at the origin and at infinity, i.e.
lim M =0, lim M =

u—0 U u—+00 Y

+00

By using a truncation argument combined with the monotonicity trick, they showed that there exists 1o > 0 such
that for any A € [0, 4p), (1) has at least one positive radially symmetric solution.

In this paper, we try to prove the existence of positive solutions to problem (1) under the assumptions that V(x)
and f(x, s) may not be necessarily radially symmetric with respect to x and f(x, s) is asymptotically linear in s at
infinity (i.e. (f1) (f2) hold). As far as we know, it seems there are few results to (1) in this situation.

2. Method

We try to use the Mountain-Pass Theorem to get a positive critical point for 7. There are some difficulties. First,
as mentioned before, (AR) condition does not hold, which makes it difficult to get a (PS). sequence. Secondly,
condition (f;) implies that (F) is no longer true, then the boundedness of the (PS). sequence is difficult to prove.
Thirdly, due to the effect of the nonlocal term fRN(IVul2 + V(x)u?), we still face the difficulty to verify that the weak
limit of the (PS). sequence is a critical point of /, if we have obtained a bounded (PS). sequence since in general,
we do not know that

f (Vi + Veud) — f (Vul + Vo)
RV RV

just from u, — u in H'(R"). Our assumptions imposed on V(x) and f(x, s) make the method used in (He & Zou,
2012; Jin & Wu, 2010; Liu & He, 2012; Wang et al., 2012; Wu, 2011) can not be applied in our case to deal with
this difficulty. We overcome these difficulties by adapting an argument used in (del Pino & Felmer, 1996; Wang
& Zhou, 2007). However, since the conditions are different and we deal with a Kirchhoff equation, the arguments
should be improved and more careful analysis is needed.

By (V1) (V»), V(x) € L*(R") and

V(o) < |V(X)lco- 4)
Then by (f>) and (4), we see that
—q(00) > =V(00) > = V(). (%)
Moreover,
max V(x), if |V(x)|e is attained at some point in RY,
[V(X)|oo = xeRY )
V(0), otherwise.
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By (f1) (f2), we have that

aq(x)S2 - alg(Veo -

0< F(x,5) < > < 5 2, ¥YxeRN seR. (6)

On the other hand, condition (AR) implies that for some C > 0,
F(x,s)>Cs", YxeR",seR.

So the classical condition (AR) can not be satisfied in our case.

Since V(x) satisfies (V) (V»), we introduce an equivalent norm on H'(R"): the norm of u € H'(R") is defined as

||u||=( f |Vu|2+V(x)|u|2) ,
]RN

which is induced by the corresponding inner product on H'(RY). Weak solutions of (1) correspond to critical
points of the following C! functional

2
=4 fR u + VOluP) + %( fR v+ V(x)|u|2)) - fR Fow,

where F(x,u) = fou f(x, s)ds. Note that if A = 0 in (5), we still denote the functional by I(u).
Define

L = inf { f (Vul? = gx)u®)| u € H'RY), |ul, = 1} . (7)
RN

Clearly, L > —|g(x)|ec > —o0 since inf fRN [Vul?> = 0. As is well-known (Berzin & M. Shubin, 1991),
ueH'(RN), |ul,=1

L =inf o (S), where o(S) is the spectrum of the self-adjoint operator S: H 2(RN) — L2(RV) defined by
Su=-Au—-q(x)u, Yue HZ(RN).
Furthermore, the essential spectrum of S is the interval [—g(c0), +00) and so we have that

—1g(X)|e £ L < —q(0). ®)

The operator S plays a crucial role since it defines the asymptotic linearization of (1).

Lemma 1 Assume that (Vy) (V,), (f1) (f2) hold and L + |V (x)| < 0, then

(i) there exist p,a > 0 satisfying I,(u) > a > 0 for all ||u|| = p;

(ii) there exist e € H'(RN) with |e|| > p and Ay > 0 such that I (e) < 0 for A € (0, Ay).

Proof. (i) By (f1) (f»), for any & > 0 and r € (2,2%), there exists C, > 0 such that for all (x, s) € R¥ x R,,

F(x,s) < g(lp(x)Lx, +8)s> + Cps'. 9)

Taking & > 0 such that [p(x)| + € < [y since |p(x)|w < T, then by (V}), (9) and the Sobolev inequality, we see
that
|Gl e

a
1/1(1/!) > 5( Fo

)nuu2 — Cellull”.

