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Abstract

Connection between the adjoint family of functions has been defined for the first and the adjoint characteristic
equation of the (n-1)-th order of the Riccati type has been studied. The nonhomogeneous multipoint problem for
the adjoint differential equation of the n-th order has been solved and the Green’s function has been constructed
and its new properties have been determined.
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1. Introduction

A generalized multipoint problem was not studied in a theory of boundary value problem, i.e. researching of the
non-trivial solution of the homogeneous multipoint boundary problem and construction of the generalized Green’s
function (Bryns, 1971; Levin, 1985; Pokornyi, 1968; Das & Vatsala, 1973; Eloe & Grimm, 1980; Peterson, 1976).
An adjoint multipoint problem is not so simple. What multipoint boundary value problem will correspond to
the adjoint operator L*z? Would be there only one adjoint problem and would the linear differential and adjoint
operators be Noetherian or Fredholm? These are important questions as well. The multipoint problem with a
small parameter in the boundary conditions (7}y)(x;) have not been considered, degeneration of the equation order,
boundary conditions and correctness of the problem itself have not been studied (Klokov, 1967; Maksimov &
Rakhmatullina, 1977).

Among the boundary value problem which are topical due to their different applications, the multipoint problem
and problems for the differential equations have been studied least of all when a separate differential equation is
set on each segment and solutions of different equations are connected through the boundary conditions. Such
statement generalizes usual multipoint problems. The adjoint multipoint problem, uniqueness of solution and
Noetherian or Fredholm property of the linear differential and adjoint operators have not been studied yet. The
problems where impulse jumps of the function or its derivatives are set non-linearly in the boundary conditions
and the problems with a small parameter have not been considered (Samoilenko & Perestyuk, 1987; Azbelev,
Maksimov, & Rakhmatullina, 1982; Krall, 1969).

2. Adjoint Family of Functions

Let us consider a linear differentiation operator

Ly =) by, by =1, ()
y=0
with coefficients b,(x) € C” [x1,x,], v = 0,1,2,...,n — 1. Let us put operator L* adjoint under Lagrange in
compliance with operator L, i.e.
n
Lz = Z(—l)v[bv(X)Z(X)](V), bu(x) = 1. (2
v=0

Let {x;}]" be a partition of segment [x;, x,,]. In (Trenogin & Khasseinov, 1991), the adjoint boundary conditions
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with corresponding operators of boundary conditions were produced in a more general case for (7;y)(x;)

X
(T72)x) = D (=1 Ty (02N = iy (9) e, = 0,
v=0
x=0,12,....n-1k=12,...,r;;i=1,2,...,m,and X/, r; = n. Then we tried to solve m-point problem for
the linear differential Equation (1) with a nonhomogenous part f(x), create a Green’s function using adjoint family
of functions {p;(x)}, j=1,2,...,m; [=1,2,...,rjand {zz(x)}, i=1,2,...,m; k=1,2,..., 1.

Let us introduce a linear differentiation operator of the boundary conditions

n

(T72) @ = Y re D),

v=1
where ry, (x) € Clxi, xpl, k=1,2,...,r;5i=1,2,...,m.

Assuming, that domain of operator L* consists of functions z(x) € C"~'[x1, x,,] complying with boundary condi-

tions
n

(T2) () = > o)z D) = 0, (3)
v=1

and coefficients 74, (x) comply with the condition of absence of degeneracy in points x;

n

S 2 #0i=12...m.

v=1

Let us identify connection between the solutions of linear Ly = 0 and adjoint equation L*z = 0 and find boundary
conditions for solutions y which are “adjoint” to the conditions (3). Let us create a Green’s function of m-point
problem for the adjoint equation and solve the corresponding nonhomogenous boundary value problem.

Lemma 1 Let the following be executed for points {x;}|' and fundamental system of solutions {z,(x)}| adjoint

equation, L*7 =0

(Trz)(x)  (TFz)x) ... (T z)(x)
(TFz)(x) (TS z)(x1) ... (Tz)(x)
(Trz)G)  (Trz)x) . (T za)(x)
A = det|(7 ) ()| = : : : 0.
(TrzD)(xm)  (TTz22)(xm) oo (T 20)(xm)
(Tz)(em)  (TFz22)(xm) o (T 20)(xm)
(T;:LZI)(-xm) (Tr;-: ZQ)(xm) ce (T,T” Zn)(xm)
Then there is a fundamental system of solutions (Y y(x)}, j=1,2,...,m; [ =1,2,...,r; of the homogenous adjoint
equation L*z = 0 which results in
(Tiwi) () = 61+ 6w i = 1.2,...om: k = l,2,...,ri;2r,- =n. 4)

i=1

Proof. Since coefficients b,_(x) € C"'[x1, x,,], there is a fundamental system of solutions {z;(x)}] for the linear
adjoint homogenous equation L*z = 0. Let us find solutions  j;(x) for the adjoint equation that comply with the
conditions (4), in a form of

Wi(x) = Crjzi(x) + Cojiza(x) + -+ - + Cpjuza(x). @)
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To make it clear, let us prove the lemma for j = 1,/ = 1. Let us apply an operator of the boundary conditions
T,:’ where k = 1,2,...,r; in the corresponding points x; to function (5). Having considered these expressions
together with the boundary conditions (4) and jointly with (5), we produce a system (n+1) of the homogenous
linear algebraic equations with respect to C1,Cy, ..., Cy—.

