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Abstract

In this paper we introduce certain classes of multivalent prestarlike functions with negative coefficients defined
by using the Cho-Kwon Srivastava operator and investigate some distortion theorems in terms of the fractional
operator involving H-functions. Classes preserving integral operator and Radius of convexity for this classes and
are also included.
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1. Introduction

Let A, denote the class of functions of the form
Q=2+ ) @@ (pe N{1,2,3,.)), (1.

k=1
which are analytic and p-valent in the unit disk U = {z: |z| < 1}. And let T, denote the subclass of A, consisting of

analytic and p-valent functions which can be expressed in the form

00

Q== @, (@ 2 0). (1.2)
k=1
A function f(z) € A, is said to be p-valent starlike of order «, if and only if
2f'(@)
Re{—} > a (zeU), (1.3)
f@

for some a(0 < @ < p). We denote the class of all p- valent starlike functions of order a by S ,(@). Further a
function f(z) from A, is said to be convex of order « if and only if

zf ”(Z)}
>a
'@

for some a(0 < @ < p). We denoted the class of all p-valent starlike functions of order @ by C,(a). The classes
S ,(@) and C, (@) were first introduced by D. A. Patil.

Re{l + (ze U), (1.4)

The function

Sy@=1-97"  (O<y<pipeN) (1.5)
is well-known as the extreme function for the class S ,(y). Sitting
k+1
[[Cw-n+i-2)
Cly, k) = =2 (k>1;0<y<p), (1.6)

k!
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then S, (z) can be written in the form

Sy =2+ Y Cly, k. (1.7)
k=1

We note that C(y, k) is a decreasing function in vy and that

o (y<L
limCo.by=11 (=2

)
0 (y>33%h.

(1.8)

Let(f * g)(z) denote the Hadamard product (convolution) of two analytic functions f(z) and g(z), that is, if f(z) is
given by (1.1) and g(z) is given by

8@ =2+ ) by, (1.9)
k=1
then
(F * )@ = 2 + > bpaptirs 27, (1.10)
k=1

A function f(z) € A, is said to be p-valent y -prestarlike function of order (0 < @ < p;0 <y < p) if

(f * &)(2) € S p(a), (1.11)
where §,(z) is defined by (1.7). We denote by R,(y, @) the class of all p-valent y-prestarlike functions of order
a0 <a<p;0<y<p).

The class R,(y, @) and was studied by M. K Aouf and G. M. Shenen, while the class R,(y, @) =" (@) is the class
2p—1

of p-valent prestarlike functions of order @ and was studied by G. A. Kumar and others. Fory = =5—=;0 < a < p,
R,,(%, a) = 5 ,(a).
Let
R,(y,a@) =R,(y,a) N Ty, S (@) =S ,(@)NT, and C(a)=Cya)NT,.
H. Saitoh introduce a line operator:
Ly(a,c): A, —> A,
defined by
Ly(a,c) = ¢y(a,c;2) * f(2) (zel), (1.12)
where
O (@i
(a,c;2)= ) ——=2"", (1.13)
# 2o
and (a)y, is the Pochammer symbol defined by
@ I'(a+ k) 1 (k=0)
a) = =
I'(a) ata+ )(a+2)..(a+k—-1); (keN).
In 2004, N. E. Cho introduced the following linear operator Lﬁ(a, ¢) analogous to L,(a, c)
Lya,c):S, —> S,
defined by
Ly(a,0)f(2) = gpla, ¢;2) * f(2) (zeUsa,c € R\Zy;4> —p), (1.14)

where ¢,(a, ¢; z) is the function defined in terms of the Hadamard product (or convolution) by the following con-
dition
7P

W, (1.15)

pp(a,c;2) = gp(a,c;2) =
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We can easily find from (1.13), (1.14) and (1.15) and for the function f(z) € T, that

(e}

(A + plle) +
Ly(a,c)f(z) = 2" - ; T])(kkak+pzp £ (1.16)
It is easily verified from (1.16) that
WLia+1,0) (@) = ali(a.0)f(2) - (a - p)Lia + 1.0)f(2). (1.17)
and
AL @ Of) @) = A+ PL (a0 f(2) - ALL(a. O f 2). (1.18)
Also by specializing the parameters A, a, c we obtain from (1.16)
LY+ 1,11 = (), L D = L p@, (1.19)

and
Li(a,a)f(2) = D" £(2) (> —p),

where D"*P~! is the well-known Ruschewehy derivative of order n + p — 1.

