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Abstract

In this paper we will prove that all k—Fibonacci sequence contains generalized Fibonacci sequences and we will indicate
the form of obtain them.
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1. Introduction

k—Fibonacci numbers are defined (Falcon, S., 2007 (32) and (38) & 2009) by the recurrence equation Fy .1 = k Fi, +
Fy»—1 with the initial conditions Fyo = 0 and Fy; = 1.

The k—Fibonacci sequences, for k = 1,2, ..., 100 are listed in The Online Encyclopedia of Integer Sequences (Sloane, N.
J. A., 2006), from now on OEIS.

k+ Vk2 +4
Characteristic equation of the initial recurrence relation is 7> — kr — 1 = 0 and its solutions are o} = — and
k— V2 +4
= — As particular cases (Spinadel, V. W., 2002),
1+ V5
1.Ifk=1,0, = Vs is called the Golden Ratio, ®

2.Ifk=2,00=1+ V2 is called the Silver Ratio

3+ V13
3.Ifk=3,0¢ = T\/_ is called the Bronze Ratio
Characteristic solutions verify these properties: o103 = 1, o1 + 03 =k, o1 — 02 = VK2 + 4, ot =ko+1.
o — o
Among other properties, we have proved Binet’s Identity (Falcon, S., 2007 (38)): Fy, = 1 2 and the formula of
o

1 =02
Honsberger (Honsberger, R. A., 1985) or Convolution formula (Falcon, S., 2007 (32) and (38) & 2009) for the k—Fibonacci
numbers: Frpir = FirFimit + Frr1Fim.

Finally, by summing up two alternate terms of the k—Fibonacci sequence, we obtain the corresponding k—Lucas sequence:
{Lin) = {Fino1 + Fin) (Falcon, S., 2011).

k—Lucas numbers are defined (Falcon, S. 2011) by the recurrence equation Ly ,+; = kL, + Ly ,—; with the initial conditions
Lk,() = 2, ka1 = k

2. On the k, [-Fibonacci Sequences Contained in the k—Fibonacci Sequences

A generalized Fibonacci sequence (k,/—Fibonacci sequence) is a recurrent sequence F(k,l) = {F,(k,[)} such that
F..(k, ) = kF,(k,]) + [F,_1(k,]), with the initial conditions Fy(k,/) = 0 and F(k,l) = 1. If [ = 1, then we obtain
the k—Fibonacci sequence.
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In (Falcon, S., 2009) we have proved that for any r,n € N the k—Fibonacci number Fy ,, is multiple of Fy,. Then, for a

F Srn F r . . . . . . .
fixed value of r, we can find out the sequence Fk ={0,1, Fk’2 ,...}. With object to simplify the writing, we will put
k.n k,r
Gua(r) = 2 (1)
n\F) =
k- Fk,r
and the sequence generated is G¢(r) = {Gy (1)}
F 33
For instance: for k = 3 and r = 2, itis F35 = 11, F34 = 33,F3¢ = 360, etc. Then, G32(2) = F34 = 3 = 11,
32
F3, Fs6 360 .
G33(2) = F = = = 120, etc. and we obtain the sequence {0, 1, 11, 120, 1309, 14279, ...}. But this sequence is a
’2)

(11,-1) generahzed Fibonacci sequence wich terms verify the recurrence relation G3 ,11(2) = 11G3,(2) — G3,-1(2).

In Corollary 1, we will prove that if r is an odd number, we obtain a new k—Fibonacci sequence, so and as they have been
studied in (Falcon, S., 2007 (32), (38)). For instance, if » = 3 and k = 4, the G4(3) sequence is {0, 1,76,5777,439128, .. .}
listed in OEIS as A049669. The elements of this sequence verify the recurrence relation G ,41(3) = 76G4,(3) + G4 ,-1(3)
so this is the 76-Fibonacci sequence Frg.

Lemma 2.1 The elements of the sequence {Gy,(r)} = {ﬁ;"” } verify the recurrence relation Gy 41(r) = Fi,—1Gn(r) +
Fk,m+l-
Fy,
Proof: From Honsberger’s identity, if m = rn, then Fy . = Fi,Frpmst + Fro—1Frm. S0, Grus1(r) = % =
k,r

Fk,rn

k,r

Fimi1 + Frr = Fr 1 + Fir1Gpu(r)

With the help of this Lemma, we will prove the main theorem of this paper.

Theorem 2.2 The elements of the sequence G(r) verify the recurrence relation

Ginr1(r) = G2 (NGrp(r) = (=1) Gy p-1(r) (2)
for n > 1, with the initial conditions Gy o(r) = 0 and Gy (r) = 1.
Proof: Initial conditions are obvious.

