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Abstract

In this paper, we define the Riesz transform on the dual of the Laguerre hypergroup associated with Plancherel
measure and we give some properties for this transform. Also we investigate L”-boundedness of this operator and
under this definition, the higher order Riesz transform is given. Moreover we establish that the Riesz transform
can be extended as a principal value singular integral operator and it is a multiplier operator under the Fourier
transform.

Keywords: Laguerre hypergroup, Fourier-Laguerre transform, Heat-diffusion, Poisson semigroups, Riesz trans-
form

1. Introduction

In his monograph Stein (E. M. Stein, 1970) suggested the study of analogues of the fundamental operators in the
classical harmonic analysis as well as in the theory of partial differential equations, such as Riesz transforms, con-
jugate Poisson integrals, multipliers, fractional integrals, maximal functions, square functions, ..., extensively in
the literature in many different aspects and in a context of discrete or continuous expansions with respect to eigen-
functions of self-adjoint and positive differential operators that can be considered in the context of the Laguerre
operator L.

The study of these objects in the context of orthogonal expansions was initiated by the fundamental work of Muck-
enhoupt and Stein (B. Muckenhoupt & E. M. Stein, 1965), which treated, among other things, one-dimensional
ultraspherical expansions. Then Muckenhoupt elaborated the necessary tools and investigated Riesz transforms
(or rather conjugate mappings) for Hermite and Laguerre expansions (B. Muckenhoupt, 1969; B. Muckenhoupt,
1970; B. Muckenhoupt, 1969). However, he worked in the one-dimensional setting and used methods which are
inapplicable in higher dimensions. In fact, passing with Riesz transforms to higher dimensions turned out not to
be as straightforward as one could expect.

The importance of analyzing semigroups of completely positive maps on von Neumann algebras has been impres-
sively demonstrated by the recent work of Popa, Peterson and Ozawa (M. Junge & T. Mei, 2010) and also occurs in
the work of Shlyahktenko/Connes (A. Connes & Dimitri Shlyakhtenko, 2005) on Betti numbers for von Neumann
algebras. A common thread in this analysis is to adapt some differential geometric concepts in the setting of von
Neumann algebras. It was discovered by P. A. Meyer that the general theory of semigroups provides an appropriate
framework to formulate Riesz transforms which relate the norm of different derivatives in the classical setting.

In this paper we investigate the Riesz transform associated with Laguerre operator on the dual of the Laguerre
hypergroup. To achieve our goal we use a procedure that will be described below and that was developed for the
first time by Torrea and others in J. J. Betancor, J. C. Farifia, L. Rodriguez-Mesa, A, Sanabria-Garcia and J. L.
Torrea (2008).

The organization of the paper is the following. Section 2 contains some basic facts and some representations
for the semigroups needed in the sequel about the Laguerre hypergroup. In Section 3 we define the heat-diffusion
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semigroup, the Poisson-Laguerre semigroup and the fractional power based on a Laguerre operator.

Finally, Section 4 is devoted to defining the Riesz potential, the higher order Riesz transform on the dual of the
Laguerre hypergroup and to proving the main result of this paper (theorem 1 and theorem 2) where we establish
that the higher order Riesz transform is a principal value singular integral operator and it is a multiplier operator
under the Fourier transform.

Throughout this paper, C will always represent a positive constant, not necessarily the same in each occurrence.
2. Preliminaries

In this section we set some notations and some basic results about the laguerre hypergroup. As basic references
of the Laguerre hypergroup, we refer the reader to (M. Assal & H. Ben Abdallah, 2005; M. M. Nessibi & K.
Trimeche, 1997).

Notations:
We denote by:
o K = [0, o] X R equipped with the weighted Lebesgue measure m, on K given by

X2+ gxdy
dmg(x,t) = — 22 g >0.
Mo = Tre T @

For every 1 < p < co,we denote by L”(K) = LP(K, dm, ) the spaces of complex-valued functions f, measurable on
K such that:
1 .
1 llzre) = € f |fCe 0P dme (x, )7 < o0, ifp € [1,00].
K

and

1) = ess sup [f(x, ).
(xeK

e D(K) the space of C™ functions and having compact support on K.
e K = R x N the dual space of K.