The function f(z) is said to be subordinate to g(z) U written f(z) < g(z) if there exist a function w(z) analytic U
such that w(0) = 0, and |w(z)| < 1, such that f(z) = g(w(2)).

Now making use of N. E. Cho operator Lf,(a, c¢) defined by (1.16) we introduce the following subclass S f,(a, c, A, B,
v, @) of p-valent y prestarlike function of order (0 < @ < p;0 <7y < p).

Definition 1.1 For A, B arbitrary fixed real numbers, -1 < B < A < 1, a function f(z) € A, defined by (1.1) is said
to be in the class S;(a, ¢, A, B,y, @) if it satisfies

L a,o)(f * $))() AP+ A+ p)B+A-B(p- )k

“@+p L@ o(f *5,)@) 1+ B2

(zelU),0<a<p;0<y<pya,ceR\Z;;A>-p) (1.20)
also let T;}(a, ¢, A By, a) = Sf,(a, ¢,A,B,y,a)NT,.
Using (1.18) it is seen that (1.20) is equivalent to
ALy, o)(f *S,)) (2) B
Ly(a,c)(f * $,)(2)

ALy, o)(f *S,)) )
Ly(a,c)(f  S))(z)

(zeU). (1.21)

pB+(A-B)(p—-a)—-B

‘We note that:

O THp+ 11,11y, =R(y,a)
(i) T)(p+1,1,1,-1, 21 @) = §%(a);
(i) 7)(p, 1, 1. -1, = @) = Ci(a).

The class T[f(a, ¢, A, B,y, @) generalizes and extends other classes studied and introduced by several researches as
M. K. Aouf, G. A. Shenan, G. A. Kumar, T. Sheil-Small, and S. Owa.

2. Fractional Integral Operators

We shall be concerned with fractional integral operators involving Fox’s H-function which has been recently in-
troduced by S. L. Kalla and V. S. Kiryakova.
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Definition 2.1 Let s € Ny (the set of non-negative integers), 8; € R, (the set of positive real numbers) and 6}, ¥ jec
(the set of complex numbers) for j = 1,2,..., s, while 7, Re(d ;) > 0, then the generalized fractional integral
operator for the function f(z) is given by

(V1505 Y55(0150,05)
I(ﬁ] ,,,,, B)ss f(@)

= L (g0t
-z ()HS'S[Z

= [, for 61=061=..=06,=0

530
13 @)

(176,118,118 1. o
(4y=UB, 1 1B }f (1), for X, Re(5)) > 0 2.0

where f(z) is an analytic function in a simply connected region of the z-plane containing the origin and

(b - t/ﬁ)
H[z] = f ]_[ Zdt, 2.2)

=1 F(aj —Z/Bj)

whereaj=vy;+6;+1—t/fjandb;=y;+1—1t/B;(j=1,2,..,5).

The fractional integral operator I(y"')’_(f“') f(z) contains as special case, many other fractional integral operators (M.
Saigo), here we need some of them.

(1) For t > 0 and f(z) being analytic function in a simply connected region of the z-plane containing the origin,
T 0| AV
Rl W

B ) oot = D7 f(z) (2.3)

63roa-
Where Re(8) > 0 and the multiplicity of (z — £)*~! is remove by requiring log|z — 7] to be real when (z — 1) > 0,

Dz_ﬂ f(2) is called the Riemann-Liouville fractional integral operator of order S (S. G. Samko).

