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Abstract

In our paper paper we propose a new binary elliptic curve of the form a[x? + y* + xy + 1] + (a + b)[x>y + y*x] = 0.
If m > 5 we prove that each ordinary elliptic curve y? + xy = x* + ax? + 3,8 # 0 over F, is birationally equivalent
over [Fon to our curve. This paper also presents the formulas for the group law.
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1. Introduction

Recently, many papers are written about binary elliptic curves such as Binary Edwards curves (Bernstein, Lange,
& Farashahi, 2008) and Binary Huff curves (Devigne & Joye, 2011). In this paper, we introduce a new binary
elliptic curve.

Let E be a projective curve of dimension one, defined over a field K. E is an elliptic curve if E is nonsingular
(smooth), irreducible over K (algebraic closure), with genus 1 and has at least one rational point (over K).

The affine version of elliptic curve in Weierstrass form is:
C 32 _ .3 2
E:y +axy+azy=x +ax" +asx+as

where the coefficients a;, as, as,aq and ag are in K; with a special element denoted by O and called the point at
infinity.

An binary non supersingular elliptic curve E has the classical Weierstrass equation:
V+xy=x +ax’ +8 B 0.

The group law of a binary elliptic curve is given by the following. Let P = (x,y;) and Q = (x», y2) be elements in
E then we have the following:

e the neutral element is O and the opposite of P, is —P = (x,Xx] + y1);
oif Q # —Pthen P+ Q = (x3,y3):

Yi+y2,

—ifP# Qthenxz = 2+ 1+ x +x; +aand y3 = A(x; + x3) + x3 +y; with A = e
X1 X2

—ifP:chenx;=/12+/l+aandy3=x%+/lx3+x3 with A = x; +)i.
X1

In section 2 we introduce a new binary curve and prove that it is a projective variety.

In section 3 we study the universality of the model and explain how to do the addition via a birationale equivalence.
2. A New Binary Curve

In the following, we introduce a new curve and study its properties.

Definition 2.1 (New binary curve) Suppose that & is a field such that it’s characteristic is 2. Let a, b be elements
of k with ab(a + b) # 0. The new binary curve with coefficients a and b is the affine curve

E.p: a[x2 + y2 +xy+ 1]+ (a+ b)[xzy +y2x] =0.
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2.1 Varieties

Proposition 2.2 The curve a[x> + y*> + xy + 1] + (a + b)[x*y + y’x] = 0 with ab(a + b) # 0 define over Fyn is
absolutely irreducible in Fon.

Proof. Put H(x,y) = [a+(a+Db)x]y*+[ax+(a+b)x*]y+a(x*+1) in Fon. Suppose that H is reducible i.e. there exist
four non zero functions f, f’, g and g’ such that H(x, y) = [f(x) + g(x)yI[f'(x) + &' (x)y] = f(x)f (x) + (f(x)g’ (x) +
2(xX)f(x))y + g(x)g’(x)y?, by identification:

FQOf (x) = a(x* + 1), (D)
g)g'(x) = (a+b)x+a, (2);
F(Og (X)) + gx)f'(x) = ax + (a+ b)x*, (3).

a(x®> +1) a+(a+b)x

e 1% case: f = cste then (1) = f' = 7 ,(3)=g=csteand (2) = ¢’ = e In (3) we have

fo+of =a52 + @+ byLx+al + &) by identification
f g g
avb=af. @) e (")
a
a=@+hl, @y w2 @)
Fog 8 g ab+ b
a=+2)=0, 3. o, 2.
g f o a +a+b) 0. @7
2
(37) iff. = 0 iff. b = 0 impossible because b # 0.
a+b
24+1 b
e 2" case: f’ = cste then (1) iff. f = %, (3)iff. g’ = cste and (2)iff. g = w. In (3) we have
8
feg +gf = ag—/)c2 + (a+ b)L,x + a(L, + g—/); by identification
f g g f
a+b:ag—,, 1); & - a+b’ (1”);
ff’ r a
a=@+bl, @) w9 2):
f , & g clz)+ b
8 a+ a
a(=+=)=0, (3). =0, (3.
(g, f') (3" a( P +a+b) (37)
b2
(37) iff. P 0 iff. b = 0 impossible because b # 0.
o 3’ case: deg f = deg f” = 1 then there exists a;, and a, such that f(x) = a;(x + 1) and f’(x) = ay(x + 1).
b
Equation (2) implies that g = c¢ste or g’ = cste. Suppose g = cste then g’ = W. Equation (3) implies
b
that fg' + gf = ay(x+ ATl e+ 1) = x[(@+ b)x+a] if x = 1 then (@ + b) +a = 0 impossible,
8