° LI’(K) =Lr (K, dy,) the spaces of complex-valued functions f, measurable on K such that:

11l = € fK FQAm)Pdya(A,m)F < 0,if1 < p < oo

and
WAl iy = ess sup |f(2,m)|
(Am)ek

where dy, (1, m) being the positive measure defined on K by:

f f(ﬂ, m)d’ya(/l, m) = Z Ll(g)(()) f f(/l, m)l/lla-'—ld/l,
K m=0 R

For (x, 1) €]0,00[XR and a € [0, o], we consider the following partial differential operator, named the Laguerre
operator:
P 2a+10 0
=t P (1)
0x? x  Ox or?
Remark 1 For a = n—1,n € N*, the operator L is the radial part of the sublaplacian on the Heisenberg group H".

For (1,m) € K and (x,7) € K, we put @i m(x, 1) = e"’l’l:ﬁ,(f)ﬂ/llxz), where Lf,(f ) is the Laguerre function defined on
[0, o] by Lﬁ,‘f)(x) = e_TXLE,;') (x)/ L,(,‘f)(O) and Lf,[f ) is the Laguerre polynomial of degree m and order a.

Proposition 1 For (1,m) € KR, the Sfunction ¢, , is the unique solution of the following problem (N. M. Lebedev,
1972; A, Erdélyi, W. Magnus, F. Aberthettinger, & G. Tricomi, 1993):

u(0,0) = 1,

Lu =-N(1,m)u,
ou(0,1) =0, Vr e R,
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Where
a+1

N, m) = 4|A|(m + )

We recall for (1,m) € K and for a suitable function f : K — C, the Fourier-Laguerre transform is defined in (M.
M. Nessibi & K. Trimeche, 1997; M. Assal & H. Ben Abdallah, 2005) by:

F(f)(&m):fo(x’l)‘ﬁ—/z,m(x,t)dma(x,t), (A,m) e K

It has been proved in M. M. Nessibi & K. Trimeche (1997) that the Fourier-Laguerre transform given above is a
topological isomorphism from S (K) to S (K) and its inverse is given by

G(f)(x.0) = fK JA,m)eam(x, dye(A,m),  (x,1) € K

where

e S(K) is the Schwartz space of functions ¥ : R> —s C even with respect to the first variable, C* on R? and
rapidly decreasing together with all their derivatives; i.e. for all k, p, ¢ € N, we have

— oPta
Nipg®) = sup {1+ X+ 2| o, D} < oo,

e S(K) the space of functions ¥ : R — C satisfying:

i) For all m, p, ¢, r, s € N the function

a+1

A — AP(A@m + >

r 0 s
NIAT(A; + ﬁ)‘ (4, m)
is bounded and continuous on R, C* on R* = R\0 and such that the left and the right derivatives at zero exist.
ii) For all k, p, ¢ € N, we have

d
Vipg(®) = sup {(1+ (1 +m*) AT (A + —=)TP (A, m)]} < .
(Lm)eR*xN oA

where

e A\WY(A,m) = ﬁ(mA+A_‘P(/l, m) + (a + DALY(A, m)).

e AP, m) = —%((a +m+ )AL Y (A, m) + mA_Y(A, m)).
e ALW(A,m)=Y(A,m+1)—Y(A,m).

Y(A,m)—YA,m—-1), if m=>1

.A_‘P(/l,m)={ ¥(,0) =1, if m=0.

We note that S (K) (resp. S (R)) equipped with the semi-norms Nk,p,q (resp. Vipq) is a Fréchet space (M. M.
Nessibi & K. Trimeche, 1997).

Proposition 2 For all (1,m) € R* X N and (x, 1) € K, we have

A1 @am(x,1) = =X @ m(x, 1),
(A +£) (x, 1) = it m(x, 1)
2 6/1 Pam(X, =1 (;D/l,m X, 1).
Proof. For all m > 1, we have in M. M. Nessibi & K. Trimeche (1997)
xLO(x) = @m +a + DLD(x) — m+ DL (x) = (m + )L™ | (),

d
xaLﬁ,‘f)(x) =mLP(x) - (m + CV)LS_)l(X)
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We deduce the results from these identities.

Using these operators given in a above proposition and as in Miloud Assal (2009), we define operator on K
L=R = (A + o2 2
! oA

it is easily to see that
Loam(x,1) = N(x, )pam(x, 1).

Where the topology on K is given by the norm N(x,7) = x* + 72, while we assign to K the topology generated by
the quasi-semi-norm N(A, m) = 4|A|(a + ’"“ “>=). In fact, the dual of the Laguerre hypergroup KK can be topologically
identified with the so-called Heisenberg fan i.e., the subset embedded in R? given by (Miloud Assal, 2009)

(i e R : = qai@m + a+ 1,42 0n|_Ji0,0 € R*: 1> 0},

meN

Moreover, the subset {(0, ) € R? : u > 0} has zero Plancherel measure, therefore it will usually be disregarded.