Ciz1(%) + Coz2(x) + .. + Crzp(x) — Y11(x) =0,
Cl (TlJrZ]) (Xl) + Cz (T1+Z2) ()Cl) + ...+ Cn (szn) (X]) -1 = 0,
Ci (T321) ) + Co (T522) (00) + oo+ Co (T3 2) (1) =0,
C1 (T}:z1) () + Co (Thz2) () + oo+ Co (T 20) (1) =0,
C (T1+ZI) (Xm) + C2 (TTZZ) (X)) + ... + Cy, (T1+Zn) (Xm) =0,
C (T;Zl) (Xm) + Co (T;ZZ) (Xm) + ... + Cy, (T;Zn) (Xm) =0,
C1(T321) Can) + Co(T7 22) i) + o+ Ca (T 20) Gin) =0

Let us decompose the determinant by the elements of the last column, since a determinant in the left part is different
from zero under conditions of Lemma 1, there is a solution specified

Ap(x)

Yii(x) = A

, A= detH(T,jzv) (x,-)” # 0.

Similarly, we will find the other solutions of the homogenous adjoint equation L*z = 0 complying with boundary
conditions (4)

Aji(x)

Yi(x) = A

A£0,j=1,2,....m1=1,2,...,1; (6)

Determinants A j(x) are produced from A by substitution of the elements of the line (l + Zi ;11 rﬂ) of the fundamental
system of solutions z;(x), z2(x), . .., Z,(X).

Let us prove a linear independence of the function (6).

Having written a homogenous system without proportions (5) for j = 1,2,..,m;l = 1,2,...,r;, we produce a
system consisting of n? equations, which can be represented in a matrix form

(Trz)(x) oo (T za)(x1)
(T:Z])()ﬂ) . (T:Zn)(XI) Cln . Clrl . Clm] CLm_m
: : : : . =E,
(Trzl)(xm) e (T:—Zn)(xm) Coy - Cnlrl P e iy
T 20 oo (T2 200

where E is an identity matrix nxn.
Due to condition A#0, it follows that det ||Csj,“ #0, s=1,2,...,n.

Let us differentiate (n—1) times the functions (5) and proportions produced at j = 1,2,...,m; [ =1,2,...,r; and
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write it in the following way

ynx) Y Ui (X) Y1 (X)) Yma(x) Yinr,, (X)
AN EY VAN €] ¥, (x) g LX) Yo, (X)
piPe v e e e e W)
21(x) 22(x) Zn(X) Ci, C,, - G, Ci,,
~ z'l(x) z’z(x) 20(x) Gy, C21r1 N O G,
N w2 w ) G G G

Then Wronskian for the function {j(x)} is different from zero, since W (i1, .o Wirs oo Wmis oo Yomr,)
=Wz, 22, ...,2y) det ||C s,»,” # 0, and it proves linear independence of the function {y ;;(x)}.

Now, let us identify functions {y(x)},i = 1,2,...,m; k = 1,2,...,r; as a solution to the algebraic system of
equations

Yy (x0) + oo+ Yy (Y1, () + o+ Y1 ()Y (X) + o+ Yo, (X)Yr,, (X) = 0,
(bar11) y11(x) + oo + (b2r1,) Y17, (X) + oo+ (B2)) Y1 (X) + o + (D2, Yinr,, (X) = O,
Bna 1) 29110 + oo+ Bu11,) " Y15, () + oo+ G 1) "2 Y1 () + oo+ By 1Y, )" Yo, (X) = 0,

V1) + e+ WY1, (0 4+ Wy () + s+ i DY, () = (= 1)

To make it simple, let us use a proportion

Y1
(bay11)

lﬁml
(bayim1)

wmrm
(b 2 l»[/mrm )/

wlrl
(b2¢1r1 )’

(b(n—l)';bmrm )(n—2)
(n—1)

mry,

(b(n—l)d’ml )(n—2)

(n=1)
wml

(b1, 2
d/(n—l)

Iy

(bu-1y¥11)"?
(n—1)
oy

= b2 : b3 Tt bn—lw(t//ll, aeey lpmrm),

which is easy proved based on the consequent use of the determinant properties. Then it follows that determinant of

the system is different from zero. Moreover, it is not difficult to show that system (*¥) is equivalent to the following

system in brief

dYiu(x)
dxs

2y Yik(x) 0, s=0,1,2,...,n-2,

1 ®)
P d" Y (x) "
2t Zkzlﬁk(x)w =(=D"

Solving the system by the Cramer method and writing determinant by the elements of the column with number
(k + ’:'1 rﬂ) = p, we obtain

.
Y11(x) Yik-1(x)  Yige1(x) Yinr, (X)
- W, (%) W () W, () e o
Yir(x) = W : : : f e i 9)
R 65 Iy I 3 (x)
w2 (x) P Y (x) YD (x)
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Bilinear Lagrange form
n v=1

O, = (=)D by (2], by (0 = 1

v=1 ¢=0

in work (Trenogin & Khasseinov, 1987), through the complicated and crockish manipulation, is brought to the
linear forms with respect to y(x) and z(x) and their derivatives

n—1
©(y.2) = Y Y0 - (TF2) (3, (10)
x=0
where B
(172) 0 = D (D By (9201, (10%)
v=0
x=0,1,...,n—-1; by(x) =1, and
n—1
D y) = Y "W - (Ty) (), (1
x=0
where .
(T = > > ey by ). (11%)
BNCAL

Connections (10) and (11) are interesting, first of all, because they can help to produce adjoint conditions for the
boundary conditions (7y) (x;) = 0

(T772) (%) = puoy ()
and vice versa.