2.2 Smooth Varieties

Theorem 1.3 (Nonsingularity) Each binary curve define over Fon by a[x* +y? + xy + 1] + (a + b)[x>y + y*x] = 0
is nonsingular.

Proof. 1t exists smooth variety if the following system assume solution:

H(x,y) = yz[a + (a+ b)x] + ylax + (a + Hx*l+ax*+1)=0, (1)

‘% =(a+by*+ay=0, (2);
%—’; =(a+b)x2+ax=0, 3).
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Equation (2) implies thaty =Oory =

a
d tion (3) implies that x = 0 = .
a+ban equation (3) implies that x or x P

2

If x = L, in (1) we have a(a— +1)=0 & ab* =0 & a = 0 or b = 0, impossible because ab # 0.
a+b a’ + b?
Thus H is nonsingular.

2.3 Projective Form

2.3.1 Homogenus Equation

X Y
If we put x = Z and y = =, we obtain the projective form of the curve E,;,. Thus we have the following

Z 9
homogenus equation:
a[X’Z +Y?Z + XYZ +Z3] + (a + H)[X?Y + Y?X] = 0.

2.3.2 Infinites Points

Z = 0 implies that (a + b)[ XY + Y?X] = 0iff. X=0orY=0orX =Y.
e X=0(X:Y:00=0:Y:00=(0:1:0);
oY =0,(X:Y:00=(X:0:00=(1:0:0);
e X =Y, X:Y:0)=(X:X:00=(:1:0).

We have three points at infinity.

2.3.3 Singularity of Infinites Points

e (1 :0:0)X =1 we have the following equation T(Z,Y) = a[Z + Y?>Z + YZ + Z®] + (a + b)[Y + Y?].

g—)T/ =aZ+a+b, Z—IT/(O, 0) = a + b # 0 thus the point (1 : 0 : 0) is a nonsingular infinite point.

e (0 :1:0) Y =1 we have the following equation T(X,Z) = a[X’Z + Z + XZ + Z*] + (a + b)[X* + X].
oT

S =aZ+a+b, g—}T((O, 0) = a + b # 0 thus the point (0 : 1 : 0) is a nonsingular infinite point.

e (1:1:0), X =Y =1 we have the following equation 7(Z) = alZ+Z+Z+7% = aZ[l +Z2]. 3—5 =a[l + 73],
g—;(O, 0) = a # 0 thus the point (1 : 1 : 0) is a nonsingular infinite point.
2.4 Birational Equivalence

Theorem 2.4 Suppose that k is a field such that it’s characteristic is 2 and a, b € k. Each curve with affine equation
alx® + y2 +xy+ 1]+ (a+ b)[xzy + yzx] = 0 with ab(a + b) # 0 is equivalent in a birationally way to the curve

1+ b?
vV +y +abu =u " i 7 + a2a+ 7 u? | via the map ¢ : (x,y) — (u,v), with
1 1 +au
= — X =
a+ (a+b)x (a+Dbu
=
- _Y
a+(a+bx S
Proof.
) + au a ab? ) s o s
a) Assume that v=+v |- u oy + WM and prove that a[x”+y~+xy+1]+(a+Db)[x"y+y“x] = 0.
a a a

Let H(x,y) = a[x*> + y* + xy + 1] + (a + b)[x*y + y*x]. We obtain
1 + a*u? N ﬁ N v(1 + au) ‘1 v(l +d*u?) v + au)

@ +bHu?  u?  (a+bu? @ +bHu?  (a+bud

= a[(1 + 2uP)u + w*(@* + b*) + uv(a + b)(1 + au) + > (@® + bH)] + (a + b)[v(1 + a*u?) +v*(a + b)(1 + au)]

3,2 2.2

ula+a’u 1+ au 1+au
= ¥+auv2+auv—+au3+v—+v2(1+au)
a+b a+b

H(x,y)=a +(a+b)

a’ +b?
2, 1+au a N ab?
=V +y U|l——+ ——
a+b at+b*  a?+b?

