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Abstract

We introduce poly-Bergman type spaces on the Siegel domain D, ¢ C”, and we prove that they are isomorphic
to tensorial products of one-dimensional spaces generated by orthogonal polynomials of two kinds: Laguerre
polynomials and Hermite type polynomials. The linear span of all poly-Bergman type spaces is dense in the
Hilbert space L*(D,,, du,), where du, = (Imz, — |21]> = - - - = |zp—1 1) dx1dy; - - - dx,dy,, with 2 > —1.
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1. Introduction

In this paper we generalized the concept of polyanalytic function on the Siegel domain D, c C”, which is the
unbounded realisation of the unit ball B" c C”.

The spaces of polyanalytic functions on the unit disc D, or the upper half-plane as its unbounded realisation, were
introduced and studied in Balk (1997), Balk and Zuev (1970), Dzhuraev (1985) and Dzhuraev (1992). Recall
some preliminaries known facts. Let [T ¢ C be the upper half-plane and let / € N. We denote by ﬂlz(l'[) [f{lz(l'[)]
the subspace of L?(I) consisting of all /-analytic functions [/-anti-analytic functions], i.e., the functions satisfying
the equation (9/82)'¢ = 0 [(8/0z)'¢ = 0]. The function space A(II) is called poly-Bergman space of II. Let
ﬂ(zl)(H) = A1) © A7 (I1) and fl(zl)(H) = AX(I1) © A? | (I1) be the spaces of true-l-analytic functions and true-/-
anti-analytic functions, respectively. Let y. stand for the characteristic function of R, = R, = {x e R: +x > 0}.
The main result of Vasilevski (1999) says that the space L*(IT) admits the decomposition

00

L2 = P A2 am e @ A (1),
=1

I=1
and that there exists an unitary operator W : L*(IT) — L?(TI) such that the restriction mappings
W AGAD — LRy @ Ly,

W AL () — LR ® Loy,

are isometric isomorphisms, where £; is the one-dimensional space generated by ff(y) = (—1)’61Lf(y)e‘5’/ 2y (),
with Lf(y) the Laguerre polynomial of order A and degree /. Note that the above restriction mappings from poly-
Bergman spaces and anti-poly-Bergman spaces are the analogue of the Bargmann type transform.

For the Bergman space ﬂ%(D,,) of the Siegel domain D,,, the analogues of the classical Bargmann transform and its
inverse for five different types of commutative subgroups of biholomorphisms of D, were constructed in Quiroga-
Barranco and Vasilevski (2007). In particular, for the parabolic case they found an isometric isomorphisms

U: AND,) - FZT' LA(R,)),

which is the Bargmann type transform, where Z, = {0} UNand Z_ = Z \ N.
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In this work polyanalytic function spaces are defined via the complex structure of C" induced by the tangential
Cauchy-Riemann equations given for the Heisenberg group Boggess (1991). Let L be (/y,...,[,) € N*. The poly-
Bergman type space of D,,, denote by f(i 1(Dy) or simply by ﬂiL, is the subspace of L*(D,,, du,) consisting of all

L-analytic functions, i.e., functions that satisfy the equations

) o \"
— — iz — = 0, 1<k<n-1
g I
— = 0,
(azn) !
Where., a.s ysual., % = % (% - %0%) and % = % (% + %%) In particular, a function f is analytic in the Siegel
domain if it satisfies
of af
— -2ig— = 0, 1<k<n-1
aZk g azn
0
LAY
07,

Functions in ﬂfm will be also called polyanalytic functions.

Anti-polyanalytic functions are just complex conjugation of polyanalytic functions, but they constitute a linearly
independent space. For L = (I, ...,[,) € N", we define the anti-poly-Bergman type space f{ﬁL(Dn) (or simply f{ﬁ L)
as the subspace of L*(D,, du,) consisting of all L-anti-analytic functions, i.e., functions satisfying the equations

9 d\"
— 4+ 207, — = =1 -1
(sz+ lzkaz,,) f 0, k el
a \"
(&) fo=0

We define the spaces of true-L-analytic and true-L-anti-analytic functions as

n
2 _ 2
Ay = A e (Z ﬂ/l,L—e/] ,
=1

jﬁ(L) = jﬁL © (Z ﬁ%,L—q] >
=1
where A3 = A2¢ = {0}if S ¢ N*, and {e;}!_, stand for the canonical basis of R".
The main results obtained in this work go as follows:
1) The space L*(D,,, du;) admits the decomposition