By applying the Binet’s identity to the Right Hand Side (RHS) of Equation (2), and taking into account o0 = —1 —

[ R, R
o = "0 it 1s
Fk2r Fkrn Fkrn 1
Fk,r Fkr Fkr
2r 2r rno_ FR—r _ - n—r
_ 1 (0'1 -0y I oy 1y o o )
Frr 0'1 — 0'2 o1 — 0> o1 — 0
_ 1 1 1 rn+2r+ rn+2r rn _2r _ _2r __rn
= g Oy  —0,0; —010,

Fryo]—oyo1—02
—(=1) (o + o = (1Y ooy = (-1 oty
1 1 1 rn+2r 2 r
— ( l)ro_rn + O_rn+ r (_]))OJ‘}'I
Fk,,O'l—O'za"i—O'z[ ! 2 2]
1 1 1

—_ rn+r( r rn+r r
= oy —oy) -0y (o) -0 )]
Fkr0'1—0'20'r—0'2[ 1 2 1 2
1 O_qn+r 0_12n+r Fk,r(n+l)
= = = Gpu1 ()
Fr, o1—-02 Fir
because (—1)'o" = (o102) 0" = o-{"””a'g
Corollary If r is an odd number, the sequence Fi(r) is a k—Fibonacci sequence.
On the other hand, as a consequence of the Honsberger’s formula, it is Fyo, = Fy(Fkr-1 + Fir+1) = FirLi, and

Fior

the constant of these k—Fibonacci sequences takes the form Gy, (r) = = Fy,-1 + Fir+1, being r an odd number: all

na
subsequence obtained from the k—Fibonacci sequence when r is odd is a bisection of the corresponding k—Lucas sequence.
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This circumstance does more easy to find the k—Fibonacci sequences that we can obtain of this form. For instance, for
k = 2 (Pell sequence) and r = 5, itis Fp4 = 12 and F, 6 = 70 so we get the 82—Fibonacci sequence.

2.3 Table of the Generalized Fibonacci Sequences Extracted from the k—Fibonacci Sequence
2.3.1 First case
Let us suppose r = 3,5,7,9,.... The second term of the generalized Fibonacci sequence obtained (n = 2), determines the

order of the k—Fibonacci sequence according to the following relation proved in (Falcon, S. 2011):

Fia0p+1)

Go(2p+1) = = Lyop+1

Frops

Finally, fork = 1,2,3,4,5.. ., we find the generalized Fibonacci sequences Gy ,(r) contained in the k—Fibonacci sequence
F. In the Table 1, the first generalized Fibonacci sequences obtained of this form are related, where the inner number
indicates the obtained k—Fibonacci sequence:

<Table 1>
It is interesting to indicate that all the row sequences of this table are bisections of the corresponding k—Lucas sequence.

For instance, the sequence of the firs row, {1,4, 11,29, 76, ...} is the bisection of the classical Lucas sequence, L,,., while
the sequence of the second row {2, 14, 82,478, ...} is the bisection PL,,.; of the Pell-Lucas sequence.

2.3.2 Lemma
Forn>2: Lyop1 = (K +2)Liop-1 — Li2p-3

Proof: From the definition of the k-Lucas numbers:

Liops1t = kLiop + Liop1 = (K + DLiop-1 + kLiops

Lisg1 — L
(K2 + 1)Ly + k22l 23 - k203

= (K +2)Liop1 — Liap-s

Then, the row sequences of this last table verify the recurrence relation

Gins1 = (k2+2)Gk,n_Gk,n—l = Ly Gy n—Gy -1 for n > 1 with the initial conditions Gy | = k = Ly and Gy, = B+3k = Lis
fork e N.

With respect to the classical Fibonacci sequence, in OEIS it is indicated that Fy = { E (;")}, Fi = {F (55")}, Fy = {@},

Fq6 = {F gi”’ }, etc. where the denominators are the terms of the bisection classical Fibonacci sequence {F7,+1}.

2.3.3 Second case

Let us suppose r = 2,4,6,8,10,.... The second term of the generalized Fibonacci subsequence obtained (n = 2),
determines the order of the k-Fibonacci sequence according to the preceding formula Gy = Frmr+1 + Fromr—1 = Limr
and taking into account Fy_; = Fy; = 1:

Then, for k = 1,2,3,4,5..., we find the generalized Fibonacci subsequences Gy ,(r) contained in the k—Fibonacci se-
quence Fy,. The following table shows the first of these sequences:

<Table 2>
All the row sequences are listed in OEIS and are the even bisection of the k—Lucas sequence, Ly 2.

These row sequences verify the recurrence relation Gy 1 = k* + 2)Gin — Gip-1 = L 2Gryy — Gy -1 for n > 1 with the
initial conditions Gy =2 = Lo and Gy = K +2= Ly, withk e N.

3. Conclusion

Here we have proved that any k—Fibonacci sequence contains infinite generalized Fibonacci sequences and we have
indicated a form to obtain them.
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Table 1. Generalized Fibonacci sequences for r odd

(ke [1] 3] 5] 7 9
L[ 1] 4] 11 29 76
2 |2 14| %2 478 2786
3 [ 3] 36| 393 | 4287 | 46764
4 |4 76| 1364 | 24476 | 439204
5 |5 [ 140 [ 3775 | 101785 | 2744420

Table 2. Generalized Fibonacci subsequences for r even

[kwef[0] 2] 4] 6] 8 |
1[2] 3] 7] I8 a7
2 2] 6] 34| 198 1iw
3 211119 1298 | 14159
4 218|322 2778 | 103682
5 |2 27 | 727 | 19602 | 528527
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