It is easily to see that for an appropriate function ® it follows that
Gl(1 + DH®](x, 1) = [1 + N(x, H]G(P)(x, 1)

We recall that (K, *,) is an hypergroup in the sense of Jewett (R. I. Jewett, 1975) where i denotes the involution
defined on K by i(x, ) = (x, —f). This hypergroup is the Laguerre hypergroup which can been seen as a deformation
of the hypergroup of radial functions on the Heisenberg group (M. Assal & H. Ben Abdallah, 2005).

For (x,7) € K and (1, m) € K , Let
Pom f(x, 1) = G(f)(x, ) m(x, D).

Definition 1 The generalized translation operators T(“)

tion f by:

on the Laguerre hypergroup are given for a suitable func-

L7 (@0, 5 9)a)d6, if a=0
LU P 1, (v Do )dO (1 = 2 dr, if @ >0
They satisfy the following properties (see M. Assal & V. S. Guliyev, 2006):

o TG0 /0.9 = [0, 9),

T f,s) = T2 f(x,0),

T( PGy ) = eam(x Deam(y, 8), for (1,m) € K
F(T() M)A, m) = F(O@m)gan(x,1), for (,m) € K,

1T Al < Wl for fe LP(K),

e The convolution product of 4 and g in the space L' (K) is defined by:

T f(,8) = {

(h+g)(x,1) = f T h(y, $)8(y, =5)dma(y, 8), for (x,1) € K.

Definition 2 The generalized translation operators T((j) , on K are given for a suitable function f by:

[T, A1) = Z QA+, HCF((A, m)(, )

JENmn

where

I mm) = f LT L £y s

and

N, = {0,1,....om+n}, if A+u+0 and Au>0,
e N, if 1+u+0 and Au<0
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Remark 2 ¥ (A, m),(u,n) € ]K, we have (see Miloud Assal, 2009):

2, Cl@mum) =1

JENmn

e The generalized convolution product on K is defined for a suitable pair of functions f and g by:
% g(A,m) = f T [ mg(=pt mdya(u,n),  ¥(4,m) e K

Proposition 3 The following properties hold (see Miloud Assal, 2009):
1) For all (A, m),(u, n) € K and for an appropriate function f on K, we have:
ng» f,m) = f(A4,m), ¥4, m) € K
(ii) T Fsm) = T( (4, m), V(4 m),(u,n) € K.
(iii )T( Lm)go(y,n)(x, 1) = @m (X, DPm(x, 1), Y(x, 1) € K.
2) Let f € LP(dy,), 1 < p < oo. Then for all (1,m) € K, the function T((;in) f belongs to LP(dy,) and we have:

(@)
T Ay < N1f1l-

3) For f € LP(dy,) and g € LP(dy,), 1 < p,q < oo the function f % g belongs to L' (dy,), % + 611 =1+ %, and we
have

LS s gll < 11 f1lpllgllg-

4) Let f ,g € Ll(dy(,), then we have
G(f %8 =G(NHG(»).

5) Let f € L' (dy,), then for all (x,1) € K and (1, m) € K, we have
G(T( D@D = a6, DG, D).

3. Semigroups
3.1 The Heat-diffusion Semigroup

The heat-diffusion semigroup {7},»¢, associated to (L), is defined by (A. Pazy, 1983; R. Radha & D. Venku Naidu,
2008)

T, f(A,m) = e L f(A,m)

= [ O o, 3.)
- fK £ N0 fK S D Gun 3 Y altts I a3, a3, )
= fK Sl fK N1, )@un(y, $dma(y, $)ldye (. n)
= [ S, Gumdyato
where
T, m), () = fK NI (3, 6, S (3, )
- fK NOIT D3 )y, 5)

is the heat kernel of the integral representation 7' f.

