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Abstract

In this paper we define the concepts of co-medial algebra and regular algebra and we will show that for a regular co-medial
algebra (A, f, g), there exist a commutative semigroup (A, +), such that the operations f, g have the linear representation
on (A,+). As a consequence of above result, we have the linear representation of an n—ary medial groupoid with an
regular element, which was obtained by (Evans, T., 1963, p. 331-349).
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1. Introduction

The medial property was studied initially by (Kolmogorov, A., 1930; Nagumo, M., 1930; Bruck, R. H., 1944; Aczél, J.,
1947; Hosszu, M., 1953). An algebra A = (A, F), (without nollary operations) is called medial (entropic, abelian) if it
satisfies the identity of mediality:

U (xtts s X))y ooy [ Xty s Xam)) = f(@(X11, s X1, -, 8K+ s Xam)), 6]

for every n-ary f € F and m-ary g € F (Kurosh, A. G., 1947). The n-ary operation, f, is called idempotent if f(x,...,x) =
x, for every x € A. The algebra A = (A, F) is called idempotent, if every operation f € F is idempotent. An idempotent
medial algebra is a mode (Romanowska, A. & Smith, J. D. H., 2002). In other words, the algebra, A, is medial if it
satisfies the hyperidentity of mediality (Movsisyan, Yu. M., 1986; Movsisyan, Yu. M., 1990; Movsisyan, Yu. M., 1998).
Note that a groupoid is medial iff it satisfies the identity of mediality (JeZek, J., Kepka, T., 1983): xy.uv =~ xu.yv.

Let g and f be m-ary and n-ary operations on the set, A. We say that the pair of operations, (f, g), is medial (entropic),
if the identity (1) holds in the algebra A = (A, f, g). Characterization of medial pair of binary quasigroup operations,
obtained in (Movsisyan, Yu. M., 1999) (Also see Movsisyan, Yu. M. & Nazari, E., 2011).

The n-ary groupoid (4, f), is medial if it is satisfies the following identity:

f(f(xlla--"xnl)a'-"f(xlm---axnn)) :f(f(xll’--~ax1n)s--"f(-xnl’---sxnn))-

Let A = (A, F) be an algebra and f € F. We say that the element e, is the unit element for the operation f, if:

f(x,e,...,e) = f(e,x,e,...,e) =---= f(e,...,e,x) = x,

for every x € A. The element e is an unit element for the algebra (A, F), if it is an unit for every operation f € F.

The element e, is an idempotent element for the operation f € F, if: f(e,...,e) = e. An element e is idempotent element
for the algebra (A, F), if it is an idempotent element for every operation f € F.

Definition 1.1 Let g and f are n-ary operations on the set A. We say that the pair of n-ary operations (f, g), is co-medial
pair operation if the following identity holds in the algebra A = (A, f, g):

g(f(xllw . ~»xn1)s- . ~»f(x1n7-' . 5xnn)) = g(f(xll’- .. sxln),- . sf(xnl’“ ~7-xnn))'

The algebra A = (A, F) is called co-medial algebra if, every pair of operations f, g € F with the same arity is a co-medial
pair operation. If f = g then, the co-medial pair operation (f, f) is a medial pair operation.

There exist various algebraic characterizations of different classes of n-ary operations (see for example Dudek, W. A. &
Trokhimenko, V. S., 2010). In this article we investigate a generalizatin of algebras with a medial operation, which we
called a co-medial algebras.
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Definition 1.2 Let (f, g) be a pair of n-ary operations of the algebra, (A, F). For any element, e, of A, let ay,..., @, and
Bi, .. .,B, be mappings of A into A defined by

ai:x— fle,...,e,x,e,...,e), 2)
Bi:x—gle,...,e,x,e,...,e),
with x at the i—th place. We call «; the i—th translation by e with respect to f. An element e is called i—regular element
with respect to f if @; is a bijection. The similar definitions go with g. An element e, is called i—regular for the pair

operation (f, g) if, it is i—regular element with respect to the both operations f and g. The element e is called i—regular
for the algebra (A, F), if it is i—regular for every pair operations f, g € F.

2. Preliminary Results

Definition 2.1 Let f be an n-ary operation and J be a non-empty subset of {1,2,...,n}, we will say that the element e
is J-regular with respect to the operation f, if e is a j-regular element with respect to f, for all j € J. The element e is
J-regular element for the algebra (A, F), if e is a J-regular element with respect to every f € F.