L*(Dy.dwy) = (@ ﬂi(m) @ [@ ﬁi(u) :

LeN" LeN"

2) There exists an unitary operator
W : LA(D,,duy) — H = F(Z" ") @ L* (R, rdr) ® L*(R) ® L*(R,, y'dy)

for which
Ay = K@ LR ® L,

and

ﬂﬁ(L) = K ® LR)® Ly, 1,
where £; _; is the one-dimensional space generated by the Laguerre function of degree /, — 1 and order 4, and ‘K(iL)

is the subspace of *(Z"~') ® L*(R""!, rdr) consisting of all sequences {c,,(r)}z1 such that c,, belongs to a finite

dimensional space generated by Hermite type functions.

R
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2. CR Manifolds

For a smooth submanifold M of C", recall that 7,(M) is the real tangent space of M at the point p. In general,
T,(M) is not invariant under the complex structure map J for 7,(C"). For a point p € M, the complex tangent
space of M at p is the vector space

Hy(M) = T,(M) N J{T,(M))}.

This space is sometimes called the holomorphic tangent space. Using the Euclidian inner product on T,,(]Rz”),
denote by X, (M) the totally real part of the tangent space of M which is the orthogonal complement of H,(M) in
T,(M). We have that T\,(M) = H,(M) ® X,(M) and J(X,(M)) is trasversal to T,(M). A submanifold M of C" is
called a CR submanifold of C" if dimg H,(M) is independient of p € M. The complexifications of T,(M), H,(M)
and X, (M) are denoted by 7,(M) ® C, H,(M) ® C and X,(M) ® C, respectively. The complex structure map J on
TP(RZ”)@)C restrict to a complex structure map on H,(M)® C because H,(M) is J-invariant. Moreover H,(M)®C
is the direct sum of the +i and —i eigenspace of J which are denoted by H ,1,’0(M ) and HS’I(M), respectively.

The following result establishes the form of the basis of H,(M). It also provides an expression for the generators
of H,(M). We refer to Boggess (1991) for its proof.

Theorem 2.1 Suppose M = {(x + iy,w) € C?! x C"¢ : y = h(x,w)}, where h : R? x C""¢ — R? is of class C"
(m > 2) with h(0) and Dh(0) = 0. A basis for H },’O(M) near of the origin is given by

3 ‘(& ohy,
Ay = —+2i _—— 1<k<n-
k 3Wk * ZZ(Z'UM(()W/CBZ[]’ _k_n d

=1 \m=1

-1
where [y, is the (I, m)th element of the d X d matrix (I - i%) . A basis for Hg’l near the origin is given by

A_l’ cet An—d-
If the graphing function & of M is independient of the variable x, then the local basis of H },’O(M ) has the following
simple form

9 N~

ANg=—+2

= , 1<k<n-d 1
Bwk ll:l Bwk aZ[ " ( )

We refer to Example 7.3-1 of Boggess (1991) for the details on the following construction of the Heisenberg group,
which use the Equation (1). For the real hypersurface in C" defined by
M={.2) € C"™' xC: Img, =[P},

the generators for H'°(M) are given by

0 0
Ak:A;_:a_Zk+2iZ_kT’ l<k<n-1 (2)
and the generators for H*!(M) are given by
— 0 0
Ak:A;—:a_a_ZiZk%’ 1<k<n-1. (3)

3. Cauchy-Riemann Equations for the Siegel Domain

Let du(z) = dxidy; ---dx,dy, stand for the usual Lebesgue measure in C", where z = (zy,...,z,) € C" and
Zk = Xx + iyr. We often rewrite z as (Z/, z,), where 7’ = (z1, ..., Z,—1). On the other hand, the usual norm in C”" is
denoted by | - |. In the Siegel domain

D,={z=(,z) € C"' xC: Imz, ~ |} > 0}
we consider the weighted Lebesgue measure
dpy(2) = Amz, — [ P)'duz), 1> -1.

Recall now the well known weighted Bergman space ﬂi(Dn), defined as the space of all holomorphic functions in
L*(D,, du,). Thus, for f € AX(D,),
of
— =0, k=1,..,n
0z
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Let D be the subset C"! x R x R, ¢ C". Consider the mapping
kK:w=(E uv)eDr— z=(u+iv+ilZ|?) € D,
and the unitary operator Uy : L*(D,, duy) — LX(D, dn,) given by
Wof)w) = fk(w)),

where
dn(w) = vidu(w).