Lemma 2 Let us assume that {yy(x)}, j=1,2,...,m; i = 1,2,...,r; is a fundamental system of solutions of the
equation LYz = 0, like in Lemma 1, and {yy(x)}, i = 1,2,...,m; k = 1,2,...,r; is a system of functions specified
by the formula (9). Then:

A. yi(x)} is a fundamental system of solutions for the linear differential equation
Ly=0, Vx4, p=12,....m—-1,

B. Functions yy(x) comply with the boundary conditions

T = Y > DPC B @y P00 ey = riamy (60, (12)
v=n—x p+q=v-1
p=n—1-y,q>0

x=0,1,....n—1; b,(x) = 1.

C. The following proportions are true

DO ji(x), yir(x)] = 0;j - O Yx € [x1, Xp], (13)

Li=1,2,...om k=12,...,r31=1,2,...,r, XL ri=n.

Proof. For brevity we prove only the third part C of the lemma. The bilinear form with respect to ¥ ;;(x), zﬁ;.l(x), ey

v,b(ﬂ"_l)(x) and yi(x), Y, (x), - . ., y?,’{’_l)(xi) is equal to the constant

Oy j1(x), yix(x)] = const, Yx € [x1, Xp]-

Actually, as we can see from the Lagrange identity, its derivative is equal to zero
d +
a@['ﬁjl(x),)’ik(x)] =y i(x) Ly — yaL™ Y jy = 0,
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because Ly (x) = 0 and L™y j;(x) = 0.

Therefore, to prove the proportions (13), it is enough to show that the following is true for the points x; € [x, x,,]

DY ji(x), yiu(x)] = 6ij - O (13%)
Lj=12,...omk=1,2,...,r5l=12,...,r;
Let us take the bilinear form ®(z,y) (11) for the functions z = ¥ ;;(x), y = yx(x) and write it at x = x;:

n—1

Ly (). yuC)l = 3 0™ ) - (T (o).

Jjl
x=0
Then due to (12), we have

n=1
DOy ji(x;), yix(x:)] = Z Vk,n—)((xi)‘/’;r;_l_)()(xi) = (T:l//jl) (x;) = 0} - Ours
x=0

which demonstrates that (13%) is true, thereby, the proportions (13) are true as well. Lemma is completely proved.
It results from the equality

O ji(x), yi(x)] = 0, Yx € [x1,x,] ati # jork #1
that family of functions {¢;;(x)} and {yy(x)} at i # j or k # [ are adjoint.
2. Adjoint Characteristic Equation of the (n — 1)-th Order of the Riccati Type

Let us consider the characteristic equation of the (n — 1)-th order of the Riccati type

Rit(9) = )" by()lp + )] - 1) + bo(x) = 0, (14)
v=1
where b,(x) € C[x1, x,],v=0,1,...n—1;b,(x) = 1.

Here [p + r(0)]F - r(x) means consequent application of the operator [p+r(x)], p = ‘%r to the function r(x) used
k-times. If r;(x) is smooth or impaired solutions of the Equation (14), the partial solutions of the linear differential
equation

L) = ) by =0 (15)
v=0
are represented in a following form
NG
yi(x) = e xg € Q = [y, x,]\X.

And if the following condition is met for r;(x)

1 ... 1
ri(x) e 7,(x)
Dix)=| +nMI-n@) ... Ip+r)]-rn@) L0, vreQ,
[p+rI"2-r@x) ... [p+r("? ()
where X = {¢ € [x1, x,]: yi(er) = 0,i = 1,2,...,n}, then {y;(x)}] are a fundamental system of solutions of the

equation L,y = 0.

Studying the characteristic equation of the Riccati type (14), we have managed to produce some new results. In
particular, we have defined the multiple solutions of the Equation (14) and described the fundamental system of
solutions. We have also developed an algebraic way of solving one class of linear differential equation of then-th
order with floating factors and found conditions for exponential solution existence. We have introduced a concept
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of the reciprocal linear differential equation of random order and studied its properties. It is proved in (Khasseinov,
1984) that the shift formula keeps its form for the exponent exp fx z r(t)dt ,i.e.

La(p, ) = 0™ £y = ebo ™ Ly + r(x), 2] - £,

where L,(p, x) = 2)_o by (x)p”;  f(x) € C"[x1, x,].

Let us put the differentiation operator L* adjoint by Lagrange in compliance with operator Ly, i.e.
Lz = Z(—l)v[by(x)z](v); by(x) =1 (16)
v=0

with coefficients b,(x) € C"[x1, x,],v=0,1,...,n— 1.

To solve the adjoint multipoint boundary problem and other problems, it is necessary to find the fundamental
system of solutions {z;(x)}] of the homogenous adjoint differential equation Lz = 0. To produce a corresponding
linear differential equation of the Riccati type for the adjoint Equation (16), similarly to the linear differential
Equation (15), we try to find a solution in the following form

Z()C) _ ej;:) u(t)dt

Let us use the n-derivative formula

X

preho ™ ) = eho O [ 4 1 f),

then we have
Lrz= Y P Tb ] = D (1) pleko ™ by = b S 1) [p 4wl - by(x) = 0.
y=0 v=0 v=0

Therefore, we will have the adjoint characteristic equation of the (n—1)-th order of the Riccati type

Ry ()= Y (=1 [p + u()l - by() = 0, (17
v=0
here
[p + ulb,(x) = b,(x)u + b(x),
[p + ulbu(x) = (p+ u)l = u(x).
Theorem Let u;(x),i = 1,2,...,n be the impaired solutions around points £ = {c; € [x1, x,]: ui(cy) = 0} of the

adjoint characteristic equation of the Riccati type (17) D{u(x)] # 0 Vx € Q = [x, x,]\X.

