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Abstract

This article introduced the immobility edge-method for the calculation and analysis of color function. Meanwhile it give
out an example to calculate the color function of a graph with 4-cycle and explained the reducibility for the configuration
of it, which is a different method compare with others.
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1. Introduction

The prove of the four color theorem usually introduces a plane triangulations graph T, any plane graph which has the
vertexes less than T graph is a 4-chromatic graph, while graph T is not.Meanwhile give out a group graphs of unavoidable
complete set as shown in figure 1 below.

< Figure 1 >

1.1 Discompose methods of similarity and difference

As shown in figure 2 below, for the 4-cycle which one edge is moved, the colors of the two corresponding vertices
(indicated by air core circle) have two possible cases: similarity and difference for their colors. If the colors of the two
vertices are difference, it is equal to a 4-cycle; if the color of the two vertexes is the same, it is equal to a 3-cycle. So these
two cases which are added together equals to the former one on the left in figure 2 (a) , move the picture will have another
equation in figure 2 (b). In this article this method is regarded as the ”discompose methods of similarity and difference”.

< Figure 2 >

From the figure 2(b) above, we know that this method is true for any kinds of plain graph. And the discompose result P
on right side of the equality sign in figure 2(b) is the one with the color number bigger than or equal to zero. For the color
number of P1 is always bigger than or equal to that of P2. Let us suppose that P(G+e) stands for the graph G with one
edge more and also its color function and color number, and P(G) stands for the graph G with one edge moved. P(G-v)
stand for the graph with one edge moved and the edge of its two corresponding vertices merged. Then we have the color
function below:

P(G + e) = P(G) − P(G − ν) ≥ 0 (1.1)

Hence we know these equations below will never happen:

P(G + e) = P(G) − P(G − ν) < 0, P(G) < P(G − ν), P(G) < P(G + e)

These equations above do not exist for plain graph and even a non-plain one. According to the physical concept this
phenomenon is not true. So it is regarded as ”color number reverse”.

1.2 The color functions of graph with tree structure alike

As shown in figure 3 (a) below, it is a plain figure with a structure of a tree. In figure 3 (b), it has only one 3-cycle, except
this, it is a structure of a tree. The color functions for them are written below:

Pa = 36 × 3m−3, Pb = 24 × 3m−3

Here m stands for the number of the vertexes. We regard these structures in the figure 3 as the tree like structure.

< Figure 3 >
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2. Discompose Methods of Immovable Vertices

2.1 Discompose example of 4-cycle and 5-cycle

Just make a rule that two edges (thick line in figure 4) do not take part in the discompose action. These two edges are
considered as immovable edges. Other vertices linked with edges will be discomposed continuously until it forms two
kinds of graphs with tree like structure as shown in figure 3. Below in figure 4(a) and (b) are examples graph of 4-cycle and
5-cycle for the discompose action. One kind of graphs is the structure of some trees, then adding all the color functions of
these trees to get one with a coefficient to stand for and 36 to stand for the color number of the three vertexes related with
two immovable edges; the other kind of graphs is the structure with only one 3-cycle formed by two immovable edges
and the tree like structure, also the color functions of these structures are all added to get one with coefficient b and 24 for
the color number of the 3-cycle as shown in figure 4 (a) and (b) below.

< Figure 4 >

From figure 4(a), we get the color function below:

P4 = [36a]A + [(−1)n24b]B = 36a − 24b (2.1)

(here a=3,b=1 and n=3).

From figure 4(b), we get the color function below:

P5 = [36a]A + [(−1)n24b]B = 36a + 24b (2.2)

(here a=6,b=1 and n=2).

Here we divide the function into two parts. One with the number 36 is regarded as part A; and the other with the number
24 is regarded as part B.