=0
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1 +au
a+b

a ab? 5
T2 T R
a‘+b a’+b

b) Suppose that a[x*+y?+xy+1]+(a+b)[x*y+y*x] = 0 and prove that v>+v

1 b?
Let G(u,v) = v +v ++abu} tul st a2a+ = u2} . We have the following
1+ S —
2 1 b? 1
Glu.v) = y N y a+ (a+b)x N a N a y
[a+(a+b)x]> a+(a+Db)x a+b a+(@a+b)x|a>+b* a*>+b?>  (a+(a+b)x)?

a+(a+bx+a
+b

a(@® + (@ + b*)x?) ab?
a? + b? a? +b?

= yz(a +(a+b)x)+yla+ (a+b)x)x

= ay2 +(a+ b)xy2 +axy + (a + b)xzy +a+ ax?
=alx> +y* +xy + 1] + (a + b)[x*y + x)°]
=0

Corollary 2.5 (Projective version) Suppose that k is a field such that it’s characteristic is 2 and a, b € k. Each
curve with projective equation alX*Z+Y*Z+XYZ+ 23]+ (a+b)[X2Y + Y2X] = O with ab(a+Db) # 0 is equivalent

W +aU w? b?
in a birationally way to the curve VW + VW a+6119 ]: h+awa2,by
Z
U =
a+b X=aU+W
Y
V= < Y=(a+b)V
a+b
Z=(a+bU
W=X aZ
a+b

Proof. similarly to the above.
3. Universality of the Model and Addition Law
First of all let us recall the properties of trace function.

LetF, = F,» be a field of g = p" elements. The trace function denoted Trace is defined as follows: Trace(«) =
a+a’+...a" " fora €T,

Proprieties: 1 Let o, € I,
1) Trace(a) € Z/pZ;
2) Trace(a?) = a;
3) There exists y € ., with Trace(y) # 0;
4)if a € Z/ pZ , then Trace(a) = na;
5) if a € Z/pZ, then Trace(aa) = aTrace(a);
6) Trace(a + B) = Trace(a) + Trace(B)
7) The polynomial x” — x — « € Fy[x] is
(a) either irreducible;
(b) or a product of factors of degree 1.
8) The polynomial x” — x — a € I [x] is product of factors of degree 1 if and only if Trace(«) = 0.
Corollary: Trace function for binary fields Let o, 8 € Fy
1) Trace(a?) = a;
2) The equation X4ux+v = Owith u, v € Fou[x], u # 0 has a solution if and only if Trace(u%) = (. Furthermore,
for a solution xq the other is x¢ + u.
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Cardinality for elliptic curve
The cardinality of an elliptic curve E over I, is the number of [ ;-rational points. The theorem of HasseWeil relates
the number of points to the field size.

Theorem: (Hasse-Weil) Let E be an elliptic curve defined over IF,. Then
[EF)I=qg+1—tand |t <2+/q.