Our aim is to introduce poly-Bergman type spaces in the Siegel domain, and then realize them in the space
L*(D, dn,) in order to apply Fourier transform techniques for their study. We start with the image space Ay(D) =
Uo(ﬂﬁ), which consists of all functions ¢(z’, u, v) = (Up f)(w) satisfying the equations

0 0 0
Uo—U61§0 = (T—Zk—)so = 0, 0<k<n-1

07 0z v
“4)

0 1(0 0

U—Us'y = =|[=+i— = 0.
az, 0¥ 2 (au ’av)‘”
For functions satisfying this last equation, the first type equation in (4) can be rewritten as

0 0 0
Uy—=U, o=|=-iz—|¢=0, k=1,...,n-1 5
Gz 0¥ (azk ’Zkau)‘p " ©)

These kind of equations were used in Quiroga-Barranco and Vasilevski (2007), and without any restriction on ¢,
they proved to be more usefull than the first type of equations in (4), as explained right now. At first stage, our
aim was to introduce poly-Bergman type spaces such that they densely fill the space L?(D,, du,), we additionaly
required that such poly-Bergman type spaces be isomorphic to tensorial products of L>-spaces. Thus, following the
techniques given in Quiroga-Barranco and Vasilevski (2007), equations (5) gave positive results for our porpuse.
In this way the differential operators given in (3) were found, and they certainly satisfy

0

— 0
UoA Uy = 7 —izka, k=1,..,n—1.

Obviously, a continuous function f is holomorphic in D,, if and only if
Af = 0, k=1,...n—1

9
—=f

0.
(32,,

We will use the operators A’s to define the first class of poly-Bergman type spaces, i.e., a certain class of polyan-
alytic function spaces.

On the other hand, the differential operators d/dz; (k = 1, ...,n— 1) are used to define anti-analytic function spaces,
but they can be replaced by the operators given in (2). By the way,

9 0
UoA Uy = 7 *iTgn, k=l,n—1

In addition we must consider

d 1(o .0
Up—U;' = | — - i=—|.
00z, © 2( : )

As expected, we use the operators A;’s to define anti-polyanalytic function spaces.
4. Orthogonal Polynomials Required

We will prove that poly-Bergman type spaces are isomorphic to tensorial products of one-dimensional spaces
generated by orthogonal polynomials of two kinds. The first one is the set of Laguerre polynomials of order A:

Ly e @ d 2 4 v i=0,1,2
j(Y)-—€7w(e ¥, j=0,1,2,..
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Laguerre polynomials constitute an orthogonal basis for the space L*(R,, y*e™dy), thus the set of functions
6o = e Lime™?, j=0,1,2,..

is an orthonormal basis of L>(R,, y'dy), where ¢ = AJY/T(j+ A+ 1)and I is the gamma function. Consider the
one-dimensional space
L) = gen{l}(y)} € L*(R,,y"dy).

On the other hand, for each v > —1/2, the second kind of polynomials consists of an orthonormal family of Hermite
type polynomials in the space L2(R,, 72*'¢™ d). These polynomials are denoted by Q%(1), j = 0,1,2,...,and they

are defined via the Gram-Schmidt procedure using the linearly independent set {1, 7,72,...}. Thus, deg Qi(r)=j
and

f Q;(T)QZ(T)T2V+16_T2dT =6k
0
Actually {Q‘]’.(T)};‘;O is an orthonormal basis of LZ(RJr,TZV”e‘Tsz). Let’s prove it. Let f in {1,7,7%,..}* C
L2(R,, %), that is,
f f@T e Tdr =0, Vjz0
0
or

f gDl ™ =0, ¥j>0
0

where g(1) = f(1)r"*"2e7""/2 belongs to L*(R,), and h(t) = 1*2e~~9/2 is bounded. Therefore gh € L*(R,)
and is orthogonal to the orthonormal basis {f;l(y)}. Thus gh =0, i.e., f = 0.

We have proved that the Hermite type functions
H(1) = Qe ™, j=0,1,..

form an orthonormal basis for L*>(R,, 7d7). We will refer to 7" as the potential weight of both the polynomials and
Hermite type functions.