Definition 2.2 Let f, g € F be n-ary operations (2 < n), 0 # J C {1,2,...,n}and ay,...,a;-1, a1, - . .,a, are J-regular
elements of the algebra (A, f, g) (where J contains at leas two elements). The pair operation (f, g) is (i, J)-regular pair
operation (where i € J), if for every x € A we have the following equality:

f(ala~ e i1, X, Ajg s - "an) = g(alv Y A B 2 /% P ',an) (3)

The pair operation (f, g) is a J-regular if (f, g) is (i, J)-regular for every i € J. The pair operation (f, g) is regular if (f, g)
is a J-regular pair operation for some @ # J C {1,2,...,n} (where J contains at leas two elements). An algebra (A, F) is
called regular if every pair operation of (A, F) be a regular pair operation. The equality (3) is a co-identity in the sence of
(Movsisyan, Yu. M., 1986).

Lemma 2.3 Let (A, f, g) be a regular co-medial algebra with an idempotent i—regular element, then f = g.

Proof: Let (A, f, g) be a regular co-medial algebra with an idempotent i—regular element e, then for every x;,...,x, € A
we have:

Big(x1, ..., xn)

=gle,...,e,g(x1,...,xp),€,...,€)
=g(gle,....€),....8(x1,....%y),...,8(e,...,e))
=g(gle,...,e,xy,e,...,e),...,8(,...,e,xi,e,...,e),...,8(e, ...,e,X,,e,...,e))
= gBix1, ..., Bixn).

So, B 'g(x1,. ... x,) = gB; ' x1,...,B; ' xy). Also, since (4, f, g) is a regular algebra with the i—regular element e, a; = B;.
Therefor, ozi’l = ,81.’1 and we have:

g(x1,...,xy)
=f(e,...,e,a/i’lg(xl,...,x,,),e,...,e)
=f(e,...,e,ﬁl-_lg(xl,...,x,,),e,...,e)
:f(g(e,...,e),...,g(ﬁi_lxl,...,ﬁi_lxn),...,g(e,...,e))
=f(g(e,...,e,,Bi_lxl,e,...,e),...,g(e,...,e,ﬁi_lxn,e,...,e))
= f(xX1,.. 5 Xp).

Hence, f = g.

The following characterization of a medial n-ary groupoid with an idempotent J—regular element, obtained by (Evans, T.,
1963).

Theorem 2.4 Let (A, f) be an n—ary medial groupoid with a J—regular idempotent element e (where J C {1,2,...,n}
contains at leas two elements), then there exists a commutative semigroup (A, +) with the unit element e, such that the
operation f has the following linear representation

oo ) = @axy + -0+ @,
where ay, ..., a,, are pairwise commuting endomorphisms of (A,+), n > 2. If i, j € J, then a;, a; are automorphisms of

(A, +).
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Proof: See, Evans, T., 1963.

Corollary 2.5 Let (A, f, g) be a regular co-medial n—ary algebra with an idempotent J—regular element e (where J C

{1,2,...,n} contains at leas two elements), then there exists a commutative semigroup (A, +) with the unit element e, such
that

8(x1,. X)) = f(X1, .., X)) = @iy + -+ Ay,
where ay, . ..,ay, are pairwise commuting endomorphisms of (A,+), n > 2. Ifi, j € J, then a;, «j are automorphisms of
(A, +).

Proof: By Lemma 2.3, f = g. Therefor, the algebra (A, f, g) is an n—ary medial groupoid, so we can use the Theorem 2.4.

We have described in the Corollary 2.5 structure of the regular co-medial algebra (A, f, g) containing an idempotent
J—regular element. The purpose of this section is to obtain sufficient properties of finite co-medial algebras to enable us
to weaken considerably, in this finite case, the assumptions we need for characterizing regular co-medial algebras which
do not contain an idempotent element.

We use continually the following lemma, the proof of which we omit.
Lemma 2.6 Let (A, F) be a finite algebra and ay, . . . ,a;-1,ait1, - . . ,Q, are elements of Aand f € F, if for all x,y € A,
flai,...,aqi-1,%, Q415 ..,a,) = f(@1,...,8i-1,Y, Qix1s- - > An)s
implies that x =y, then for any b € A there is a unique element x € A such that
flai,...,ai-1,%,0ai41,...,a,) = b.

