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Abstract

A theoretical foundation is proposed for some computing schemes of quadratures method for solving nonlinear
singular integral equations (SIE) given on arbitrary closed smooth contour. Estimations of convergence rate of
approximative solution are obtained in Holder spaces.
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1. Introduction

In the case of more smooth contours of integration I', namely, contours from class C(2,v) the un improvable
estimates of convergence rate of method are proved. Convergence of quadratures methods for nonlinear SIE given
on arbitrary closed smooth contours.

Let I' be a closed smooth contour (Mushelishvili, 1968) bounding a simple connected region F+ of the complex
plane C containing the point # = 0. In the Banach space of functions Hg(I') (Mushelishvili, 1968) satisfying on I
the Holder condition with the exponent 8 (0 < 8 < 1) consider a nonlinear SIE

Ap) = @ [t;0(1); S h(t, T3 0(7))] = f(0), (D

where ©[t; u; v](t € T |ul, [v] < o), h(t,T;u) (1,7 € T';|u] < o) and f(¢) are known continuous functions of their
arguments, the singular integral

1 .
Sh(t, T, 0(7)) = — f—h(t’ = "D(T))d-r, terl,
it Jr

is understood in the meaning of Cauchy principal value, and ¢(7) (¢ € T')is an unknown function.

The researchers seek for the approximate solution of nonlinear SIE (1) as a polynomial

2n

galt) = ) cjli(0), (teT), 2

j=0
where (Zolotarevschi, 1991; Scichiuc, 1984)

2n n
_ =\ (LY _ Dk A
L= ] (t,-—tk)(7) = N APE, j=0, 2nreT,

k=0k=j k=—n
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2. Method

For quadratures methods the unknown coefficients {c j}ﬁO will be determinated from the system of nonlinear equa-
tions (SNE)

p-1
D1} Z h(t t; ck)t‘”(z APLT Z APL = ftp), j=0,2n,p=0:1, 3)
v=p v=-n
where {t }2”0 is a set of pairwize distinct points on I'.

Scichiuc note that the foundation of quadratures method for the equation (1) is obtained for the case of Lyapunov’s
contour I and p = 0 in the computing scheme (3) (Scichiuc, 1984). In present work the following results are
obtained for the class of closed smooth contours I and p = 1 in SNE (3). In this case the convergence rate of
approximative solution is improved.

Theorem 1 Let the following conditions be fulfilled:
1)@, [ usv], @[5 uv], O [tu:v] € Hoay (D), B (6,75 u) € gy (D), (0 < @ < < 1);

2) The nonlinear SIE (1) in some sphere of the space Hg(I')(0 < 8 < a < 1) has a unique solution ¢(t) € H ('), r =
0,1,...;

3) Cﬁ,(t) - Dfp(t) # 0(t € 1), ind[(C,(1) + Dy(ONCy(t) — Dy(H))™'] = 0(t € T), where
Cy(t) = @, [1;(1); S h(t, 5 0(1))] € Hp. (D),

Dy(t) = B, [1: (0): S ch(t, 73 () (1.1 0(1)) € HYy (D), 1 €T 4)
In cases r = 0 or r = 1 conditions (4) are fulfilled by 1);
4) dim Kern A'(¢) = 0, where A" is defined in the following way: V(1) € Hp(I),
(A (@)1 = D, [1:¢°(1): S ch(t, 1 @ (O)](1) + O [1:°(1): S ot T3 " (@ODIS o, (1, 73 (1)) (7)]

(2,75 ¢°(7)) — R (2, 1, (1)
-1

1 ,
=%mmnﬂmm£m+5fqmww&mmwmn g(r)dr;
I

5) The points t;(j = 0, 2n) form on I" a system of Fejer’s nodes (Smirnov, & Lebedev, 1964, p. 36), i. e.,

=y(w)), w; = exp( (] n)), i =-1, j—() 2n,

t = Yy(w) is the Riemann’s function which realizis the conform mapping of exterior of the unitary circumfirence
To(= |W| = 1) on the exterior of F*UT such that y/(c0) = oo, W' (00) = const > 0.

Then there exists a 2n + 1 dimensional point {y,};__,, in an neighbourhood of which SNE (3) has a unique solution
{cj 2"0 for all n begining with a certain one. The approximate solutions (2) converge in the norm of Hg(I') to ¢(1)

as narrow o for any function f(t) € H},(I'). For the rate of convergence the following estimation holds
Il = @alls = O™*#~7@ In* WH("; o (@), 5)

where o(@) =, if 0 <a < 1, and o(a) =a —e(Ve > 0), ifa = 1.