(i) With Re(6) > 0, B,n € C and f(z) being analytic function in a simply connected region of the z— plane
containing the origion,

—p 1 O-B)(—B.5+B) - B.DG+1)
Pl f@ = ﬁlfo 22["(01)(nﬁn1)}f(t)dt
. 2.4
= S fem 0 aF(o 4 g mms 1 - ) @9

= I f@),
where Igf’" f(2)is the known Saigo fractional integral operator §, (M. Saigo) and with the order
f@=0l",z-0

e>max(0,8-n) -1
and the multiplicity of (Z — 1)°~! is removed as in M. Saigo.
(iii) The following form is due to M. Saigo, for Re(n7) > 0, v,u,{,6 € C,0 € R and f(z) is an analytic function in a

simply connected region of z-plane containing the origin

(B~ g=¢-6+ L= 1);(0-£.8) _
Z/4+zr(1+17)+u+11f () = Z,u+0(1 n)+uf H22 t

1 §V
|65, )65, 5 ]f(l)dl

Li-¢-0+2.5)
e o o\ 2.5
= T @ =y 12F1(§ o,n; 1 —(t/2) )t f(Hdt 2.5
= IR
with the order
f(2) =07,z =0
oc+e>max(0,6 +-n)—1
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and the multiplicity of (Z” —#7)'~" is removed by requiring log(Z” —1”) to be real as (Z —¢”) > 0. For the function
f(z) defined by (1.1) the operator J((gj)(‘i) is defined by

J(')/r) HOR )f( ) ﬁ

L(1+y;+06;+pB)) [060)
B:1)is | 7@ 20
i

I'(A+vy;+pB)) (/3 Dss
Where Re(y;) > pB;— 1,6; € R, and Re(6;) >0, j=1,2,...,s
For the function f(z) defined by (1.1) the operator J (yif;(_iﬁ) is defined by

Il+p+y _
I'(1+p) 27D

Similarly for s = 2,8 =8>, = 1,v1 =0,y = n— ¢, = 5+ ¢, we have the following operator

J7f(2) = 2 f@) @.7)

I'(1 - (1
R = [t DL LD oot minp - g+ P =P+ f e > -1 @8)

The operator J™7 f(z) and Jg’f’” f(2) have been studied by J. H. Choi.
Lemma 2.1 Due to V. S. Kiryakova, if Re(y;) > ;—f_’ - 1,8 € R, and Re(6;) > 0,j=1,2,..., 5. then

ST 495 + 6+ plB))
1(75) (0 )[ p] — J J J
(By)s

1:][

Z

2.9)

3. Coefficient Estimates

Theorem 3.1 For A, B arbitrary fixed real numbers, —1 < B < A < 1, a function f(z) € T, defined by (1.2) belongs
to the class T;(a, ¢, A, B,y, @) if and only if

Z[(l =Bk + (A= B)(p - a)l¢i(a,c, p.yY)apu < (A= B)p - ), (3.1
where 1
i@, c,p,y) = wcw, k). O<a<p0<y<pia,c,e R\Z5 21> —p) (3.2)
(D@

The result is sharp.
Proof. Let the function f(z) € Tp defined by (1.2), then from (1.7) and (1.16) we have

Lya,e)(f xS)@ =2 = Y ¢ia,e, p.y)a, 2, (3.3)
k=1

assume that the inequality (3.1) holds true and let |z| = 1, then from (1.21) we have

WL @.o)(f%S,)) (2)
Li(a.o)(f+Sy)(@)

~ (A= B)(p - @)z + T2, (Bk — (A = B)(p — a)¢j(a, ¢, p,y)ar: 7P

A i ’
WA@ATS )@ ’ ~ ‘pB A B)p—a)-

Ly(@.c)(f+S,)(2)

- Z]io:] ¢£(Cl, ¢ p, )’)ak+ka+p

IN

pI [(1 - Bk +(A-B)p - (l)}#(a, ¢, p.Y)agep — (A= B)(p— @) <0.