So (i) is proved if we choose ||u|| = p > 0 small enough.

(i1) Since L + |V(x)| < 0, there exists 6 > 0 such that L + |V(x)|. + 6 < 0. For such a 6 > 0, we conclude from
the definition of L that there exists a nonnegative w € H'(R"V) satisfying

f (IVw]* = gw?) < (L + 5)f w2, (10)
RN RN
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Hence by Fatou’s Lemma and (10), for any 7 > 0, we see that

Jim 22 =g L (VWP + VW?) — limi e [y S
< 4 [ S (VWP = gQow?) + [ VOW?|
<4 for(L+ 6+ [V(D)lo)W? <0,
So lim Iy(tw) = —oo, which implies that there exists ¢ € H'(RY) with |le|| > p such that Iy(e) < 0. Since
t—+00
/llir61+ I,(e) = Iy(e), there exists 0 < Ay < 1 small such that I;(e) < 0 for A € (0, Ay). O

By Lemma 1 and the Mountain-Pass Theorem (Ambrosetti & Rabinowitz, 1973), for A € (0, Ap), there is a (PS),,
sequence {u,} € H'(R") such that

Li(uy) — ¢y and T(u,) — 0 in H'(RY), (11)
where

- = inf I N>a>0
Ca ;Iérg%&ﬁ 2y(0) 2 @

and ' = {y € C([0, 1], H'(R"))| (0) = 0, ¥(1) = e}.

Remark 1 1f we assume (f>)" instead of (f>), then Lemma 3 is also true since b > Iy implies that there exists a

nonnegative w € H'(R") satisfying
f (VW + V(xw?) < b f w?.
RV RV

Lemma 2 Assume that (V1) (V2), (f1) (f2) hold, then there exists 1 > 0 such that the (PS)., sequence {u,} given
by (11) is bounded in H'(RN) for each A € (0, 1,).

Proof. For any fixed R > 0, let 5z € C*(R",R) such that nz(x) = 0 for |x] < %, ngr(x) = 1 for |x| > R and
[Vnr(x)| < % for all x € RV, Then for any u € H'(R") and R > 1, we easily see that there exists a constant C > 0
such that ngu € H'(RY) and ||ngul| < C||ull.

Since I (u,) — 0 in H™'(R"), for n large, we see that

T Cun)s mritn) < NIy ua)ll-1 ey lImruall < Nutall,

i.e. for n large,

(a+ Allual?) ( fR N(|Vun|2 + V(X)upng + fR ; wnunVnR) < fR L6 g + (12)

Since | |lim q(x) < V(o0) = ‘ |lim V(x), there are 6 > 0, R; > 1 such that V(x) > | Ilim q(x) + ¢ for |x| > Ry. On
x| —+00 x| —+00 X|—+00
the other hand, there exists R, > R, such that
q(x) < V(x) =6 for x| > R,.

By (f2), f(x,u)u, < aq(x)u,% for all x € RV. Then choosing R > 2R, in the definition of nz and by (12), we see

that
4
a f <|wn|2+6u,%)mes—(aununnz)( f Vi + f u,%)+||un||.
RN R RN RN

Therefore, there exists a constant C > 0 independent of R such that

C
a f 2 < —(allun]* + Al |*) + Cllugy . (13)
Ix|=R R
Similarly, we see that (I, (u,), u,) < |lul, i.e.
a f (IVun* + Vup) + Allul* = f FC u)ty < Nt (14)
RN RN

18



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 6, No. 1; 2014

For eachn € N, A > 0 and 8 > 1, we consider the following function /,(7): R, — R:

2
hﬁ({) = t4 (/_l||un||4 — /lﬂf |un|4) + a”un” t2.
2 RY 2

Denote

[Vul> + V(x)|ul?
C,= in fes >0

(15)
H' (R¥)\(0) Jul?

Then for all > 0,

ha = 22 (3l = 2 Loy lunl*) + $llual?]

: 1
0 if [ lual* < sprlluall®,

\%

_2
hence there exists A; = (\/§C4) P! such that hy(f) > 0 for all > 0 and A € (0, A;). In particular, /;(1) > 0, i.e.
A a o 8 4_ a4y 2
Zllu|l* > A un|” = = llunll® for A € (0, 4p). (16)
2 o 2
So it follows from (14) (16) and (f>) that for A € (0, 4;),
a ) A 4 B 4 2
§||Mn|| + §||Mn|| + RN(/l luta|™ = alq(X)loolttn]”) < lual.