Proof. By conditions 1) of the theorem 1 the nonlinear operator A, determinated by the left-hand side of the
equation (1) is Freshet differenti able (Gabdullaev & Gorlov, 1976) at every point ¢° of Hs(I)(0 <8 < & < 1) and
its derivative has the form described by condition 4) of the theorem. Moreover as long as the Singular operator S ;
is bounded in space Hp(I'), in the sphere ||g - ‘/’OHB < r(r > 0) of Hg(I') the linear operator A’ satisfies the Lipshitz
condition

IA"(g1) — A (g2l < Lllg1 — gallg, (6)

where L is a completely definite constant, its value depends on r, on element ¢°(¢) € Hp(I') and on functions ® and
h.
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Let X(#) be an arbitrary continuous on I" function and
2n
Un() = Un(X,0) = " X(tp)5(0),
7=0

its interpolating Lagrange polynomial, constructed by nodes {tj}ﬁﬁo c I'. Then SNE (3) can be written as an
equation.

1
(Byp(en)) = U, @[1; ‘pn(t);ST[T_pU;(Tph(t’ T en(ONI = Upnf(0), p=0;1,1 €T, )

where B, , is a nonlinear operator on the subspace Xn of polynomial functions of the form (2) with the same norm
as in Hg(I'). By the same conditions 1) of the theorem, the operator B, , from (7) is also Freshet differentiable at
every point ¢ of Xn and its derivative has the form

, , 1
(B, p(#1)80) = Und®, [, ¢3(0); S [ — U (a ke, T o) TIgn (0} +

, 1 1 ,
+U D, [1; so2<r>;sf[7—p U (TP h(t, T 902(1)))]]5,[; Us(tPh, (1, 73 ¢2(1))gn ()]} (8)

Now let the nodes {z j}320 c I be computed in accordance with condition 5) of the theorem.

Then (Zolotarevschi, 1991)
IUnlls < p1 + p2 In(2n + 1), )

where, here and later on, i (k = 1,2, ...) are completely definite constants not depending on n. Hence, using (9),
the linear operator B;l,p((pg) defined in (8) satisfies Lipschitz condition (6) with the new constant.

1B, ,) = B, ;@) < (u3 + paIn@n + 1) + ps In*Q2n + D)LY = 221l (10)

Let ¢} (¢)(€ X,(I")) be the best uniform approximation polynomial of ¢(#). Then from (6) and lemma 6.1 (Zolotarevschi,
1991) there we get (Seichiuc, 1997)

! T x M6
A (@) = A (el < — o Hes o(@)).

Hence from the reversibility of A'(¢) and from Banach theorem it follows that for all z (n > n) such that

He

R (r). ’ -1y

The operator A'(¢}) is also reversible in Hg(I'), and

LA @)1 llg - LA @1 llg i

A' xy71—1 <
A 1l < = < =

By the theorem about the continuity of the function index (Gahov, 1977) changing there ¢ on ¢}, the conditions
3)-4) of the theorem are fulfilled, as n > n;. From (8) it follows that the operator B;w(q?j;) is the operator of

quadratures method for the operator A'(¢}). Thus for the operators A'(¢}) and B;l’p(gofl) all the conditions of the
theorem 8.2 (Zolotarevschi, 1991) are fulfilled. Therefore for sufficiently large n (n > n, > n;) the operator
B;,, »(¢y) is reversible in Xn(I') and the estimation

||[B;,,p(90:)]_1||ﬁ < us, (11)
holds. From the estimations (10) and (11) it follows that for sufficiently small r;-the inequality

sup 1B, (@) 1B}, () = B, ,(o)lll < ps(uas +ps In@n + 1) + ps In*2n+ Dy =g <1 (12)
¥ =@y llp<r1

holds, where ¢, € X,,.
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Let f(r) € H,I)(0 < B < @ < 1). Using the estimations (9), (11), the well known formula of finite increments for
operators the inequality [|S ||z < 19 and Lemma 6.1 (Zolotarevschi, 1991, p. 55). We find that for all n begining
with a certain one (n > n3 > ny) the following in equality is true:

pn = (1B, @] [Bup(@) = Un |5 = [|B,. (@)1 [Bup(e) = Bup(@)]
1 1
< ps(uut + 2 In2n + 1)) ”cb[r; G0 S e USaP (75 6, (ON] = @I (1) S o — U, 7 go(r)))]]”ﬁ
1 1
< (s + 2 In(2n + 1)){H<D[r; G0 S = U h(, 5 g3 O] = BLts 00 S 11— U, 7 wZ(T)))]]Hﬂ