Then functions

zi(x) = eﬁﬂ "i(t)d’, X €Q, i=1,2..,n,

are a fundamental system of solutions of the adjoint differential equation L*z = 0 (16), and the inverse is also true.

Thus, to find fundamental system of solutions of the equation L*z = 0, it is sufficient to find the impaired solutions
of the adjoint characteristic equation of the Riccati type R} _, (1) = 0.

3. Solution of the Multipoint Problem for the Adjoint Equation, Green’s Function and Its New Properties

Let us assume that we need to solve a nonhomogenous m-point problem for the adjoint differential equation
Lz =F(s), (18)

where F(s) € C[x1, Xm], by_1(s) € C" " '[x1, x],v = 1,2, ...,n, with boundary conditions

n

(17 ) = 3 (e ) = g, (19

v=1
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herei=1,2,..mk=1,2,...,r, X', r; = n. Regarding the task it is true.

Theorem 1 Let {ys;(x)} and {yi(x)} be a system of functions specified in Lemmas 1, 2. Then there is the unique
solution to the problem (18)-(19)

m I m

2= )" > Auu() + ). Z Win(s) - f  Fyu(ods. (20)

i=1 k=1 i=1 k=1
Proof. Let us multiply the terms (20) by the coefficient b;(s) and find a derivative (b,z)’
(b1(9)2) = 2y Ty Ai Gryra(s) + Sty Sy, (i) - [ Fyuodx + F()bi(s) - Ty Sy vin($)yin(s).

Since functions {y;(x)} are defined as solutions of the algebraic Equations (7) or (8), the last double sum is equal
to zero due to the first equation of this system, then

012 = )3 A i) + ) bwa(s)) - [ Fayuod,
i=1 k=1 i=1 k=1 Xi

Let us find the second derivative (b,z)”". To do that, we will take (b,z)" instead of the previous expression (b;z)’
and differentiate it once

(0r2) = " > A bayra(s) + " (bayr(s)) - f Fya(0dx + F(s)- 3" " (bayrie(5)) yiels).

i=1 k=1 i=1 k=1 i i=1 k=1
The last double sum is equal to zero due to the second equation of the system (*). Ergo

m o r m

52 = Y Aulbata) + )Y baa(s)) - [ Flopuoa

i=1 k=1 i=1 k=1 i
Similarly, at (n—2)-differentiation time, taking into account the last but one equation of the system (*), we have

m I m r

(b1 = 3" A bpria( )™ + > Brawras)™ - f F(x)ya()dx.

i=1 k=1 i=1 k=1

Setting b,—1(x) = 1, we have

m
i=1 k

Let us differentiate this expression

Ti

A+ Y 3 ) [ R

=1 i=1 k=1

n ri n Ti n Ti

2= A+ Y > ws)- f F@ydr+ F© - Y D w0 smalo)

i=1 k=1 i=1 k=1 i=1 k=1
Here the third double sum is the last equation of the system (*) and is equal to (—1)", therefore,
=3 AP+ Y DT us) - f FOOyi(x)dx + (=1)" - F(s).
i=1 k=1 i=1 k=1 xi

By placing the derivatives found (multiplied by (—1) in corresponding degrees) on the left part of the adjoint
nonhomogenous Equation (18), we have

(L*z) (s) =1 2" + (=) (bpo12)™V + .. + (=1 (b22)” — (b12) + boz

= XN Arl =D + (=1 i)+ L+ (D2 bayi)” = (D) + bowie]
+ 20 S =D + (D) i)™ 4+ (D) + boic] - fx F(x)yu(x)dx
+H=1)>"F(s)

= X N Aw (L) () + Sy Sl (L) () - [T FOoya(xdx + F(s) = F(s),
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because {ii(s)} are the solutions of the homogenous adjoint equation L*y;(s) = 0. Therefore, function z(s)
designated by the formula (20) is a solution of the nonhomogenous adjoint differential Equation (18).

Let us show that solution (20) complies with boundary conditions (19). Let us apply the operator of the boundary
conditions 7" to the function (20)

(T72) () = Xy rn(s)z®)
= Sy (s) [T B Auwd V() + B S 000 [ Foyaodal
= XS A S W) + B S S i) - [ Fyoda
= 0 S Au(Trwa) (90 + 2 S (Twa) (9 - [ FGyu(odx.
Let us consider this expression at points x;, j = 1,2,...,m

m

(1) o= 30 au(rrwa) e+ 30 (170) - IREE
:1 Xi

i=1 k=1 i=1

When j # i and [ # k, it results in the following, based on the boundary conditions (4)

(T/wa) (xp =0
and therefore, terms of the sum will remain on the right only at j=i and I=k, i.e.
(ré2) ) = A (10) 0o + () )+ [ Fpu(od

Since (T,:r l//ik) (x;) = 1 based on (4), and an integral with identical lower and upper limits are equal to zero, the
second addend is also transformed to zero.