3.1 Universality
When introducing a new form or elliptic curve, it is important to study how many “good” curve are isomorph to
the new model.
Theorem 3.1 Over Fy with [ > 5, the curves y* = x> +ax’+xy+8, B # 0 and a[ x> +y>+xy+1]+(a+b)[x*y+y*x] = 0
are birationally equivalent.
Proof.

o a[x? +y? + xy + 1] + (a + b)[x*y + y*x] = 0 is equivalent in a birationally way over Fy to an elliptic curve in
the form

2, 1+au a N ab? ’
Vot =u u
a+b a?+b*  a*+b?

via the map ¢ : (x,y) — (u,v), with
1 1+ au

:a+(a+b)x x=(a+b)u
(=

p=—2 =Y
a+(a+b)x YT
1 +au a ab? . . . ..
e We have also v* + v U505+ 55 u? | is equivalent in a birationally way to v'> + aju'v’ =
a+b a’+b a’+b
) 1 1 1 1 1 ab? .
u’3+a2u’2+a4u’+a6 W1tha1 = ,adr) = —, a4 = - + > anda6 = ST, + Y and02 = ﬁ,wa
cla+b) a a> b c2(a*> +b*)  a’ a*+b
the map ¢, : (u,v) — (’,V"), with
! 1
[A—
w= tu u=—+u
= a
v
V= - v=ocV
c
1 1
u=—-+u we=-otu 2
e Define change of variables, put a = and ¢* = — 5 We have v? + aju'v' =
v a
v=cV Vo= -
c
W + au’? + agi’ + ag witha; = ———, ap = l as = — + — and ag = ; + i
cla+b)’ a’ a? b2 @ +b? @

u =a’T
; 1
Define another the change of variables { Vo= a% Z+ T + ) then we have

a?(Z2 +82T2+ 3 + a?t(Z +sT+A) = a?T3 + a‘l*asz + a?a4T +asZ> + Tz

an ay ag
=T3+T?|s?+s5+—=|+T|A+ = |+ 2+ =
2 e 6
1 1 a;
s2+s+—=a’2
1
ay
By identification: at
2 2, 2
2 de ’ ’ a, ae a4+a1a6
A t o =ag=>a5=—+— = S
a; a4 a;
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2(a? + b? as +ap \a
Define h™2 = =>h—a— Thus we have s° +s+(12+h2 0,h? = 2:c(a—3)’a,6: 4+41\/_6 =
a a; a a 4
2 2+b2 2 +b2 2 2+b2
[1+C(a—3)+ 1+C(a - )| <a - )=(1+h‘2+ 1+h—2)h‘2=>h2\/a_’6=h‘2+h‘1<=>h‘2+
a a’ a

-1 2 7
h~t + 1? \Jag = 0.
Putt=h! thust2+t+h2\/a_’6=0.

T sP+s+d,+h?=0 Trace(a, + i) =0 Trace(h™!) = Tr(az)
B\ 2rr+nfa =0 Trace(h” \Ja]) = 0 Trace(h/a]) =

For each A, n € IF,, define
Lix = {h € F} : Trace(h™) = A, Trace(h{‘/a?) =7

We define by |L| the cardinality of the set L and |E| the cardinality of E. Since * \/a_’6 +t+ 1 = 0 has at most 4
roots, we must prove that LTrace(ag),o has at least 5 elements i.e |L|Trace(a’6),0 >5ifl>5.

Namely let at prove that |L|po > 5 and |L|; o > 5if [ > 4.

We have [L|pg + |L|1p = 2/=1 _ 1. Therefore, since  can take all values in IF;,, then K y/ag also take all values in
I3 . We deduce that |Lloo + |L|; o count the elements & € I}, with Trace(h) = 0. Now, we have |L|; o + |L];,; = 2.
Therefore, similarly as above |L|; o + [Ll;,; count the elements i € ), with Trace(h) = 1. We have |Lloo + [L1 0 =
21 21

——1=2" 1, Lo+ LIy = = =21

> [Ll10 + [LI1 >

Let us compute |[L|oo + |L|;,;. We have the following:
Trace(h™') = 0 = Trace(h/a})
he ooVl = { Trace(i™) = 1 = Trace(hfa,)
hyfag) = 0 iff we have two possibilities for x, namely (x and x + 1) such that X+x+h+ h(/a_g =0 =
h2x2+h2x+h+h3(‘/a_’6=0<=) (hx)? + h(hx) =h3\4/a_'6+h<=) V4 uy = u3\“/a_'6+uwithv=hxandu=h.