Lemma 2.7 Let (A, f, g) be a finite co-medial algebra with an J—regular element e. If f(ay,...,a,) = eand g(cy,...,c,) =
e then, for each i, a;, is a J—regular element with respect to the operation f and c; is a J—regular element with respect to
the operation g.

Proof: Let x,y € A and i € J, such that
f(ais"',aisx,ais""ci) = f(ais'"’ai’ysai,"'sai)s

then, we have:

i—th

g(f(ai,...,esc..a1)s . f@iseooy X, os@)yeos flAnye.ove,. . ay) =
i—th
i—th

g(f(al”"9e""’al)7"'7f(ai7"'7 y ""»ai)7"',f(an7"'5e7""aﬂ))'
~——
i—th

So, by co-mediality we have:

g(f(ar,....an), ..., fle,..., x ,...,e),....f(a,...,ay)) =

g(flar,...,an).... fley..., Yy ,..,0),...,f(al,...,ay)),
—~—

i—th

gle,.... fley...,x,...,€),...,e)=gle,..., fle,....,y,...,€),...,e).

Thus, by applying regularity of the element e, we have: x = y.

Similarly, if
8(Ciyev iy Ciy X, Ciy ooy C)) = 8(Ciy v v sCiy ¥y Ciy e ooy Ci)s

then, x = y. By Lemma 2.6, this concludes the proof.

Lemma 2.8 Let (A, f, g) be a finite co-medial algebra. If e is an i-regular element in (A, f, g), then so are f(e,...,e) and
gle,...,e).
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Proof: Let x,y € A, such that
g(fle,...,e)s....x,..., f(e,...,e) =g(fle,...,e),....¥,..., f(e,...,e)),

and #; be the element of A satisfying
fle,....t1,...,e)=e,
with #; at the i — th place. By Lemma 2.7, ¢, is regular element with respect to f. So, if
[t .. x1,...,1) =X,
f, .yt =y,
with xp,y; at the i — th place, then we have:
i—th
g(fle,...,0)y.. o ft1y s X1y ast))ye s fe,. . 0) =
g(fle,....;e)y ..., ft1yeo s Y1seventt)se.., fle,...,0)).

So, by co-mediality we have:
i~th
r—— —
g(fle,....t1,...,€),..., fle,.... X1, r€)y..., fle,...,t1,...,€) =
i~th
—_—

g(fle,....,t1,.c €., fleye o sV1sees€)yn, fle, .. t,...,0)).

Since, e is an i-regular element of (A, f, g), x; = y;. Hence, x = y. By Lemma 2.6, this concludes f(e, ..., ¢) is an i-regular
element with respect to the operation g. Similarly, f(e,...,e) is an i-regular element with respect to the operation f, and
gle, ..., e)is an i-regular element with respect to the both operations f, g.

Lemma 2.9 Let (A, f, g) be a finite co-medial algebra with n—ary operations, and ay, ... ,a;_1, 01, - - . ,ay are J—regular
elements of the algebra (A, f, g) (wWhere J C {1,2,...,n} contains at leas two elements). Then, for every b € A, there are
unique x1, x € A such that

f(a19 e @i, X154 15 - - 9an) = b,

g(a]9- . ‘7ai—l’x27ai+]5- . '7an) = b‘

Proof: Let x1,y; € A, such that

flar, ... aim, x1, a0k, - an) = f(ar, ..., Qim1, Y1, ikl - - -5 Gn),s
we will prove that, x| = y;.
Fork=1,...,i—-1,i+1,...,nlet,
flag, ... tgy ... ar) = ay,
with #; at the j — th place. Then, we have:

i—th

g(f(als"'9ai—1’alsai+19""a}1)s"'sf(al""3ai—l,x19ai+17'"3an)s'"
j—th

'-"f(t19'"7ti—17alsti+]s'--9tn)9""f(alv'-"ai—17alsai+19-"7an)) =
i—th

g(f(aI’"'9ai—17a1’ai+1""7an)s""f(a17"'3ai—1,y19ai+19"'9an)s'"
Jj=th

'-'9f(t19-"7ti713a19tl‘+19-"9tn)3"'sf(a1"-'9ai713a19a[+19-"3an))'

So, by co-mediality, we have:

i—th
g(f(ala""th'",al)5""f(al,""xl""$a1)""’f(an$"‘7tn""5an)):
i—th
g(f(al"~-atl7-”’a])a~-'$f(al"~-’yla~-'$a1)"~-’f(al19--‘7tn’~--aan))7
i—th i—th

glay, ..., flar,....x1,...,a1),...,a1) = gay, ..., f(ar,....y1,...,a1),...,a1),
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Two applications of the i-regularity of a; yield x; = y;. Similarly, if

g(als- e ain1,X2, Q4415 - ~-’an) = g(al’n 5 Ai—1,Y2, i1, - ~-’an)’

then, x; = y;.