Then finally we get
(T¢2) () = A i = 1.2, omik = 1,2, .7y,

and it is congruent with the boundary conditions (21). Theorem is proved.

In conclusion, we have a formula of solution to the nonhomogenous adjoint m-point problem through the preset
fundamental system of solutions z;(s), z2(5), z3(5), ..., Z,(s) of the homogenous adjoint equation L*z = 0. This form
can be helpful for practical use.

Similarly to the Householder method (Householder, 1956), it is not difficult to find out that

Wn I:(T/:rzr) (xi)a X]

=12, mk=1,2, .1, 21
W(x) 1 m 14 ( )

yir(x) =

and in the last line of the determinant within the numerator, we take values of points (T]:r z,) (x;) for fundamental
system of solutions z1(s), z2(5), ..., z,(s) instead of {zx(x)}].

It should be noted that the functions y;(x) have the properties proved in Lemma 2.

Similarly to Khasseinov (1984), we can produce a formula of solution to the nonhomogenous multipoint problem
(18), (19) through the fundamental system of solutions z;(s), z2(s), . . ., 2,(s)

mn m T Zr) ()C,) x]
A i F
2(s) = Zl ; Wi(s) + Z‘ ; Yin(s) - f (e (802 )
4. Green’s Function of the Multipoint Problem for the Adjoint Equation and Its New Properties

By analogy with definition (Yerugin, 1974; Kiguradze, 1987; Lando, 1969; Levin, 1961; Jackson, 1977) of the
Green function for the adjoint differential operator L*z and boundary conditions

(T72) () = Apwi = 1.2,...oms k= 1,27, zm:r,-z
i=1
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Let us name a function of two variables G*(x,s) complying with the following conditions:

.. 0GT(xs . . . .
1) Derivatives #, r=0,1,2,...,n— 2 are uninterrupted by variables s, x in the entire area x; < 5, x < X,
s
except the lines x = x,,u =2,3,... ., m— 1.
T Ly CA CAR) . . . . .
2) Derivative =N is uninterrupted by variables s, x at x # x,,. Besides, function G*(x, s) and its derivatives
=

under s to (n—2) at s = x uninterrupted, (n—1)-derivative has a saltus equal to (—1)", i.e.

Gt(x,x+0) - G'(x,x-0) =0
0G*(x,x+0) 0G*(x,x—0)
- - —_— = 0

as as

(22)

" 2G*(x,x + 0) ~ 072Gt (x,x - 0) 0

asn—Z asn—2
G (x,x +0) B "G (x, x - 0) - 1y

asn—l asn—l - :

3) G*(x, s) under the variable s complies with the homogenous adjoint equation L*G*(x, s) = 0 at x # x,,, x # s.

4) At x # x,, G*(x, s) complies with homogenous boundary conditions
(T7G7) (e x) = 0,i = 1,2,...m.

Let us show that the Green’s function of the m-point boundary value problem for the adjoint differential equation
actually exists and it can be useful to solve the nonhomogenous boundary value problem (18), (19). Creating the
Green’s function of the m-point problem for the adjoint equation, let us use an attribute of the adjoint operators
(Trenogin, 1980), i.e. the variables shall be changed in the course of the function creating.

Let us consider the function at x,, < s < x4

2ok vu()yu(x) X <Xx<x
Yol vu()yu(x) + X2, vau(s)yu(x), X <x<x3
N S )Y + o+ B ()Y, X, <x<s
G = (i) = o = S0 U Sy, 5 < X € Xy 23)
= 2 U 1()Yme11(X) = Xy Yot (8)Ym(X), Xn-2 < X < X1
- Z;:] Ymi(8)ymi(x), el < X < Xy

where y = 1,2,...,m— 1.

Here the linearly independent functions ¢ j;(s) comply with a homogenous adjoint equation L*z(s) = 0 and bound-
ary conditions (Tk+ W ﬂ) (x;) = 6;j-6x, and y;(x) complies with the homogenous linear equation Ly = 0 and “adjoint”
boundary conditions (10). On the issue of the problem, it is true

Theorem 1 Let coefficients of the equation (18) be b,_i(s) € C*"'[x1,x,], v = 1,2,...,n, the right part F(s) is
uninterrupted at [x) x,,] and (i y(s)}, {yi(x)-a system of functions specified in Lemmas 1, 2. Then G*(x,s) (25) is
the Green’s function of the m- point problem for the adjoint Equations (18), (19).

Proof. We will try to find the Green’s function of the m-point boundary value problem for x, < s < x4,
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u=1,2,...,m—1 in the following form

2ok (s u(x) X1 <x< X
Yol vl u(x) + 272, va(s)xa(x), X < x<x3
G 5) = er':,rlﬁlz(s)/\(u(x) +ot 2 (X (%), X <x<s o
- Z[S] l//qull(s)Xerll(x) e T er’:nl Umi(Smi(x), §<x< Xu+1
= 2 Ut (X m-1(X) = 237 Sy mi(X), Xm—2 < X £ Xy
- Z;:l Yt ()X mi(X), Xm-1 < X = Xy

where i j;(s) are the linearly independent functions complying with the theorem conditions.

Let us select the unknown functions y;(x) to fulfill the second condition of the Green’s function definition G*(x,s).
It is easy to notice that the first proportion for x, < s < x,.1 are as follows

Gt(x,x+0)-G*(x,x—0)

L () + o B () + B G110 + oo+ T Gt ($)oni (%)

0.