Proposition 4 This semigroup {T}}o is a strongly continuous semigroup on LP(K) with infinitesimal generator L.
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Proof. Let f € LP(KK), then
lim [[T()f = T fllppey = Um IT(S) = TOMfllppiey < Hm T () = T Ol iy 1 ey = O-
By the definition of the heat-diffusion semigroup {7;};»0, we establish the following property.
Corollary 1 For (y, s) € K and (1,m) € K, we have
Toam(y. 8) = € N0, (3, 9),

Proof. we have
Tipam(, ) = f f N s XD 2t )L 1t VYY1, )
K JK
= f Gunu, v)( f e~ o3 (U V@Y, $)dYa (A, m))dme(u, v)
K K

= f unu, VF (e o (u,v)(y, s)dmq(u,v)
K
= F(F ' (e @..(y. )=t 1)
— e—tcu.q‘pﬂﬂ(y’ S).
3.2 The Fractional Power

For ¢ > 0, the negative power £ of £ with respect to the measure dy, is defined, as in (K. Stempak & Jose Luis
Torrea, 2003), by
Pam [y, 5)

K N(y’ S)6
It is not hard to prove that £~ can be expressed, for f € L2(K, dy,), by means of the following integral

L7Of(A,m) = Camy, $)dma (v, s),  f € LXK, dy,)

Lf(A,m) = % fo " 27T (A, mydt,

L7 is also called 6-th fractional integral associated with £. This kind of fractional integrals has been investigated
by several authors (G. Gasper, K. Stempak, & W. Trebels, 1995; P. Graczyk, J. L. Loeb, I. A. Lopez, A. Nowak, &
W. Urbina, 2005; Y. Kanjin & E. Sato, 1995; K. Stempak,1994).

Corollary 2 If f(y, s) = @am(y, §), we have
1
—5 _
L@am(y, s) = m%mb’, s),

Proof. the proof is trivially by using I['(§) = fom #°~le~'dt and the change of variable u = t/N(y, s).
3.3 The Poisson-Laguerre Semigroup
The Poisson-Laguerre semigroup {P;};>0, associated to (L), is given by

P, m) = e " F(,m)
= f e_t N(Y’S)[P(/Lm)f](y’ S)dma(y’ S)'
K

Now,by using the Bochner subordination formula

eiﬁz—ﬁ f 5325 B s g
Var Jo

. . 2 .
we obtain, after the change of variable w = %,

e

1 00 —W
P f(A,m) = N fo WTﬁ f, mydw.

4w
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Proposition 5 This semigroup {P;};>0 is also a strongly continuous semigroup on LP(K),with infinitesimal gener-
ator L',
Proof. we use the fact that 7' is strongly continuous.

T

By the definition of the Poisson-Laguerre semigroup {P;},>( ,we establish also the following property

Corollary 3 For (u,n) € K, we have
Ptéowz(y, 5) = e_tm<pll,'l(y’ s),

Proof. We replace N(y, s) by 4/N(y, s) in the proof of corollary 1, then the result is immediate.
4. Higher Order Riesz Transform
4.1 The Riesz Potential

For ¢ > 0, the Riesz potential of order 9, I, with respect to the measure dv, is defined, as in the classical case (Iris
A. Lopez & Wilfredo O. Urbina, 2004), by

Is = (-0~

Proposition 6 The Riesz potential can be also writed as
o = = [P g m
> r(é) 0 t ’ >
Proof. By using (—£)~°, we have

Isf(A,m) = ﬁ fo N O (A, mdt,

After to replace P;f(A, m) with his expression, the change of variable ¥’ = £ and the property of the function

u
Gamma, we obtain:

IR (7 L .
r6/2) fo 7T f (4, myde e ), P.f(A,m)dt = 0,

Corollary 4 If f(v, s) = @1m(y, 5), we have

LIsoam(y, s) = ©am(y, s),

1
N(y, s)°?

Proof. the proof is trivially by using I'(6) = fooo *~'e7'dt and the change of variable u = t/N(y, s).
4.2 The Riesz Transform

For A € R*, the operator given by (2) can be written in the form:

0 0 0 0
L={[A - (A2 + 5)][1\1 + (A + 5)] +A+ (A + a)][Al - (A + ﬁ)]}

| = N =

{AN" + A"A}

where A = Ay — (A + %) and A" = A + (A + %) are formal adjoint operators in Lz(K, dvya).

Then the factorization of L suggests to define (formally), as in (K. Stempak & J. L. Torrea, 2003) the Riesz
transform R, associated with £ by

R:=AL?