All the polynomials Q;(‘r) come out in our computations but we can work instead with the polynomials Q?(T) via
the unitary operator T, : L*(R,, 7d7) — L*(R,, 7dr) defined by

T,: Qe ™2 - QYme ™2, vz -1/2. 6)
Let rdr denote the product measure []}_ { redry on R so that
LR rdr) = PRy, rdr) ® -+ @ (R, ryidr-y).

Form = (my,....,mu—1), J' = (J1, o0 Juo1) € Z’i‘l, we introduce the following Hermite type functions of several
variables:

H(r)

H r) - H (1)

n— /2
Q1 (r)- - Q1 (ra-p)r"e 2,

where r = (1, ..., Fp_1), 1> = r% +oee 42

n—-1°

and 7" = " --- 7" " Introduce the one-dimensional space

H7 = gen{H'(r)} € LAR?, rdr).

For each m € Z""!, the set {H'(r)} gz 18 an orthonormal basis for L>(R™!, rdr). We can now define an unitary
operator
T, : PR, rdr) —» LX@®R"", rdr)
by
Ty =Ty ® ®T,,  : Hi(r) — H)\(r). (7)

57



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 4, No. 6; 2012

We need a partial order in ZV. We say that 0 < J < Lif0 < j, < [y fork = 1,...,N, where J = (ji, ..., jn), L =
(oo In).

5. Poly-Bergman Type Spaces

For L = (14, ...,1,) € N", we define the poly-Bergman type space ﬂiL as the subspace of L2(D,, du,) consisting of
all functions f satisfying the equations

d a \k
= dig— =0, k=1,.,n—1
(azk 1k azn) f "
P Iy
(a) fo=0

Let {e;}"_, be the canonical basis of R". We define the space of true-L-analytic functions as

n
J=
n
2 2 2
Ay = © (Z ﬂA,L—e,»] ;
=

where A3 = {0} if S ¢ N,

It is much more convenient to deal with Ay (D) = Uo(ﬂi 1) C LX(D, dn,) in order to apply Fourier techniques in
the study of the poly-Bergman type space. For ¢ = Uy f € Ap 1.(D) we have then

—\k .4 0 0 g

Uo(Ae)' Ugle = o K 0, k=1,.,n—1
a\" 1(d 9\

U|l—| Ul = —|—+i— = 0.

O(azn) 0¥ = 7 (au ’av) ¢

Once and for all we introduce all the operators to be considered. Fourier transforms on L*(R) and L*(T) play a very
important role in this work, where T = S is the unit circumference. We begin with the tensorial decomposition

L*(D,dn,y) = LX(C" Y @ L*(R) ® L* (R, vidv).

We use now polar coordinates for the first tensorial factor space. For 7/ = (z1, ..., 2,1) € C*"!, we write z; = ity
with rp, > 0and t € T. Fort = (4, ..., t,-1) and r = (ry, ..., ,—1), We often write rt to mean 7', and we identify z’
with (¢, ). Then
2. cmn-1 2 -1 2 mon-1
LY(C") = LY(T",dO) ® L(RY", rdr),

where
1 n—1

dty,
d®=de, = — [ | =.
LT QmnDi 1;[ i

Obviously
LD, dny) = LX(T",dO) ® LA(R"™!, rdr) ® L*(R) ® L*(R,, v'dv). (8)

Let F denote the Fourier transform on L*(R), and let ¥ be the discrete Fourier transform on L3(T, dt/(it)):

1 ;
FE) = — “iuy,
(F)(E&) mfRf(u)e u

_ 1 e dt
R0 = = fT s %,

Let F(,-1) be the tensorial product of # with itself taken n — 1 times. Now, according to the decomposition (8) we
introduce the unitary operators
U =IQIQF®I,

U, = 77(,1_1)®I®I®I.
Of course, the operator U, acts from L*(D, dn,) onto the Hilbert space

H=PFZ""e PR, rdr) ® L*(R) ® L*(R,,v'dv). 9)
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Consider now the decomposition
H=H" &H,
where
H* = P(Z"")y @ LXR™, rdr) ® LA(Ry) ® LA (R4, v'dv).

We introduce the unitary operator
Us=[T"@IoNe[T " ®Icl: H'eH —H eH,
where 7% is the operator on *(Z"~') ® L>(R""!, rdr) given by
T* {em(Mmezet = AT (€M) ezt
with T, given by (7), m* = (m{, ..., m}_)), m;r = max{m;, 0} and m; = m;r - m;.