Or, by writing the sum, we have

Y Ox 11 (x) + o+, (Ox 1 (X) + o+ Yt OXm1 () + o+ Y, (DX i, (X) = 0.

We will have the similar expressions at the other vertical strips x, < s < x,4;. Thus, writing the second condition
of the Green’s function definition of the m-point boundary problem for the adjoint equation G*(x,s) (22) for all
strips x, < s < x,41, we have the same system of linear equations regarding the unknown functions y/(x)

Y1) + oo+ Y (1 (0 + s+ Yt COXm1 (%) + o+ Y, (X r,, () = 0
Y1) + e+ Y, Oy () + e+ 4 (Oxm (0 + o+ 8 (DX, (1) =0

YDy (0) + A YP )1, (0 F e+ YD () + s+ YD (), (X) = 0

Ir mrm

YDy (x) + .+ l/ffﬁ_l)(x)/\{lrl () + e H D () + o+ YD R, (1) = (1)

ml

Solving a system of the algebraic equations by the Cramer method, we find that

i) o Yaa () Va0 o Y, (%)
v Y ) () Y, (D)

P G O A G DL : : : : — [ bai ()t
= SET : : S PN

YOI L I Y0 L D)

mrm

i) P00 P00 L ()

By comparing the functions with (7), we can see that y(x) = yi(x).

Execution of the third condition of the definition is obvious from the formula (24). Let us show that the function
(24) complies with the fourth condition as well. Let us apply the operator of the boundary conditions 7}" to the
function G*(x, ) and set s = x; to set u = i in (24). So, in representation of the function (24), the sum disappears
at x; < x < s, since an interval comes to the point x; < x < x;. Considering this and linearity of the operator T,
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we have
it yu) (TEg) (), X <x<x

2k yux) (T,:'lﬁu) () + oo+ 2000 yieu(x) (T,:’l/’Hz) (x1), Xio1 S X <X
(Tk G) S 2o Yisenu(x) (T{l!/mz) (x0) = oo = 2 Ymi(X) (T]:'r//ml) (X)), xi < x <X

- 2;21 Ymi(X) (TI:WmI) (x7)- Xm-1 < X < Xy

Since the first index of value of the function  ;(x;) is not congruent with the index of operator T,:“ (x),1.e. j #1,
all sums of the right part transform to zero based on (5).

Thus,

(T7G7) (eox) = 0.Vx # 2 = 2,3,....m — 1.
Therefore, the function created in a form (23) is a Green’s function of the m-point boundary value problem for the
adjoint Equations (18), (19). Theorem is proved.

As far as we know, the adjoint forms (which existence was proved by Y. Tamarkin long ago) when ranges of
functions {z} and {y} would be adjoint, have not been found in works (Levin, 1985; Maksimov & Rakhmatullina,
1977; Lando, 1969; Jackson, 1977; Kiguradze, 1975; Grimm & Eloe, 1984). In Khasseinov (1988), there were
found adjoint boundary conditions (Tk+ z) (x;) for a line of the multipoint task for the linear differential equation,
and in Khasseinov (1984)-(Ty) (x;) for the n-point task for the adjoint differential equation.

But here we have a new result that it was done for the adjoint differential equation L*z = F(s) with common
boundary conditions in the m-points (T,:' Z) (xi;). We have found corresponding “adjoint” boundary conditions
(Twy) (x;) for such a problem and solved a nonhomogenous multipoint problem for the adjoint equation. Herewith,
especially these adjoint family of functions {y;(s)} and {yy(x)} are used in the course of creating of the Green’s
function G*(x,s). Thereby, we give particular new properties of the Green’s function of the m-point problem for
the adjoint equation.

1) Green’s function G*(x,s) of the m-point problem for the adjoint equation under the variable x in the rectangle
x; < x, 5 < xp, except lines x = x,,, x = s, complies with the homogenous differential equation, i.e. LG*(x, s) = 0.

Proof. Function G*(x,s) represents the sum of products ¥ s € [x,, s, u=1,2,...,m—1
u(m)
G (x,8) =+ Z Z Y ($)yu(x) = 0; for x, < x < s (s <x < Xyp1).
k=1(u+1) =1

By applying the linear differentiation operator L under the variable x and considering its linearity, we get

Hm) -
LG xs)=% D > u()Lyu() =0, 3, <x <5 (s < x < ).
k=1(u+1) I=1

because the functions {yy(x)}, due to Lemma 2, are solutions of the homogenous equation Ly = 0.

2) Green’s function G* (x,s) of the m-point problem for the adjoint equation at lines x = x,,, u = 2,3,...,m — 1 has
a gap of the first kind, and the following proportion is executed for V s € [xy, x,]
G* (x4 +0,8) = G* (x4, = 0,8) = I, Y900 [ams, = (1" T2y () - Yu(s), (25)

i.e. the Green’s function saltus is equal to the sum of products of the coeflicients at the higher derivatives in the
boundary conditions by the corresponding functions.

Proof. 1t is obvious from the Green’s function structure (23) that to define the necessary difference, it is sufficient
to subtract expression of the previous line at x < x,, from the expression G*(x, s) at x > x,, i.e.