Specifically, from the above lemmas, we known if the finite co-medial algebra (A, f, g) contains an element e which is
J—regular element, then

1. f(e,...,e)and g(e, .. ., e) are also J—regular element of (A, f, g),

2. there are unique elements 1,7, € A, which are regular with respect to f and g (respectively), such that (for i < j)

fle,...,e, f(e,...,e),e,...,et,e,...,e)=e,

gle,...,e gle,...,e)e,...,e,tr,e,...,e) =e,

with f(e,...,e) and g(e, ..., e) at the i — th places and ¢, 1, at the j — th places.

3. for every b € A, there are unique elements x;, x, € A such that

fle,...,e,x1,e,...,e,t1,e,...,e) =D,

gle,...,e,x2,e,...,e,t2,e,...,€) =D,

with xp, x; at the the i — th places and #;, t, at the j — th places, where ¢, t, are the elements described in (2).

It is easy to prove that in the finite co-medial algebra (A, f, g) the set of J—regular elements is closed under the operations
f,g. Thus, if the finite co-medial algebra (A, f, g), contains at least one J—regular element, then the algebra (4, f, g),
contains an J—regular subalgebra, where by J—regular subalgebra of a co-medial algebra, finite or infinite, we mean a
subalgebra of J—regular elements such that if aj,...,a,_1,a:1, . .., a, belong to the subalgebra, then there are the unique
elements x1, x, € A, for each b € A such that

f(als' e iz, X1, it s - "9an) = b»

g(al9- e ai-1,X2,08i41, - -~9al’l) =b.

Furthermore, if b is in the subalgebra, so are xj, x;.
3. The Structure of Regular Co-Medial Algebras

We discuss in this section the structure of a regular co-medial algebra (A, f, g) which does not contain an idempotent
element. We construct new operations f*, g* on A in terms of f, g, such that (f*, g*) is a co-medial pair operation, and the
co-medial algebra (A, f*, g"), contains an idempotent element. If certain regularity conditions are assumed for (A, f, g),
then this idempotent element is also a J—regular element in (A, f*, g*) and hence we are able to use the corollary 2.5 to
describe the structure of the pair operation (f*, g*).

Lemma 3.1 Let (A, f, g) be a co-medial algebra and r, p be permutations of {1,2,...,n}, then the pair operation (f*, g*)
is co-medial, where
f*(X1,.X2, e ,xn) = f(xnls-xn2’ e ’-xzm),

g*()ﬂ, X2yeeiy Xy) = g(xply Xp2s e xpn)-
Proof: For x;; € A, since (A, f, g) is a co-medial algebra, we have:
g*(f*(xlla- -~’xnl)’- -~7f*(xln,~~ . ’xnn))
= g(f(xplzrla cees xpmrl)’ oo ’f(xplnm cees xpmrn))

= g(f(-xplnl’ BN -xplﬂn)s o yf(-xpmrls cees -xpmrn))
= g*(f*(xll» e Xty s f 1, oy Xn))-

Lemma 3.2 Let (A, f,g) be a finite co-medial algebra and ay,...,a;_1,ai1,...,a, are elements of A. Then, the pair
operation defined by the following

f*(-xl’”-,xn) :f(al’”-’aiflaf(xl’--~9-xn)3ai+1’~--,an)s

g*('xls'--7-xil) :g(ala""ai—17g('x17~"9-xn)7ai+la""an)7
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is a co-medial pair operation on A.