+

1 1
Dltle(®): Sl U@ h(t, 75 ¢,(ON]] = L1 ¢(1); Srl— U, (xh(t, 73 w(ﬂ))]]”ﬁ}

, 1
< ug(uy + o InQn + l)){H<Du[t; D), ST[T—[, Ut (tPh(t, ; QDZ(T)))]]HB llei - <p||ﬁ
¢ 1 T 4 5
ot 0 8 71 UT e f,?kr»)]]uﬁ 18l X e U max i 0. 2 i = )
2
< Mio + M1 11'1(211 + ]) + U3 In (271 + 1)H(90(r); O'(Q)) < rl(l _ ql) (13)

nr+a’((t)—ﬂ

From the estimations (12), (13) and lemma (Krasnoselski, 1969), putting there T = B, ,, we obtain that the

equation B, , ,, = Un f has in the sphere ||(//,Z - t,oj;” p <71 the unique solution ¢,(7) and the estimation

Pn

< Pn
s=1-¢

1+q§”90n_90:

is proved.

This means that for n > n3 in some neighbourhood of (2n+1)-dimensional point {y}}__, (v : ¢,(1) = Xi__, yith)
in the sphere ||'¥, — ¢;llg < 1 SNE (3) has the unique solution {C.i}§20'

For approximative solution (2) the following estimation

Pn < Hig + pis In2n + 1) +,sz6 In(2n + 1)

(r)
-q - nrto@-p H(QO ' ’ O-(Q))

llg, = @nllp < 0

is obtained.

From the last inequality, triangle inequality

e = @ulls < llo = @nlls + llg, = @nlls

and Lemma 6.1 (Zolotarevschi, 1991) the estimation (5) follows. The theorem 1 is proved.
2- Unimprovable estimations of convergence rate of quadratures methods for nonlinear SIE.

Theorem 1 establishes convergence of quadratures methods for solving nonlinear SIE in the case, when the equa-
tions are defined on closed smooth contour of complex plane. It turns out that if the contour satisfies stronger
conditions on its smoothness, then in the convergence rate (5) the factor In”  is substituted by In 7 and this estima-
tion becomes unimprovable.

Theorem 2 Let T be a closed smooth of class C(2,v)(0 < v < 1) (Zolotarevschi, 1996), i.e. ¥ (t) € Hw().
Moreover, all conditions of theorem I are fulfilled. Then all the assertions of theorem I are true with substitution
of estimation of convergence rate (5) by the unimprovable estimate

g — @alls = O™ =7 Inn)H (", o (). (14)

Proof. Firstly we prove, that if I' belongs to the class C(2;v) the Lipshitz condition (10) for the linear operator
B;,, p(gog) is fulfilled with less constant containing n® In(2n + 1) instead of In’(2n + 1). As it is seen from inequality
(12), this gives the possibility to extend the neighbourhood |[l¢, — ¢;llg < 71 of the best uniform approximation of
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element ¢, € X,,(I'), in which approximate solution ¢,(t) € X, (I') C Hg(I') is looked for initial nonlinear SIE (1),
using quadratures methods.

By virtue of theorem (4) from (Feras, 2009) for every function g(t) € C(I').

llg = Ungllzz < diEn(g, 1), 15)

where dy(k = 1,2,...) are completely determined constants not depending on n, En(g,T’) is the best uniform
approximation of function g(¢) of polynomial type (2) from Xn(I') and L2 is the space of square integrable functions
with norm

1 i
lgllz> = (5 f lg(r)Pld])z.
I

Let now Zf,l) and Z,(f) be arbitrary fixed elements from X,,(I'). For any element i, € X,,(I') estimate the value

def , , ) 1
m0 ZN[B, " = B, 20, < 10D, 11200 S L= UL (e ht, 12 20 (@)1=
: PR 5 L

. [1: z;2><r>;ST[TipU,:(rPh<t, £ 2@l
U411 0 oL U3t 3 @IS o US540 i)~

15820 8 1 Ut w2 DS o US P07 2 Wl = o +

Estimates for every term 7]5,1) and 775[2) are carried out separately. As it is shown in (Zolotarevschi, 1991), for every

function g(#) € C(I') the next inequality is valid
Ul < dar Upgll ¢ < d3rn In2n + 1) |jgll c. (16)

From here, taking into account (9), conditions 1) of theorem 1, and the well known formula of finite increments
for operators, we get

1
M <

U, 15240058 o2 Ut 580 (DD = U@, 55200 oL U3 P, 7 | ol +
T T B

|t 20 S el USG5 ONT] = B, 11, 2700 S [ U, Lo
B
< (w1 +p2 InQn+ D)da || = 22| IWlls + dsr In@n + D)IID, [1: 27 (0); ST[Tip Ur(h(t, t:2 ()]
~@,[1; 27 (1); ST[Tip Un@h(t, w322 @)llellynlle < (ds + de In2n + 1) [|Unz” = Unz2 || Wl

+d77® In(2n + 1)

ST[Ti,,U; (@ [h(t, 73 20()) = ht, 7 22 @)D lle. [l c.