(o) 20 vy = Tho) S waa(9)ya(0) [y,

Ty

T ()Y () L=, = (1" T ra(xa) - Yra(s),

G (xy +0,8)-G*(x, = 0,5)
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based on value y;(x;) from (7)

Y11 (x;) Yi(x;) e, (Xi)
¥ () ¥i(xi) U, (Xi)
yil(xi) — W X : . : e*f;:i by-1(0)dt _ (_1)nrln(xi),
Yo e W) P
(Tryn) ) oo (Tiwa) ) o (T, ) (1)

because
(Tiwin) Ga) = rinCe ™0 + o+ 1 (e () = 636
The similar is set at x > s as well.

Green'’s function G*(x,s) of the m-point problem for the adjoint equation and correspondingly its derivatives on s to
(n—2)-th order are uninterrupted at the lines x = x,,, u = 2,3,...,m — 1, if only coeflicients r;,(x,), [ = 1,2,...,7,
at senior derivatives in all boundary conditions (21) in points x, transform to zero. In other cases, there is no
continuity.

Actually, if the sum

Ty

D) - Yus)

=1
is equal to zero V s € [xy, x,,], the functions {w”;(s)}lril would be linearly dependent. These function are a subsystem
of the linearly independent functions ¢ ;(s), j = 1,2,...,m; [ = 1,2,...,r;, which in our assumption should be

linearly dependent but it contradicts the conditions of Lemma 2.

Thus, the Green’s function G*(x,s) and its derivatives are uninterrupted at the lines x = x,, in the only case when
there are no (n—1)-th order derivatives in all the boundary conditions (19) in the point s = x,. Such an attribute
simply results from the proportion (25).

A. Levin produced the similar attribute for the Green’s function of the direct multipoint problem under the other
considerations (Levin, 1961).

Let us specify the Green’s function saltus of the adjoint boundary task G* (x,s) at the lines x = Xopu=2,3,...,m-1,

6GT(x,,8) =G (x, +0,8) — G (x, — 0,5) = Y, ()yu(x) |X=Xu'
To make it comfortable, supposing G*(x; — 0, s) = 0, we can find

6G* (x1,8) = G*(x1 + 0,5) = G*(X, 8) |a=r, = Y1()Y1(X) |1=sy.-
Similarly, if we take G*(x, + 0, s) = 0, so

0G* (%, 5) = =G* (%, = 0,8) = =G*(x, 5) |v=x, = Un()yn(x) |1=r, -
Now, we can take i = 1,2, ..., n instead of index g, i.e.
6G* (xi, 8) = G (x; +0,8) = G*(x; = 0, 5) = Yi()yi(x) |x=s;- (26)

Let us specify the difference of derivatives

G (x;+0,5) G (x;—0,5) d*yi(x)
(k) _ i 5 i 5 _ i
6G V(o) = TSl - S (9 =0 | (26)

Supposing the first corresponding coefficients (different from zero) at the senior derivatives are r,_,(x;) in the
adjoint boundary conditions (19), i.e.

(X)) = 7po1 (X)) = oo = g1 (%) = 0.
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Then it is easy to determine from the boundary conditions for the operator Ly (5) considering (d) that

dbiy; _ ‘l by (Ddt )2+ Cpa: "y
DD | = Wit (e O = G ket W ) () = (1, () # 0, (28)

where k; is a natural number corresponding to each point x;.

Let us consider saltus k;-derivatives of the Green’s function of the adjoint boundary value problem at the corre-
sponding lines x = x;:

. 8 G (x;+0, 81G* (x;-0, dbiy; —k;
0G0 (x;, 5) = HEGHOD _ TOEL09) =y () LD | = yr(5)(—1)"Fir g, (xy).

So, we can define

1
Yils) = (=1 ———6G"(x;, 5). (29)
Fn—i, (X7)
Applying this expression and considering (20), we can produce a solution of the homogenous adjoint equation
L*z(s) = 0 at the boundary conditions (19) for the case (28):

n Al
2s) = D (=56 O (i, 5), i (x0) # 0. (30)
i=1

n—k; (xi)

Theorem 2 Let G*(x,s) be a Green’s function of the m-point boundary value problem for the adjoint Equations
(18), (19). Then the only solution to the nonhomogenous boundary problem (18), (19) is defined by the following

formula
m

0= YD A+ [ FOG (xs)d G1)

i=1 k=1
Proof. Tt is obvious from Theorem 1 of the previous paragraph that the double sum is a solution of the homogenous
adjoint equation L*z(s) = 0 at condition (19).

Therefore, it is sufficient to prove that an integral is a solution of the nonhomogenous adjoint Equation (18) at the
zero boundary conditions (T]:r z) (x;) = 0. Let us take a random strip x,, < s < x,,4; and write an integral out for the
sum of m integrals by considering assignment of the Green’s function (23):

I I

[ Feet = [ Fw Y ey [ RO vt
%i X =1 © T

=

+ 3 wa(yu(lda+ .+ f CF@LY gy + ot Y ()0l
=1 X =1

u-1 =1

- f FOLY uoyuCidx+ > ia(s)yudx + .+ Y tu(s)yu(x)ldx-
X =1 =1 =1

m

- f FOLY Uttt 4 Yt (6) + o+ D Uity
s =1 =1

=1

- f " F(x)[z Yur20()ypr2i(x) + Z W31(8)Yura(X) + ... + Z Ymi()ymi(x)]dx — ...~
=1 =1 =1