Hence by the principle of maximum modulus f(z) € T;(a, ¢, A,B,y, ).
Conversely, assume that f(z) defined by (3.1) is in the class T;(a, ¢, A, B,v, @), then from (3.3) we have

ALy @)(f+8)) @)
Ly(a,e)(f+S (@)

_ L L@+, Q)
pB+(A-B)(p-a) L @05,

- X1 k(@ ¢, p. V)t <1
(A= B)(p - )z + 22 (Bk — (A = B)(p — )¢} (a, ¢, p,y) s p7c+P
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since |Re(2)| < |z| for all z, we have

® kola,c, p, k+p
= e[ DR LACLY RS (3.4)

(A= B)(p— @)z + 32, (Bk — (A = B)(p — a)¢j(a, ¢, p,y)ag,p2*P

ALy(@)(f*S,)) @) .

choose the values z on the real axis so that oS om 18 real. Upon clearing the denominator of (3.4) and
p y Nz

letting z — 1 through real values we get
D kpia, ¢, p. )k, < (A= B)p—a)+ ) (Bk— (A= B)(p - )pi(a,c, p,)aksp,
k=1 k=1

which implies the inequality (3.1). Sharpness of the result follows by setting

(A-B)(p-a) o
[(1 = Bk + (A= B)(p — @)} (a.c. p.V)ars,

fl=27"- (k>=1) (3.5)
4. Distortion Theorem for the Class Tﬁ(a, c,A,B,y,@)
Theorem 4.1 Let §; € N,6; € R, (j = 1,2,3, ..., 5) be such that Re(y;) > —Re(pB; — 1), and

S

[

j=1

(I+y;+(p+ DB,
<1, 4.1
(1+’)/j+5j+(p+1)ﬂj)ﬁl. = ( )

if the function f(z) defined by (1.2) is in the class Tﬁ(a, ¢, A, B,y, ), then

. s ra . )
JO6) f(z)‘ > n = (A +y;+pB)) P
j=1

B5 s 1+7y;,+6;+ pB;
Y j pﬁj) 42)
i1 - a(A-B)(p—a) s _TA+yi+pB)j) I2]
2c(A+p)(p=y)[1-B+A-B)(p-a)] L Lj=1 T(1+y;+6;+pB,)
and
999500 < ] FA+y +pB)
655 T L DA +y+6,+pB)
, (4.3)
(A-B)(p—a) s Cd+y+pB))
X{l SO BB L=t ey, 18,208 1 (-
O<a<p;0<y<psa,c,e R\Zj;A>-p;-1<B<A<1).
For z € U, the equalities in (4.2) and (4.3) are attained by the function
aA-B)(p—-«a
Fl) =2 - ( ) e (4.4)
21+ p)p -yl -B+(A-B)(p-a)]
Proof. Making use of (1.2) and Lemma 2.1, we obtain
[(Yi?;(éf)f(z) _ ﬁ I'(1+ Y+ pﬁj) :|Zp ~ © - s ra+ Y+ (p + k)Bj) } p+k. (4.5)
B:1is i I(1+vy;+0;+pB)) — i1 L(1+yj+06;+(p+k)p))
From (2.6) we have
. [ +y;+6;+pB)) (5 N
Jrh fe) = S f@) = 2 = ) wRa, (4.6)
(B )ss 1;] L1 +vy;+ pB)) B:")ss ; P
where
g (1 +7vy;+pBs,
wik) = 1_[ Vit PPk ] (k=1,2,..). 4.7
(I+y;+6;+pBjsk

j=1
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Under the assumption of the theorem we see that (k) is non-increasing on %, i.e.