Finally, according to the tensorial product (8), we consider the following unitary operators on L*(D, dn,):

o , 3 1 , Y
Vit 9@ E) = ) = G 5,

Vo it r, x,y) — Y(t,p,x,y) = 0,X,y), P = 2xlr.

1 1
(,
(V2lx! v V2|

Let K; be the subspace of I*(Z"") ® L*(R%™", pdp) consisting of all sequences

{Cm(p) }meznfl

such that
Cm = for ' + m—e¢ 7!

0
Cm € @ HY, forL' +m—eeZ!™!

0<J'<L'—-m~—e
where ¢ = (1,...,1) € 2" 1.

Theorem 5.1 The unitary operator W = UsU,V,V U1 Uy maps L*(D,, du,) onto
H =2 e PR, rdr) ® L*(R) ® L*(R,, y'dy).
The poly-Bergman type space ﬂi ;. is isomorphic to the subspace

I,—1
Hi =K @ LX(R,) ®{@ L,»n].

Jn=0

Let K, be the subspace of I*(Z"~") ® L*(R!™", pdp) consisting of all sequences
{Cm (,0) Ymezn1
such that
cm =0 for ' + m—e ¢ 71!

ecm€H, ., forl'+m—eecZi".

—e
Corollary 5.2 The restriction of W to the space ﬂi( 1) 8iven by
WA, — Hyy =K, @ LR)® L,

@ Ay = H*

LeN"

is an isomorphisms. Furthermore
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Proof of Theorem 5.1. If Ay a1 = U1(Ap (D)), then ¢ = U, ¢ belongs to Aj . if and only if

I
(i + §Zk) ¢

— 0, k=1,...,n-1
0z ( n-1)

il" o In

—_— + —_—

2n (f [)v) ¢
denote the image space V(A ,.). Then ¢ = V¢ belongs to A’ if and only if

1,AL
i + X ' 1
0z “

Il
e

’
Let ﬂuL

Il
L
_

Il
—_
S

I
—_

d bk
Vil=—=+&u| Vi'y

0z (10
il a\" )

il | x|ln
2171

a\"
(sign(x) + 2—) W
dy

The last equation in (10) separates the variable y from the rest of variables; this means that certain independent
solutions for it can be expressed in the form f(x,z")g(y) as shown below. But we must do the corresponding part
for the first kind of equation in (10). In polar coordinates, the first kind of equation in (10) takes the form

Ik
[t—k (i - t—ki +2xrk)] v =0.

Define now A; ,; = Vo(A| ;). Then ¥ = Voys belongs to A, if and only if

tf 0 t 0 G
[ 2|x|§k(a—m—p—ia—tk+sign(x)pk)] ¥ = 0, k=1,.,n—1
(11)
il"|x|l" In
T (sign(x)+25) Y = 0.

The general solution of the last equation in (11) is given by

1,—1

\P(t7 P, X, )’) = Z lﬁ()j"(t, P> x)yj"e_(Sg" X)y/z.
Jn=0

Since W(t, p, x,y) has to be in L*(D, dn;), we must take only positive values of x. Morever, by rearranging polyno-
mial terms we can express (¢, p, x,y) as

1,—1

W(t,p, %) = X (x) D 0, (2,0, )6} (). (12)

Jn=0
Let A, 41, denote the space Uz(ﬂ'z’ )+ In order to simplify our computations let’s consider the function
¥, = X+ (0, (1,0, 0 ()
instead of the whole function ¥ given in (12). Then
{dmj,, }mEZ”*‘ = UZ\PJ',, =X+ (-)‘7)5;1,x (Y){ij”(P, -x) }mEZ"" 5 (13)

where ¢, € L*(R"™!, pdp) ® L*(Ry) is given by

ijn(P,x)=f Wi, (t,p, )t "dO. (14)
Tﬂ—l

Obviously
¥, = Usldu), mezt = x+(0)0}

n

0 D) cmilo, 0",

meZn-!
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Thus {d,j, }nezn1, as in (13), belongs to Ay 4y if and only if

I
1,
U [ 25| 5= - —i + szgn(x)pk)] U, {dj,} = 0.