0 1
=[A (A + 6_/1)]£
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Using the definition of the negative power of £ and for a smooth function f,we obtain
1 .
RfGum) = A= [Ty
I'3) Jo

=— | AT, m)dt
&0 fo F(d,m)

1 <4
= _1 f ITA[‘[ f(/’l? n)Tt((/lv m)» (119 ”))dya(ﬂ, n)]dt
rh Jo ]K
1 <
= —1f 1z [f J @, AT (A, m), (u, n)dyo(p, n))dt
I'3) Jo K
1 L
= [ [ AT Gy
& T'(3) Jo
= ‘[KR((/L m)’ (l'h n))f(l’l’ n)dy(l/(ll9 n)
where
1 <
R, (o) = = [ AT, G
I'(3) Jo

: fw : f e .
= t2{ | e VAT um s $)ldmg(y, s))dt
F(%) 0 K (=A,m) ¥ (ko)

is the kernel of the integral representation Rf.
Corollary 5 For (y,s) e K, A,m) € K we have

y? +is

—W%,m(y, s)

R‘P/l,m(ya 5) =

Proof. Using the proposition 2 and the definition of the Riesz potential £/,

Now, we shall prove that the Riesz transform R associated with the Laguerre operator on the dual of the Laguerre
hypergroup is a principal value singular integral operator.

Theorem 1 For (1,m) € K, the Riesz transform R can be defining it by

Rf(Lm) = lim f {f (_y2 +is)T(((j21,m)¢(ﬂ,n)(y’ S)f(/,[ \ya G 1) (3, 5)
’ e K.N(y,s)>e JK N()’a 5)1/2 Vel e

Proof. We have

1 <
Rf(,m) = — f f f 12 e NOONT @m0 I, )y, n)dtdma(y, s)
I'z) Jx Jk Jo ‘

Using a change of variable ¢ = —tN(y, s) , the function F(%) and Ag_n (v, 5) = (=* +is)gam(y, 5) , we obtain that

Rf(Lm) = 1 f {f O TEm 0 Lty 5.5
,m) = 11m ,n o\, N mgly, S).
0" JR N.s)>e JE N(y, 5)!/2 7

We want to show that Rf is a multiplier operator under the inverse Fourier transform. A linear operator Rf is a
multiplier operator if G(Rf)(y, s) = m(y, s)G(f)(y, s) in the sense that

Rf(A,m) = fK m(x, DG (f)(X, p-am(x, 1))dmq(x, 1)
= F[m(., )G(NHI(A, m).
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Theorem 2 For (y, s) € K, we have
GRN(, s) = m(y, )G(/)(Y, 5)

and for f € LP(K), 1 < p < oo, we have
”Rf”U(K) < C“f”yz(]f()

Proof.

RFCLm) = 1 (= + DT, Cum (5 8) . y
f(4,m) = lim fmg M{f Ny, 5)1 2 S, mydya(p, m)ydmg(y, )

i (F+is) ) f s Y Yo, )
GLI(I} KNGs)>e N(y, S)I/Z 90(*/1,m)(y’ s & 90(/1,11)())’ s f(l’l’ n ')’w(IJ’ n m(l(y7 S
= fK m(y, $)@am (¥, $)G(f)dma(y, s)
= Flm(., )G(NH](A, m)
where
—y? +is
N(y, 3)1/2'

Then the result follows by applying the inverse Fourier transform G.

m(y, s) =

For the L”-boundedness properties of the Riesz transform, we have:

IRfll oy = IFIm(, DGO, )l 1y iy
< limC., YG(HIA, m)l| )
< NIGUHA, m)llLrx)
< Cllf iy

4.3 The Higher Order Riesz Transform
For every k € N, the higher order Riesz transform R®), associated with £ is defined by

R = Akt
S IAL - (Ar+ Dyt
1 2t
Again it is easily to see that

k 2 +in)f

RO m(y. s) = (=1) NG 5 £ 5)

Proposition 7 For k € N and (1,m) € K, we have

. (=7 + i) T @l (s 9)]
ROfAm=tim [ o Fp )y, g (3, )

and for f € LP(K), 1 < p < co, we have
IR® fll oy < Cll Al

Proof. We can deduce from theorem 1 that:
RPf(A,m)=RoRo..oRf(A,m)

{f (= + lS)T(a) N )
K,N(y,s)>€

=RoRo ...R[gi% NGyo5)12 S, n)dyo(u, n)}dmg(y, s)]
, (= + i T Pum (s 9)]
- fli’%l* fKN(y > {f: N(y, s)}/2 Tt Wiyt Widma 0, )
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From theorem 2, we have

IR® fllp gy = IFTmC, Y GUONA m)ll g,
< limC, Y G M)l
< NG, m)llzrxy
< Cllfll,
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