| (L +vy;+pB)g,
0 <y(k) <y(l) = : . (4.8)
v v =| || 55,
Now employing (4.8) and theorem (3.1) in (4.6), we get
Jpiof @) =l = w DR B2 aep
N IZII’—H L1+, + pBjg, (A—B)(p—a)ﬂ .
L +y;+6;+ pBjg, [1 = B+ (A= B)(p - a)l¢i(a.c,p,y)
where ¢f(a, e, p,y) = w, which implies the assertion (4.2) of Theorem (4.1).
Also, we have
100 @) < 1 = | | e =B =) 1
650 (L +y;+6;+ pBjs; [1 = B+ (A= B)p - a)lpi(ac,p,y)
which implies the assertion (4.3) of Theorem (4.1). O
Corollary 4.1 Let the function f(z) defined by (1.2) be in the class Tﬁ(a, ¢, A, B,y, ), then
_ I'(l1+p) aA-B)(p-a)p+1)
fo(z)l > —— P W{l : b—22F |z|} 4.9)
I'd+y+p) 2000+ p)p-MI1-B+(A-B)(p-a)lp+B+1)
and
. f(z)| LA+P) g { aA-B)p-a)p+1) m}
) I(l+y+p) 2c(A+p)p-I-B+(A-B)(p-a)l(p+B+1)
B>0,0<a<p;0<y<pia,c,e R\Z;;1>-p;-1<B<AL]). (4.10)
For z € U, the equalities in (4.9) and (4.10) are attained by the function given by (4.4).
Proof. Setting s = 1, y; =0,6, =B and 8; = 1 in Theorem (4.1) and using (2.3) we obtain the result. O
Corollary 4.2 Let the function f(z) defined by (1.2) be in the class Tﬁ(a, ¢, A, B,y, @), then under the assumption
B(TI+5) < 2
4
58 I'd+plp-p+n+1) 8
2@ = rr—y et e D
L a(A = B)(p—a)(p+ D(p=f+n+1) " 1D
200+ p)p—-VIL-B+(A-B)(p-a)l(p-B+Dp+6+n+1
and
8. IA+plp-B+n+1D) g
el = TO—y+plp+o+n+ DN

aA-B)(p-a)p+Dp-B+n+1) 12 (4.12)
2T - -B+A-Bp-alp-B+ hprotn+iF
O<a<p;0<y<p;ac,eR\ Zy; 4> -p;—-1<B<A<L]).

For (z € Uy), where

vo=1U B<sp
CTlu-y B>p
The equality in (4.11) and (4.12) are attained by the function given by (4.4).

Proof. Setting s =2, =B =1,y1 =0,y — B, 6 = beta and §; = 6 +  in Theorem (4.1) and using (2.4) we
obtain the result. (]

51



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 6, No. 2; 2014

Corollary 4.3 Let the function f(z) defined by (1.2) be in the class Tﬁ(a, ¢, A, B,y, @), then

O-(V t+tp+ 1)] [O-(V +p+ 1) +n— g 6] |Z|p—{(%)—p—y—v—l}
[Mov+p+D+n=-Lllc(v+p+1)+n-9]

|1”1/0”{6f(z)‘

“J1_ aA-B)(p-a)oc(v+p+ Dlglc(v+p+ 1) +n-{ -6, 12
20+ p)p -V -B+A-B)p-a)llcv+p+ 1) +n-Ll-locv+p+1)+n-90],

4.13)
and
|I'7»1/0"/l,(5f(z)‘ O-(V +p+ 1)] [O-(V +p+ 1) +n— g 6] | |p—{(—)—p—y—v—l]
v IMov+p+D+n-Lllcv+p+1D)+n- 5]
aA-B)p-a)lov+p+ Dlglov+p+ 1D +n-_-6], 12
2@ - -B+@A-B)(p-allov+p+1)+7- Z]<r[cr(V+p+ D+n-9l-
4.14)

where o is a positive integer and z € Uy, where

UOZ{U; (D =p-p-v-1<p
U - {0} ( S =p-—p=v=1>p

The equality in (4.13) and (4.14) are attained by the function given by (4.4).

Proof. Setting s =2,8) = =0,y =c(v+ )= Ly =n-{-0+(c(v+1)-1),6, =n—{,06, = {in Theorem
(4.1) and using (2.5) we obtain the result. O

Corollary 4.4 Under the assumption of Theorem (4.1), let the function f(z) defined by (1.2) be in the class Ry (y, @)

(I +y;+pB)
T +y;+6;+pB))

|zI” (4.15)

I(%) 305 )f( )‘

5

(p—a) (1+7v;+ pB))g, }
' : 4.16
X{ 2p-yv)(1 +p-a) 1:[ (1 +y; +6j +pﬂj)ﬁ_,- |z ( )

and
1 T +y;+pBy)
(75):(05) J J
Ly f(z)‘ < ,l-_1| 0 +yj+5j+pﬁj)|Z|p (4.17)
(p-a) S (L+y+ pBi; }
1 : 4.18
x{ + 2p-y)1+p-a) 1:1[ (147, +0;+ pB))g, I2] (4.18)