Set g(f) = Pt* — alg(x)|1, then
a A
Sl + Sl + f 8Gwn) <l (17)
R

Letb = inﬂg g(1), then b € (—o0,0). By (13), we have that
1€

Jor 8 = [ b= algOles [ Il

(18)
> bIBr(0)] = L8 (g, > + Alluy|I*) — Clg()leollitall.
By (17) (18), we see that
a A Clg(%)|eo
§||un||2 + Euunu“ < qR (@lluall® + Al l*) + (Clg(x)]eo + Dlluty|l + Bl Br(0). (19)
Choosing R > 0 large in (19) satisfying % < %, then {u,} is bounded in H'(RM). O

Lemma 3 Assume that (V1) (Va), (f1) (f2) hold, then the (PS)., condition holds for I, if A € (0, A;), where A, is
given in Lemma 2.

Proof. By Lemma 2, for A € (0, 4y), the (PS)., sequence {u,} is bounded in H I(RY) and then

(I (), mrity) = o(1),

where 7g is given in Lemma 2, o(1) — 0 as n — +oo. Then similar to (13), we have that
C
f @ < 2l + ) + o). (20)
[x|>R

Hence for any & > 0, there exists R > 0 such that for n large

f ut < e (21)
|x|>R

Since {u,} is bounded in H'(R"), up to a subsequence, we may assume that for some u € H'(R"),
u, — u in H'(RN),
Uy > u in L (RY), 22)
up(x) = u(x) a.e.in RV,
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Then by (f2), (22) and Holder inequality, we have that
| fo F )t =] < [ )@ty =] + [ 170 ) = )]

1
Clity = ul 20 + Clg(Oles (fo 11)” -

IA

Thus
wa SO un)(uy, — u) = o(1). (23)

By (22), we see that
Nuall* = lledll® + Nl — ull* + o(1). 24)

So by (22)-(24), we have that

o) = L\, u, —uy
= @+ UualP®) fon[Vien(Vity = Vi) + VOt = 1) + [ F 1)1ty — 10)
= (a+ Allual Pt * = leal*) + 0(1)
> afRN ety — ull® + o(1).
By (22), we easily see that |ju,|| — ||u|| as n — +oco, hence u, — u in H'(RV). O

Remark 2 If we assume (f»)" instead of (f>), then Lemma 4 and Lemma 5 are also true since b < V(o) and
0 < f(x,5) < bs* forall (x,5) € RN xR,

In order to get the non-existence result, we need the following lemma which gives the decay estimate of the solution
at infinity.

Lemma 4 Assume that (V) (V2) (fi), (f2) or (o) hold. If u € H'(RN) is a nontrivial solution of (1), then u > 0
a.e. in RN and lim u(x) = 0.

|x]—>+c0

Proof. Let M = ||ul[>. Then problem (1) can be rewritten as

1
+AM

—Au+ V(x)u = P f(x,u).

Hence by using standard boot-strap arguments and the strong maximum principle, we see that u > 0 a.e. in RY,
The proof of I Ilirn u(x) = 0 is initiated in the Morse iterative method of (Moser, 1960), which is similar to that of
| X|—+00

Lemma 4.5 in (He & Zou, 2012), so we omit it. O
3. Results

Theorem 5 Assume that V(x) satisfies (V1) (V») and f(x, u) satisfies (f1) (f>).

(i) If problem (1) has a positive solution, then L < —q(co).

(ii) If L+ |V(%)|e < 0, there exists A, > 0 such that problem (1) has a positive solution for any A € (0, A,.).

Proof. (i) Suppose that 0 < u € H'(RV) is a positive solution of (1), then

2
a f (|Vu|2+V(x)u2)+/l( f (|Vu|2+V(x)u2)) = f Flx, uu.
RN RN RN

By (f>) and the definition of L, we see that
Lf u < f (|Vul?> - q(x)uz) < - f V(xX)u?,
RN RN RV

V(¥)le < —L. (25)

then V(x) < —L in R", hence
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On the other hand, by (8), we have that L < —g(c0). Just suppose that L = —g(c0). By (5) (25), we see that
—V(®)le < =g(0) = L < =V (¥)lw,

which is impossible. So L < —¢g(c0).