As shown in figure 5, just add one edge on the left and right sides of the two immovable edges in figure 4(a). In this case
one kind of graphs belong to the part A has one edge to be added to form a 3-cycle; the other kind of graphs for part B
has no changes, because the overlap edge is added. So we get the function below:

P+e = 24a − 24b (2.3)

(here a=3,b=1)

< Figure 5 >

2.2 Example of discompose for 4-cycle structure with the method of immovable edges

Figure 6 shows the graph T with one vertex which is removed. This removed vertex is located inside a 4-cycle (In order
to be convenient the vertices and edges outside are not shown).

< Figure 6 >

Using the same method introduced above, we get the color function which is shown below:

P(T − ν) = P = [36a]A + [(−1)n24b]B > 0 (2.4)

(here a, b and n are whole numbers)

Here the vertexes of P are less than graph T, so the color number for graph T is bigger than zero. Then we add one edge
inside the 4-cycle, as shown in figure 7 below.

< Figure 7 >

We get the color function which is shown below:

P+e = [24a]A + [(−1)n24b]B > 0 (2.5)

Here P+e is also bigger than zero. When n is odd number, we get a > b.

Change the place of immovable edges as shown in figure 8 below:

< Figure 8 >
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We get the color function which is shown below:

P = [36k1a]A + [(−1)n24k2b]B > 0 (2.6)

Then we add one edge inside the 4-cycle, as shown in figure 9 below.

< Figure 9 >

We get the color function which is shown below:

P+e = [24k1a]A + [(−1)n24k2b]B > 0 (2.7)

Equation (2.6)-(2.7), we get:
P−ν = P − P+e

= [36k1a]A + [(−1)n24k2b]B − [24k1a]A − [(−1)n24k2b]B = 12k1a > 0 (2.8)

The result can be shown by the graphs below in figure 10.

< Figure 10 >

We add one vertex and two edges inside the 4-cycle, as shown in figure 11 below.

< Figure 11 >

In this case, the vertex inside the 4-cycle has two kinds of colors to be colored, so the color function is as below:

P+ν+2e = [72a]A + [(−1)n48b]B (2.9)

Then we add one edge more inside the 4-cycle, as shown in figure 12 below.

< Figure 12 >

Here we get
P1 = [72a]A + [(−1)n48b]B (2.10)

P2 = [24a + (−1)n24b]B (2.11)

Hence we get

P+ν+3e = P1 − P2 = [72a]A + [(−1)n48b]B − [24a + (−1)n24b]B

= [72a]A + [(−1)n24b − 24a]B (2.12)

Still then we add one edge more inside the 4-cycle, as shown in figure 13 below.

< Figure 13 >

Here we get
P1 = [72a]A + [(−1)n24b − 24a]B (2.13)

P2 = [36a]A + [(−1)n24b]B (2.14)

P3 = 12k1a (2.15)

P+ν+4e = P1 − P2 + P3

= [72a]A + [(−1)n24b − 24a]B − [36a]A − [(−1)n24b]B + 12k1a

= [36a]A − [24a]B + 12k1a = 12a + 12k1a > 0 (2.16)

3. Conclusion

The configuration of 4-cycle in T graph is reducible or it does not exist in the T graph. This is an another method compare
with the one which has already carried out by others.
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Figure 1. Unavoidable complete set
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Figure 2. Discompose methods of similarity and difference
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Figure 3. Graphs with the structure of tree alike
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Figure 4. Discompose examples of 4-cycle and 5-cycle
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Figure 5. Adding one edge on the left and right sides of the two immovable edges
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Figure 6. Discompose of T-v graph
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Figure 7. Discompose of T-v graph
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Figure 8. Discompose of T-v graph

Figure 9. Discompose of T-v graph

the outside vertexes and edges are not shown

P P +e

=

Figure 10. Result graphs to be shown
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Figure 11. Adding one vertex and two edges inside the 4-cycle
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Figure 12. Adding one vertex and three edges inside the 4-cycle
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Figure 13. Adding one vertex and four edges inside the 4-cycle
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