Let R denote the left hand side of this equation for the particular case [; = 1, and let G(x,y) be the function
)(+(x)fjﬂ. (y). We have

P = U;'R

th 0 t 0
= oy = — - X .
|x] ( I oo + szgn(x)pk) m;_] G(x, Y)Cmj, (0> )"

173 6cm]n my
= V2IXG(x,y) —(lm — —Cpj " + sign(x)prCp; t )
y Z Dk Jn 8 PkCmyj,

= V2HGy Y (— - E + szgn(x)pk) Cjy

that is,

1({ 0 my — 1 .
R =X+(.X) v2|x|fj”(y) {z (a_pk - kpk + SZgn(x)Pk) Cm—ek,j,l}

Thus, the function {d,, }nez1 = Us¥;, belongs to Ay 4, if and only if for eachmand k = 1,...,n - 1:

meZn!

2 .
(_ My szgn(x)pk) mj, =0, withc,), € L. (15)
Opr Pk '

Fixed m € Z"~!, the general solution of this system of equations has the form

Cmj, = Z ng(X)pJ m —ﬂgn(x)p /2 ()C > 0) (16)

0<J’<L'—e

where J' = (ji, ..., ja-1) and J = (J', j,). Alternately, the general solution is given by

iy = D XD WH ), me ZL. (17)

0<J'<L’—e

For arbitrary m € Z"~', the general solution of the system of differential equations (15) can also be written as

Cmjy = X+OP1OD - Paci (a)p" e, (18)

where pi(pr) is a polynomial of degree at most /; — 1 and whose coeficients are functions in x. Suppose that
m = (my,...m,_1) ¢ Z'"'. Take my < 0. Since c,,j, must be in L>(R""!, pdp), the polynomial py(px) is necessarily
divisible by p;™!. Thus, if x < |myl, then py(og) = O; but if |my| < I — 1 then py(p)p™ is a polynomial of degree
at most Iy — 1 — |my|. Thus, the potential weight p/"™ is canceled in (18), and the set of solutions is reduced by the
L?-condition. We have non-trivial solutions for L’ + m — e > 0, they are given by

iy = D X DH] (), (19)

0<J' <L -m™—e
Then the function U,%¥;, belongs to A,y if and only if
U2, = x+ (06, () { > HY (p)fmf(x)} :
0<J'<L'—m~—e meZn-1
where f;,; = 0 for L' + m — e ¢ Z"~'. Therefore

UsUsY), = €, @){ >, H%(pm(x)fmj(x)}

0’ <L) —m~—e mez!
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Finally U; U,V = Zif;:) UsU,¥;, belongs to ", and it is easy to see that W maps ﬂiL(Dn) onto H; .
6. Anti-poly-Bergman Type Spaces

Anti-polyanalytic functions are just complex conjugation of polyanalytic functions, but they constitute a linearly
independent space. For L = (Iy,...,1,) € N, we define the anti-poly-Bergman type space ﬂiL as the subspace of
L*(D,, du,) consisting of all functions f satisfying the equations

8 8 \*
— 4+ 2ig— = 0, k=1,..n-1
(6zk " ’Z"azn) ! "

a\"
(a—z,,) !

We define the space of true-L-anti-analytic functions as

n
712 712 § 712
ﬂ/l(L) = ﬂ/u‘e( "7{/1,[‘8/']’
=1

I
e

where A%, = {0}if S ¢ N".
The following theorem is the main result of this work.

Theorem 6.1 The Hilbert space L*(D,, du,) admits the decomposition

L*(Dy.dwy) = (@ ﬂi(m) @ [@ j‘i(u) :

LeN" LeN"

Proof. Follows from Corollary 5.2 and Corollary 6.3 below.
Let K be the subspace of P(z"y ® L* (R, pdp) consisting of all sequences

{CWI(p)}mEZ”’]
such that
cn=0 for ' —m—e ¢ Z"!
Cm € @ HY forL' —-m-eeZ!".
0<J' <L/ —m*—e

Let K, be the subspace of I*(Z"") ® L*(R!™", pdp) consisting of all sequences

{Cm (P) }mGZ"*‘
such that
cn=0 for ' —m—e¢ 7!
Cm € '7-{2,_’",,_6 for ' —m—e e Z"!

Theorem 6.2 Under the unitary operator W = UsU, V> VU, Uy acting on L*(D,,, du,), the anti-poly-Bergman type
space fli ;, is isomorphic to the subspace

l,-1
H; =K, @ X(R)® {{B Ljn].