The equality in (4.15) and (4.16) are attained by the function given by

(p—a) +1
f@)=2"- P
2p=y)1+p-a
Proof. Settinga=p+1,c=1,A=1,B=-1and A1 = | in theorem (4.1) we get the result. |

Remark 4.1 Settinga = p+1,c=1,A=1,B=-land A =1, 72p Land 1 = 1 in Theorem (4.1) we get the
result, we get the corresponding result by P. K. Banerji (Theorem (2.1), p. 113).

Remark 4.2 Settinga = p,c=1,A=1,B=—-land 1 =1, sz L and A = 1 in Theorem (4.1) we get the result,
we get the corresponding result by P. K. Banerji (Theorem (2.2), p. 115).

Remark 4.3 Several other particular studied cases studied by different authors can be obtained from Theorem (4.1)
by specializing the parameters s, 3;, ds, ¥, @, v, 4, A, B, a and c see for example H. M. Srivastava and P. K. Banerji.

5. Integral Transform of the Class T[f(a, c,A,B,y, )

The generalized Komatu integral operator Lip: Tp — Tp is defined for 6 > 0 and ¢ > —p as (see, e.g. S. M.
Khairnar and T. O. Salim)

(c+p)
I'(6)z¢

52
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H(z) = Lg’pf(z) = X t (lOg;) f(t)dl (5])
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Notice that for ¢ = 1 we get the integral operator introduced by I. B. Jung.
y 5 2
Theorem 5.1 Let f(z) € Tp (a,c,A,B,y,a). Then L(,’pf(z) € Tp (a,c,A,B,y, ).

Proof. By using the definition of LY , f(z), we have

(c+1)yY f‘ Iyo-1 ., =
L = log—) t*P7(2F - 24P )ar 5.2
C,[’f(z) F(5) o ( o8 t) (Z ; ak*ﬁ 4 ) ( )
Simplifying by using the definition of gamma function we get
) c+p o
o _ D _ k+p
Lc,pf(z) =z Z (C tp+ k) A+ pZ - (5.3)

k=1

Now Lg,pf(z) € T;(a, ¢, A, B,y,a),if

i[(1—B)k+(A—B)(P—a)]qﬁﬁ(a,ap,y)( c+p )5

A-B)p-a) crprr) st -4

k=1

From Theorem (3.1), we have f(z) € T;(a, ¢, A, B,y, @), if and only if

i [(1 - Bk + (A - B)(p - &g, (a,c, p,y) <1 55)

Aj+
2 A-B(p-a) v

Thus in view of (5.5) and the fact that( ctp ) < 1fork 2 1, (5.4) holds true, and hence LY ,f(z) € T(a.c, A, B.y,

c+p+k

). U
6. Radius of Convexity for the Class T;}(a, ¢, A By, a)

Theorem 6.1 Let the function f(z) defined by (1.2) be in the class Tﬁ(a, ¢, A, B,y,@). Then f(2) is convex in the
disk |z| < r, where

21 B 3 2 i
. {p [(1 - Bk + (A - B)(p a)]¢k(a,c,p,y)}. (6.1)

r =inf
k=1 (A= B)(p—a)k+ p)?
The result is sharp for the function f(z) defined by (3.5).
Proof. To establish the required result it is sufficient to show that
)1 L@
'@

p|<p, for lzd <,

or equivalently
iz k(k + plags plal*
p =2k + pagpladt

i

which is equivalent to show that
o (k+ p)?
2

arsplzlf < 1. (6.2)
k=1

In view of (5.5), (6.2) is true if

2 1-Bk+(A-B)(p- a,c, p,
(k+2p) ot < [( Vk + ( )(p a)]¢k(acpy)‘ 63)

B (A-B)(p-a)
sitting |z] =  in (6.3) and simplifing we get the result. ]
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