(1) Set
A, = min{/lo,/h}.

Then Theorem 5 is a direct consequence of Lemmas 1-3. ]
Theorem 6 Assume that V(x) satisfies (V1) (V2) and f(x, u) satisfies (f1) (f2).
(i) If L+ |V(x)|le > 0, then problem (1) has no positive solution;

(ii) For the case where L + |V(X)|eo = 0, if |V(X)|oo is attained at some point in RN and there exist £y > 0, Ry > 0
such that
(pg)  p(x) + &0 < q(x) for|x| = Ry,

then problem (1) has no positive solution;
(iii) If L+ |V(X)|eo < O, then there exists ¥ > 0 such that problem (1) has no positive solution for any A > A*.

proof Suppose that 0 < u € H'(R") is a positive solution of (1), then
a f VUl + V(xou®) + Allull* = f Fx, wu. (26)
RV RN

(1) Similar to the proof of Theorem 6 (i), we have that |V(x)|c < —L, which implies that if L + |V(x)| > 0, then
(1) has no positive solution.

(i) By condition (pgq), there exist &y > 0, Ry > 0 such that
&
p(x) + > < g(x) for|x| = Ry. 27)

By (f1) (f»), there exists 5y > 0 such that for all (x, s) € RN x (0, ),

f(x,5) £

0< <px)+ = (28)
as 2

By Lemma 5, u(x) — 0 as |x| — +oo, then there exists R; > 0 such that
0 < u(x) <6y for |x| > R;. (29)

Set R = max{Ry, R,}. Therefore, by (26)-(29) and (f>), we see that

ForVul + V) < [ (p00 + 2)i + [ g0
< fur[P@ + 3 —q@]u + [ g0
< fRN Q(x)uz,

i.e.

L f u < f (Vul* - g(xu?) < - f V(x)u®.
RN RN RN

Hence V(x) < —L in R". Since |V(x)|., is attained at some point in RY, |V(x)|e = max V(x) < —L. So (1) has no
xeR
positive solution if L + |V (x)|e = 0.

(>iii) Since |p(x)|e < I, there exists & > 0 such that
|p(0)|eo + 28 < T. (30)
By (f1) (f2), there exists C = C(|p(x)|e,10) > 1 such that
0 < f(x,wu < (Ip(X)le + ) + Cui. 31)
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Similarly to the argument in Lemma 2, for 4 > 0, B€(0,1)andall > 0, the following function

hat) = (3l = AP [, u*) + aslulPr

. 2B
0 if Lo lual* < [l

v

2,
hence there exists A, = ( \/§C4) '# such that

/l _
§||u||4 > ¥ f ) u* = agllul? for A > Ay, (32)
R

where Cy is given in (15). So by (V) and (26) (30)-(32), for A > A,, we have that

0 = af (Vul + Vu?) + Allull* = [ fx,wu
> a1l - P2 P + (P - C) [ ut
> (FP-0) fut
Therefore, let ]
A" = max{A,,C?},
u must be zero if 1 > A*. O

Remark 3 By (f1) (f2), p(x), g(x) € C(RV). For V(x) satisfying (V;) (V,), it easily see that (f;) (f>) are satisfied by
the following function:
P()+g(x)s xeRN. >0

f(X,S): 1+s 4
0 xeRN, 5s<0,

s

where
[V (0)]oolx], [xl < 1,

g =1 (52 = IVle) M+ 2V@lo = Y52, 1 <al <2,

V(o) 1
2 T+’ Xl =2

and p(x) = 5y q()-

Remark 4 Under assumptions in Theorem 5 (ii), g(x) # const. In fact, if g(x) = b > 0 is a constant, then
L = —b = —q(c0), hence by Theorem 5 (i), problem (1) has no positive solution. So the case where g(x) =
const can not be contained in Theorem 5. However, we still can use a similar method to obtain the existence and
non-existence results for the case where g(x) = const under simple conditions (V) (V,) (f;) and

A =0, and lim fx9)
as

§—+00 as

= b e (I, V(o)) uniformly in x € RY

() lim
s—0
and 0 < f(x,s) < bs” for all x € R and s # 0, i.e. there exist A,, 1* > 0 such that (1) has a positive solution for
A € (0, 1,) and has no positive solution for 1 > A*.
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