- [ RO i) 4 Y i a0ldx = [ F0 Y (s i
Xm-2 =1 =1 K1 =1

For the first, let us consider only positive terms. Since the sum Z[’;l Y1:(s)y1(x) is under all the integrals beginning
with the first and including the integral with variables of the upper limit s, and there is };” | ¥2/(s)y(x) beginning
from the second integral and including the integral with variables upper limit s and so on, then we have

| Fe Y wtomeods+ [ Fo0 Y oo + .t
X =1 2 I=1
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s Tu Mo Ti S
* f F) Y Wa(s)yu(x)dx = )" " a(s) f F(oya(0dx.
K =1 i=1 =1 Xi

It is true for the negative integrals as well. Having applied addition of integrals and mobbing from the last to the
integral with variable lower limit s, we will have

Tu+2

- f T (e - f U0 Y (e .
s I=1 s =1

- F0 3 s = - DNTC [ Femoas

i=u+1 I=1

Having changed integration limits and having summed up the integrals, finally we have

f F(OG*(x, s)dx = ) Z Yi(s) f F(ya(0dx.

X1 i=1
This integral is congruent with the second sum of the proportion (20), therefore, Theorem 1 of the previous para-
graph proves that the formula (31) is true.
References

Azbelev, N. V., Maksimov, V. P., & Rakhmatullina, L. F. (1982). On the Green’s function of the generalized
boundary value problem. Successes of Mathematical Sciences, 37(4), 119-120.

Bryns, V. (1971). Generalized boundary value problem for ordinary differential operator. Reports of the USSR
Academy of Sciences, 198(6), 1255-1258.

Das, K. M., & Vatsala, A. S. (1973). On Green’s function of an n-point BVP. Trans. Amer. Math. Soc., 182,
469-480.

Eloe, P. W., & Grimm, L. J. (1980). Monotone Iteration and Green’s Function for Boundary Value Problems. Proc.
Amer. Math. Soc., 78, 533-538.

Grimm, L. J. (1981). Eloe P. W. Multipoint BVP for ODE. Differential Equations and Applications (I): Proc. of
the 2 Conference, “Rousse’81”, Bulgaria.

Householder, A. (1956). The basis of numerical analysis (p. 321). Moscow, IL.

Jackson, L. K. (1977). Boundary Value problems for ordinary differential Equations in Studies in Ordinary Dif-
ferential Egutions. In J. K. Hale (Ed.), MAA Studies in Mathematics (pp. 93-127), 14. Washington: Math.
Assoc. of Amer.

Khasseinov, K. A. (1984a). Initial and multipoint problems for LDE and characteristic equations of Riccati type.
Synopsis of thesis for degree of a candidate of physic-mathematical sciences. Moscow, p. 114.

Khasseinov, K. A. (1984b). The invariance of the formula for the integral shear exponent. Abstracts of the faculty
KazPTI, Alma-Ata, 34-36.

Khasseinov, K. A. (1988). The adjoint linear problem and Green’s function. Optimization methods and their
applications (pp. 238-243). Siberian Branch of USSR Academy of Sciences, Irkutsk.

Kiguradze, 1. T. (1975). Some singular boundary value problems for ordinary differential equations (p. 351).
Thilisi: Publisher of Thbilisi State University.

Kiguradze, 1. T. (1987). Boundary value problem of ordinary differential equations (p. 100). Moscow.

Klokov, Y. A. (1967). On a boundary value problem for ordinary differential equations of the n-th order. Reports
of the USSR Academy of Sciences, 176(3), 512-514.

Krall, A. M. (1969). Boundary Value Problems with interior point boundary conditions. Pacific J. of Math., 29,
161-166. http://dx.doi.org/10.2140/pjm.1969.29.161

Lando, J. K. (1969). Boundary value problems for integro-differential equations (Ph.D Dissertation). Doctor of
Physical and Mathematical Sciences, Minsk.

29



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 5, No. 2; 2013

Levin, A. Y. (1961). The differential properties of the Green’s function of a multipoint Boundary value problem.
Reports of the USSR Academy of Sciences, 136(5), 1022-1025.

Levin, A. Y. (1985). On a multipoint boundary value problem. Scientific Reports of Higher Education, 5, 34-37.

Maksimov, V. P., & Rakhmatullina, L. F. (1977). Adjoint equation for the general linear boundary value problem.
Differential Equations, 13(11), 1966-1973.

Peterson, A. C. (1976). On the sign of Green’s function. J. Dif. Equation, 21, 167-178.
http://dx.doi.org/10.1016/0022-0396(76)90023-1

Pokornyi, Y. V. (1968). Some estimates of Green’s function of a multipoint boundary value problem. Mathematical
Notes, 4(5), 533-540. http://dx.doi.org/10.1007/BFO1111315

Samoilenko, A. M., & Perestyuk, N. A. (1987). Differential equations with impulse action (p. 288). Kiev: Vishcha
School.

Trenogin, V. A. (1980). Functional analysis (p. 495). Moscow, Nauka.

Trenogin, V. A., & Khasseinov, K. A. (1987). The solution of the adjoint n-point problem and its Green’s function.
KazNIINTI, deposited the manuscript 10.07.1987, 1736-Ka, p. 41.

Trenogin, V. A., & Khasseinov, K. A. (1991). Multipoint value problems. 22-th Ann. Iranian Math. Conf.
Ferdowsi, University of Mashhad, 13-16 March 1991.

Yerugin, N. P. (1974). Course of ordinary differential equations (p. 471). Kiev: Higher School.

30