Jn=0

Corollary 6.3 The restriction of W to the space ﬂi( 1) 8iven by

WA, — Hyy =K, @ PR)® L,

@ Ay =H.

LeN"

is an isomorphisms. Furthermore
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Proof of Theorem 6.2. The image space Ao (D) = Uo(A2,(D,)) C LA(D, dn,) consists of all functions ¢ = Uy f
satisfying the equations
) a\"
(— + lEk—) 1)

Uo (A" Uyl 0, (k=1,..,n-1)

(3Zk ou
o\ 1(6 o)\
Uo(a) UO Y = E(a—la) @Y = 0.

Now if ﬁl,)L = U](ﬂo,/lL(D)), then ¢ = U, belongs to ﬁ]ﬁL if and only if

9 b
(——gzk) ¢ 0, (k=1,.,n—1)
0z

(20)
i g\
2w (f - a) =0
In polar coordinates, the first type equation in (20) takes the form
- I
th [ O t 0
|+ —=—-2 =0. 21
[2 (Ork i Oty frk)] ¢ @h
Under the transformation ¥ = V, V¢, the system of equations (20) is now equivalent to
- I
tf 0 t 0 .
NI B S ¥ o= 0
[ Il ( or o ta Slg”(x)Pk)]
(22)
Lol el g 1,
! 2'?' (sign(x) - 26_y) Y = 0.

Thus the general solution of the this last equation has the form
L1

W(t,p, x,y) = Z Yoy, (., )y el58n D12,
=0

Since ¥(t, p, x, y) has to be in L>(D, d1;), we must take only negative values of x. Morever, by rearranging poly-

nomial terms we can take
I,—1

Wit p,%,3) = x-(0) ) 0,10, D} (). (23)

Ja=0
For the function ¥;, = y_(x)y,, (t, p, x)ffn (y) we have
{dwj, ezt = U2, =X—(x)5/}n ONemj, (05 D mezn1 (24)

where ¢, (0, x) € L2(R'}:1, pdp) is given by formula (14).
Define Az 1z = UsVaVi(Ayar). Thus {dyyj, hmeze1» as in (24), belongs to Ay 4y, if and only if

_ I

tf O t 0 . 1

U 2x=—+ —— - Us5{d,; } =0, < 0.
2 [\/ |x] > (3pk o0 31, Slg”(x)Pk)] 5 {dmj,} x

Again, let P denote the left hand side of this equation for /; = 1, and let G(x,y) be the function y_ (x)fj{(y). We
have

R = U;'P
Ek 0 t 0 .
= 225 |—=—+—=- §Gf"
3 ( aor oo szgn(x)pk)mezm (X, Y)Cm;j, (05 X)

OCi
Min ﬂcm " = sign(x)pgcpj,t" )
Opr Pk

= V2G| % (r’"

{0 m )
= 2IxG(x,y) Z tmEk ((9_pk + p—: — szgn(x)pk) Cmjys
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that is,

1({ 0 my + 1 .
P=x-(x) «/2|x|fj,,<y>{5(a—pk+ "p ) —szgn(x)pk)cm+ek,,-n}

meZn1
The function {d,,,} = U,"¥;, belongs to ﬁz,u if and only if foreachmand k= 1,...,n -1
( 0 my

I
6_ +— - Sig”(x)l?k) Cms, = 0, (Cms,l € L2)
Pk Pk

Fixed m, the general solution of this system of differential equations has the form
(A o7 2 2
Cmjy = Z 8m/(x),01p meSEnOLT/2 (x<0).
0<J’<L’'—e

Adding the L*-condition we get non-trivial solutions for L’ — m — e > 0, they are given by

iy = . X-OfuOH (o). 25)

0<J’ <L’ —m*—e

Then the function U,¥;, belongs to A, 4 if and only if

¥, =)(-(X)ffn(y){ > HTr(p)fmJ(X)} :

0<J'<L'—m*—e meZn-1

where f,,y =0for L' —m—e ¢ Z’fl. Therefore

0<J' <L’ -m*—e

UsU»¥;, = ¢} @){ > H%(p)x(x)fmj(x)}
meZ!~!

Finally U3 U,Y = le”;h UsU,Y¥;, belongs to H, and it is easy to see that W maps flﬁL(Dn) onto H; .
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