Proof: In view of Lemma 3.1, it is sufficient to prove this for i = 1.

g*(f*(xll’”"xln)’”-’f*('xnlw"?-xml))
= g(g(f*(-xll’~ -"-xln)" "’f*(-xnb' . "xm’t))’aZ" “’an)-

But,

(@A CITII 7 R A C A TR )]

= g(f(f(xurye s Xtn)s a2y vy @n)s oo oy f(f(nts ooy Xin)s G2, - - -, )

= g(f(f(x1tse s Xn1)s oo oy fXtns oo X)), fl@2s - .oy @2), o, @, .. an))
= g(f (a5 o5 Xu1)s e v f(X1ns v o5 X)) @2, -5 @2)s - oo, f@ns - - -5 )
=8(f(f(X11y e e s Xn1)s X2y e v v s @)y e e s F(FX1ns o+ s Xun)s @25+« 5 Q)

= g(f (X11s s Xn1)s o oo [ (Ks v v v s X)),

since, (A, f, g) is co-medial.
So,

g*(f*(xll, D) xln)s “e ,g(xnly cee ,xnn))
= g(g(f*(-x]l"-"xnl)"'-’f*(-xll‘la-"7-xnn))7a2"'-’al’l)
= g*(f*(‘xll’ A xnl)’ .. ’f*(xln7 .. ’xm’l))'

Hence, (f*, g*) is a co-medial pair operation.

Lemma 3.3 Let (A, f, g) be a co-medial algebra and, e, t1,t, € A such that
fle,...,e, f(e,...,e),e,...,et,e,...,e)=e,
gle,...,e gle,...,e)e,...,e,th,e,...,e) =e.
Then, the pair operation (f*, g*) on A, defined by the following
Frx,..,x0) = fle,...,e, f(X1,...,X),€,...,e,t,e,...,e),
g (xi,...,xp) =gle,...,e,8(x1,...,Xp),6,...,e,p,e,...,0),

with f(x1,...,x,) and g(x1,...,Xx,) at the i — th place and t,, t, at the j — th place, is a co-medial pair operation with e as
an idempotent element.

Proof: This follows immediately by Lemma 3.2 and direct computation of f*(e,...,e) and g*(e, ..., e).

Lemma 3.4 Let (A, f, g) be regular co-medial algebra, then there is a commutative semigroup (A, +), such that

SOt x) = @larx) + -+ + apxy),
g(xla- -~vxn) = l:[/(lel +oeet ann),

where, a, ..., a,, are pairwise commuting endomorphisms of (A, +) and ¢, are bijections on A, for n > 2.

Proof: If J C {1,2,...,n},i,j € J and e is a J—regular element in (A, f, g), then by results of the preceding section, there
are J—regular elements #;, #,, such that

fle,...,e, f(e,...,e),e,...,e,t,e,...,e)=e¢,

gle,...,e,f(e,...,e)e,...,e,tr,e,...,€) =e,

with, f(e,...,e) and g(e,...,e) at the i — th place and ¢, 1, at the j — th place.

Furthermore, for k either i or j, and any b € A, the following equations

fle,...,e, f(e,...,e,x1,e,...,€),¢6,...,6,t1,¢,...,€) =b,

gle,...,e,g(e,...,e,xz,e,...,0),e,...,e,1p,€,...,e) =b,
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with x1, x, at the k — th place, have unique solutions. Hence, e is a J—regular with respect to the pair operation (f*, g*) on
A, defined by

f*(xla-"7~xn) :f(e’-"’eaf(xl’-~'9xn),e,~”7e’tl,e7~”,e)a

g*('xlv""xn) :g(e""9eﬁg(-x15'"’xn)’e’"'9est2’ev""e)'

So, by lemma 3.3, the pair operation (f*, g*) is co-medial with e, as an idempotent element. Thus, by corollary 2.5, there
is a commutative semigroup, (A, +), with the unit element e such that

X)) =87, X)) = a1x 4+ X,

where, a1, ..., a, are commuting endomorphisms of (A, +).
Again, by the results of the previous section, the mappings
90_1 1x— fle,...,e,x,e,...,e,t,e,...,6),

1.
v oix—gle,....e,x,e,...,e,h,e,...,e),
are bijections on A. Thus,

G xn) = @f (xr,. o x),
8Oxt, s Xn) =Yg (X1, s Xa).

Lemma 3.5 Let (A, +) be a commutative semigroup with a unit element and ¢y, . . . , @, are bijections on A, such that
erxi A+ X)) e F @a(X e X)) = @1 (X X))+ (X e Xn). “)
Then, there is an automorphism n of (A, +) and fixed elements c1, . .., c, such that for each i, we have:
Yix =1x+ ¢,
forall x € A.