Further, since #U;(Tp[h(t,r;zﬁ,l)(r)) — h(t,7;22(7)]) is a polynomial on degrees of T and 7V, then

S T[# Ur(xP[h(t, T 2P@) = ht, ;22 @)1 is also a polynomial and, hence, a continuous function on I.
3. Results

Therefore, using Holder inquality for integrals and estimate (Feras, 2006).
||Un||C—>L2 < d9 < 0o, (17)
Findings:
1 1
IS+ Un@[h(t, 752" (0) = h(t, 7327 @)D]lle < dsIIT—plllzIIUf,(T" [h(t, 7320 (1) = ht, 7327 @)Dl

1

Pl

<dy 1Ulle = Ll LI, 75 20 (0) = bt 7520 (@)
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< dsdodyolln(t, /2 (1) = h(t, 322 (@)lle < dillz) = 2P lle. (18)

From inequalities (16) and (18) taking acount of || - [lc < || - ||g for 775,1), we finally get
1 < (diz + dizIn@n + D)D) = 2P llelwalls. (19)
Estimate the quantity 77(2)
, 1
M < U@ [5.2,°0: S [ Un @i, 12, ()]

~0,[1;22(1); ST%U;(rph(r,r;zﬁ,”(f)))]])ST[TipU;(rph;(t, 73 2D OO p+

HIUAD, [1; 2P(1); ST% U (xPh(t, 75 22 ()] % (ST[Ti,, UL (eP[h,(t, 7, 20 (1)) = (8, 73 22 (O) (DD} |-

As in the points z(l) and z,(f ) from X, (T') the inequality

IIST[ UL (1, w2 ()] < dia,

10,1127 (1); S [ UL h(t, T2 (D]l < dis
is satisfied, then carrying out analogous calculations, taking account of (19) and (16), we obtain

n? < dia(ds + dig In2n + D)l = 22|l

1 , ,
+dysdsn” In2n + DIIS-[— UL (P [h,(t, 7, 20 (1)) = hy (2, 75 22 @)D]llelallc.

Further by analogous reasonings, using Holder’s inequality for integrals and estimate (17), we get
1 . )
IS o[ Un(e U (1,732 (0) = i (6,122 (O)Dlle < dially” = 257 e (20)

Hence, by virtue of (20) for 77(2) it follows
m < (dis +dio In@n + 1))li5,” = 22 llclls. @1

From (19) and (21) it follows that the linear operator B;W(gog) satisfies Lipshitz condition with probably less con-
stant
1B,z = By (@ )lg < (dao + day InQn+ D)z = 22 le. (22)

Further we estimate the quantity p, under condition that I' € C(2, v). From (13) it is seen that for this it suffices to
estimate the norm

1
U {®@[t; 5(1); ST[ S UL h(t T3, (D = OL @(0); S [ — U h(t, 75 g, 0Nl = Y

and ther norm

IUA®[1; ¢(7), S [ S UL (TP h(t, 75 ¢, (0] = L1 ¢(1); S = UT(TPh(t T eI = 7).

Using (16), formula of finite increments of operators, conditions 1) of theorem 1 and lemma 6.1 (Zolotarevschi,
1991) for nf,S), we get

doy In(2n + 1)

nr+0’(a)—ﬁ

1Y < dsr® In@2n + DIIE @Ol Nle" - ¢lic < H("; o (a)).

In order to estimate nn , we use the some method we used to estimate the second term of 77(,11) with the help of (18).

We obtain
n5l4) < dyyIn(2n + 1)

- nr+o(@-p

H("; o(a)).
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Hence with the condition I' € C(2, .v)(0 < v < 1), the inequality (13) takes the form

drsIn(2n + 1)

().
e H@o(@) <l -g)

pn =B, (@) 1By p(@") = Unflllp <

Further reasoning rare carried out analogously to that of the proof of theorem 1. Theorem 2 is proved.
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