& Trace(h™') = Trace(hyfaj) < Trace(h™' +

Hasse’s theorem implies that it exists 6 = |E(IF;,)| -2l—1le[-2 V2,2 @], the point (0, 0) and the infinite point
do not verify the above equation and two points on the curve produce one /.

o-1
Thus [Lloo + LI = (E(F;)l = 2)/2 = (5 + 2"+ 1 =2)/2, [Llog + Ll = 27" + —5—+ 4Llio = 2(Lloo + ILl10) +

51

2(ILho+ILI1)=2(Lloo +1Ll11) = 227 = D+225 ) —22"" - T) =2/—(6+1),4|Lloo = 42" = 1)—4|L}; =

42 ) -2 =G -1) =221 —4-2+5+1 =2 +5-3,since § € [-2V2,2V2!] = § > —2V2/, then
) ) 2-2V21-3

ULlop = 2'+6 -3 = dlLlng 2 2'+ -2V2 =3 = |Lhp = ———

—2\/5—1>2l—2\/?—3 (V2I - 1)2 - (\/5—1)2—

4 = 4 4 4
As final remark,in order to transform the curve z2 + zt = > + ayt+ag to alx* +y* + xy+ 11+ (a + b)[x>y + y*x] =
c@®+b* b b

] ——2——h1—t0where
a a’’ a

and 4|L) o > 2/ + -2V2I - 1 =

4
=11.25>5.

|L|1o >

we must find 7 with Trace(h™") = Trace(a}) and Trace(hyfay) = 0, h™* =
b? [b
t(z) + 19+ 2 @ =0, tg = P fix b and compute a = 5 and fix a and compute b = +/aty.

Theorem 3.2 Suppose that k is a field such that it’s characteristic is 2 and a, b € k. Each curve with affine equation
alx> +y* + xy + 1] + (a + b)[x>y + y’x] = 0 wzth ab(a + b) # 0 is equivalent in a birationally way to the curve

b a* +b* a* +b?
Z+z=1+ a2t2 + ag with ay, = — and ag = g b+ 3 b* via the map  : (x,y) —> (t,z) with
a? a a
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t_b_zf (a+ b)x a3
Ca|a+(a+b)x 3 a+bt
) 2y 2 — T b+ d?t
2 (a+b)y+aa2 [a + (a + b)x] & a+b,
Z:; a+(a+b)x y=a+bZ+ b
b? + a*t

Proof.
a) Suppose that 22 + 1z = 3 + a’2t2 + ag and prove that alx* +y? + xy + 1] + (a + b)[x’y + y*x] = 0.

Let H(x,y) = a[x® + y*> + xy + 1] + (a + b)[x*y + y*x], we have the following:

3 3

6 6 2,32
@ 5 @ _,,4 +b B a_ @ z+a+bb2
24 B2 a2+ b2 a2 a+b |a+b a
H(x,y) =a|%L= +1

(b2 + a’1)? (b2 + a’t)? (b2 + a’1)?

6 3 3 6 2,12

a 2 a Z+a+b2 a ; a Z2+a +bb4
a+b* |a+b a a+b |a®+b? a?

*a+b) (b2 + a1} ’ B + a1

+b* 24 b
= al2(B? + 1) + 207 + 1) + T BB + a1 + (B + )+ BB + a)
a a
2402 3 +b 3 b*(a + b)(d* + b?
a - Ay 2y L oy (@+b)a )t}
a a+ a

b* +a*) 1+ (a+Db) ;
2+b2b2]+a4+b4 a® + b?

+

(15
= 2[ab?] + zt[ab?] + Plab?] + 2 |ab? + & b0+ po

a5
b2 at + bt a® + b2
=z2+zt+t3+—2t2+ 5 b+ bt

a a a®
=2 +2t+ 1 +dyf* +d
=0.

a

b) Suppose that a[x* + y* + xy + 1] + (a + b)[x*y + y*x] = 0 and prove that z* + 1z = £ + a,1* + aj,.

LetG(t,2) =22 +1tz+ 1 + a’2t2 + a’6, we have the following:

a*t+ bt
b (@* + b*)y* + —a [a* + (a* + b*)x?]
G(1, = —
(t:2) a* (a+ (a+b)x)?