Proof: Let (A, +) be a commutative semigroup with a unit element, e. In the equation (4), for fixed i and all j except j = 1,
put x;; = ¢;'e and all other x,, be unit element except, x;; and x;;, then we have:

P1X1; T @iXilt = Q1Xi1 T @iXy;.

So, if x1; = ¢} e, then
gixn = p1x;1 + iy e,
for all x;; € A.

Since, ¢, ¢; are permutations on (A, +), for all x € A we have:
ix = p1x + ki,

where, k; is a fixed regular element of (A, +). Substituting for the ¢; in the equation (4) and cancelling the k;, which we
may do since they are regular elements, we get

erxi+ X)) FF @1 (X e X)) = @1 (X X)) @ (X e X)) ®)

In the equation (5), let x; = (p]le, where, i # 1,2, and all other x;; be the unit element, e, except, xi1, x12. Then, we have:
e1(x11 + X12) + @re = e1x11 + 112,

for all X11, X12-

So, if x;; = x5 = (,DIIE, then
oi(pr'e+oile) +pre=e,

it means that, ¢;e has an additive inverse and hence is a regular element.
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Now, we define a bijection 1 on A by the following

o1X=nx + e,

for all x € A. It follows immediately that, 7 is an automorphism of (A, +).

Hence,
Yix =@ x+ki=nx+¢e+k =nx+c,

where, ¢; = @€ + k;, as the sum of two regular elements is a regular element.

Theorem 3.6 Let (A, f,g) be a regular co-medial algebra, then there is a commutative semigroup (A, +) with an unit
element, such that

S, X0) = y1x1 + o+ VX + di,
g(x1, e sxl‘l) = /l])C] +-0 /ln-xn + d2s
where, dy,d, are fixed regular elements in (A, +) and y1,...,Yn, A1,..., Ay, are commuting automorphisms of the semi-

group (A, +).

Proof: Let (A, f, g) be a regular co-medial algebra, by Lemma 3.4, we know that there is a commutative semigroup with
an unit element e, such that

f(-x17 e 7xn) = (P(Cth +oeet a'nxn),
(X1, ..y X)) = Ylarxy + - + @pXy),
where, a1, ..., @,, are pairwise commuting endomorphisms of (A, +) and ¢, ¢ are bijections on A.

Since, the operation f is co-medial we have:

plarp(aixry + -+ @uXip) + -+ Qu(@ X1 + 20+ Ay X)) =
90(0190(011)611 +-- 4 anxnl) +oe a'nQO(CL’])Cln +e+ a’nxnn))~

So,

-1 -1

arpa) (a1 X + -+ @1@X1,) + -+ @y, (@A X1 + 0+ @ Xp) =
-1 -1

arpay (@rapxyy + -+ @@ X)) + 0+ Gy, (@@ X + 0 F QX))

since ¢ is bijection.

Let, 5; = aigoai‘l and a;a;x;; = y;;, then by substitution and since, aj,...,, are commuting automorphisms of the

commutative semigroup (A, +), we have:

B+ y) o+ Ban + o+ Ya) =
lgl(yll +"'+yn1)+"'+ﬁn(yln+"'+ynn)~

So, by preceding lemma, there is an automorphism 7 of the semigroup (A, +), and regular elements cy, ... ., ¢,, such that
a,-goafi’lx =nx+c,
ox = a;lnaix + ai_la/ici,
px=o0x+d,

1

where, o = a/i’lnoz,- is an automorphism of the semigroup and di = «@; a;c; is a fixed regular element in (4, +).

Hence,
f(x1,...,xn) =YX +"'+7n-xn+d1,

where, y; = o«; is an automorphism of the semigroup.
Similarly,
g(xt, .., x0) =Xy + -+ Xy + da.
It is easy to check that, y,..., ¥, 41,..., 4, are commuting automorphisms of the semigroup (A, +).

The following representation of a medial n—ary groupoid was obtained by (Evans, T., 1963).

108 ISSN 1916-9795 E-ISSN 1916-9809



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 4, No. 2; April 2012

Corollary 3.7 Let (A, f) be a medial n—ary groupoid with a i— and j—regular element, then there exists a commutative
semigroup (A, +), such that
S X)) = yixs + -+ vk + d,

where, d is a fixed regular element in (A, +) and vy, ... ,7y, are commuting automorphisms of the semigroup (A, +).
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