_’_b_4 (a+Db)x (a+b)y+ dfraca2 +b%a*(a + (a + b)x)
a*|a+ (a+b)x a+(a+b)x

+b_6 (@ + b*)(a + b)x® b_6 (@® + bHx? N —4(a2 ) a* + b? N i

a® (a + (a + b)x)? a® | (a+(a+b)x)?*| a* a* a*

2 2 b2 2 b
= P+ (a+ bl + @+ ) by 4 xly + @+ ) D ka4 by
a a

2 b2 b2
+—2(a +b)x> + —2x2[a + (a + b)x] + —4[(12 + (@ + b*)x[a + (a + b)x]

a a a

1 b 2+ b? 2+ b? b b

:ayz+(a+b)xy2+—+a+2 x+a —: X+ @ +b)a+ )x3+axy+(a+b)x2y+x+a+

p
a+b , a? + b? 5
o+ —

2 »? 2
+ X+ =+ b)x® + —x* + —(a+ b)x?
a a a

a

b2

+—4[a3 +d*(a+b)x + a(@® + b*)x* + (d® + b*)(a + b)x*]
a

=alx> +y? + xy + 1] + (a + b)[x*y + y*x]
=0.

40




www.ccsenet.org/jmr Journal of Mathematics Research Vol. 4, No. 6; 2012

Corollary 3.3 (Projective version) Suppose that k is a field such that it’s characteristic is 2 and a, b € k. Each
curve with projective equation Al X2Z+Y*Z+XYZ+Z3]+(a+b)[X2Y +Y2X] = O with ab(a+b) #0is eqmvalent in

b? +b* +b?
a birationally way to the curve V*W+UVW = U3 +a’2U2W—i-a’6W3 with ay = — and ay = a g bt + a : b*
a a a
by
b*(a +b) e
U=—7——7X X =
a? a+b
b? 24 b? 3
veZl@+byy+ L@z v @rbx)| T v= vy ey
a a+b a
W =aZ+ (a+bX Z=ad*U +b*W
Proof. To refer to from above.
3.2 Addition Law
e Neutral element: In corollary 1.5, we have
VA
U=
a+b X=aU+W
Y
V= < Y=(a+b)YV
a+b
aZ Z=(a+bU
W=X+
a+b
W+ U w?
and the point at infinity is Po, = (0 : 1 : 0) in the elliptic curve in form VW + VW[ i = Ul ;l+ 2
a
ab?
+———U?].
a? +b? ]

The neutral element is the point ¢ ' (Pe) =@ '(0:1:0)=0:a+b:0)=(0:1:0).

e Symetrical element: if P = (x,y) is a point over the curve. We have —P = 90’1(—90(P)), and in the curve

1+ au a N ab? ) h P) ) . 1+ au
=u u” |, we have — = —(u,v) = u,v
a+b a2+b? a?+b? ¢ a+b

element is —P = (x, x + y).

vty

). Thus the symetrical

o Addition law: let y = ax + 8 denote the line (PQ) where P = (xp,yp) and Q = (xp,yp) are in the curve E, .
We define P + Q = R where R = (xg, yg) and —R = (xg, xg + yg) is third intersection point between the line and the
curve.

We have a[x® + (ax + 8)? + x(ax + 8) + 11 + (a + D) [x*(ax + B) + (ax + B)>x] = 0, thus [(a + b)(a + a*)]x> + [a(1 +
a(l +a+a*) +Ba+b)
(a +b)a + a?)

a+a?) + B(a + D)% + [aB +ﬂ2(a +Db)]x + a(ﬁ2 + 1) = 0. Thus xp + xp + xp =

Hence we have:

XR = Xp+ X+ (a+b)(a/+a'2)

{ a(1+a+a2)+,8(a+b)

YR = axg +f3

Ypt+Yo
Xp+ X

with @ = and 8 = yp + axp.

4. Conclusion

We have successfully proposed a new binary elliptic curve. For further works, one must study if the addition law
is unified and complete.
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