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Abstract

Exponential-type upper bounds are formulated for the probability that the maximum of the partial sample sums
of discrete random variables having finite equispaced support exceeds or differs from the population mean by a
specified positive constant. The new inequalities extend the work of Serfling (1974). An example of the results are
given to demonstrate their efficacy.
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1. Introduction

Serfling (1974) has obtained upper bounds for the probability that the sum of observations sampled without re-
placement from a finite population exceeds its expected value by a specified quantity. Serfling (1974) also noted
that his bound is crude due to the incorporation of the coarse variance upper bound o> < (b — a)?/4 and has
suggested that “it would be desirable to obtain a sharpening of this result involving the quantity o in place of
the quantity (b — a)?/4.” While this problem remains unsolved, we attempt to at least partially fulfill Serfling’s
suggestion. In order to do this we tighten his inequality bound by restricting ourselves to a particular class of
discrete distributions. The general problem which we address may be stated as follows.

Consider a finite population of size N whose members are not necessarily distinct. Let the set Qy = {x1, x2, ..., 2y}
be the set representation of this population. Denote by X, X5, ..., X, the values of a sample of size n drawn without
replacement from Qy. Define the statistics
N N
a = min Xx;, b = max x;, u= ﬁ, o’ = Z(x,- —/J)z/N, (1.1)
1<isN 1<i<N pry N =

and let the sampling fractions be f, = (n — 1)/(N — 1) and g, = (n — 1)/N. We are concerned with the behavior of

the sum .
Sp= Z X; (1.2)
i=1
for 1 < k < n. In particular, we derive a new parameter-free upper bounds on the probabilities
P,(e) = P[S,, — nu > ne] (1.3)
and .
S, —
R () = P[max K g] (1.4)
n<k<N
where € > 0.
The most familiar upper bound for (1.3) is the Bienayme-Chebyshev inequality, which is of the form
1 - f)o?
Pye) < L2 (1.5)

ne?
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Serfling (1974) has derived an alternative upper bound for (1.3), which may be expressed as

—2ne?
P,(e) <ex [—} (1.6)
Pla=gnt-a?
and an alternative bound for a two-sided version of (1.4), which is given as
_ E _ 2r
R:(e) = P| max M'Ze < EGw = m? (1.7)
n<k<N (ne)*

where r is a positive integer.

We then compare our new under bound with these under the following scenario, which is similar to an example
presented by Savage (1961). Suppose one wishes to study the average height of a finite population of people.
Assume that all individuals in the population are between 60 and 78 inches and their heights are measured to the
nearest inch. The question we wish to answer is, “What is the probability that the average height of a sample of
100 from a population of 4,000 individuals is within two inches of the population mean height?”

The main vehicle we utilize for the sharpening of inequalities (1.6) and (1.7) is the additional assumption that the
random variables given by
(XiIXl,...,Xi_l) fori:l,...,n

are discrete random variables with probability functions having finite, equispaced support, and whose variance is
bounded above by the discrete uniform variance. The remainder of the paper is as follows. In Section 2 we give
some mathematical preliminaries while in Section 2.1 we derive the main inequality results. Finally, in Section 3
we present the before mentioned application of the newly-derived probability bounds.

2. The Set V,,;,
From this point forward we work almost exclusively with an equispaced set of J points in the interval [a, b]
beginning at a and ending at b. We denote the set as

Qupy=f{a,a+c,a+2c,...,a+ (- 1)}
where b =a+ (J—1)cand ¢ = % We refer to J as the support size. As before X1, X»,. .., X,, denote the values
of a sample of size n drawn without replacement from Q,; ; and Sy = Zf;l X;.

To sharpen the inequalities (1.6) and (1.7) we work with probability distributions that have a variance bounded by
the variance of a discrete uniform probability distribution. This leads us to the following definition.

Definition 2.1 Let V,,;, ; be the set of probability functions f with support on Q,, ; such that for a random variable
X having probability function f the variance is bounded as per

J+1(b-a)?
J-1 12

Varf(X) <

Remark 2.2 For f € V,; s, the above bound on Var/(X) is simply the variance of a discrete uniform probability
function on Q,, ;.

Remark 2.3 The definition for V,; ;, although appearing somewhat restrictive, still allows for a broad and rich
range of distributions. In particular, it applies to a broad range of discrete unimodal distributions.

2.1 Probability Inequalities for Vo

In this section we derive a new maximal probability inequality for sums of discrete unimodal random variables
sampled without replacement from a set of probability functions belonging to V,; ;. We shall need the following
lemmas, theorems, and corollaries to develop the new maximal probability inequality. We now develop two lemmas
which are used in the proof of the main theorem.

Lemma 2.4 Let X be a random variable with probability function in V,; j and let E(X) = u. Then for any 1 > 0
we have
E[e"* ] < expla(e' — Ad — 1)),

whered =b—aand a = %11—2

76



www.ccsenet.org/ijsp International Journal of Statistics and Probability Vol. 2, No. 4; 2013

Proof. Let Z = X — p and notice that
A A
Ele%] =1+ ZE[Z =1+ SE[Z], @2.1)
i j! — j!
j=1 Jj=2
since E[Z] = 0. Now let f be the probability function for X. Then for any j > 2 we have

b
E[Z] = ) (x - w/ f(x)

X=a

b
< Z A (x — )’ f(x) sincex—u<d

X=a

b
=d ) = )

= &/ Var(X)
LJ+1d
<di ZHE since f € Vyp ¢
J+1d
< ——.
J-112

Substituting the result E [Z/] < j—fi % into (2.1), we get

o A 1d/ 11 & Vd
E[eﬂz]suzfid—: AR
Fz]!J—llZ J-1124 )

o Ad/

=l+a ) —

=1+afe! - 2d-1]
< expla(e™ — Ad - 1)].

O
Corollary 2.5 Let X be a random variable with probability function in V, j and let E(X) = p. Then for any 1 > 0
we have
E[e"* 1] < exp[BAr(A, d)],
whered = b —a, = 74 (bI;)2, and r(,d) = 3, —/ljfj.‘!’jfz.
Proof. By Lemma 2.4, we have
1 J+1
E[e"*M] < exp [Em(e/ld —Ad - 1)] .
Thus,
LJ+1 1 J+1 1 Vd/
—_— —Ad-1)|= —_ —
e )] eXp{12J—lF2 J!
(b—aP J+1 5 AV2d72
= A
eXp{ 2 J-1 Z !
Jj=2
= exp[BA%r(A, d)].
|

The following lemma uses an argument similar to Theorem 2.2 in Sefling’s paper (1974).
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Lemma 2.6 Let Qy = {xy, X2, ..., xy} where each xy is in Qg 5. Also let u = Zk 1 L. If the probability function of
X, and the conditional probablllz‘yfunctlons of (XplX1, Xo, ..., Xk—1), k=2,...,narein V,y, then, for any A > 0
and anyn € {1,2,...,N} we have

E[e/l(S,fn,u)] < exp nl gnJ + 1( Ad—Ad— Hl,

12 J-
where S, = Yi_ Xk
Proof. For A = 0, the result is obvious. Given 4 > 0 let
N —
ﬂkzm/l forl1 <k <n.

Notice Ay is increasing in k up to A as k goes from 1 to n.

Because (X; — ulXj-1,...X1) € V,upy and X; € V,, 5 letting 1 denote the conditional expectation of (X —
wXk-1,...,X1) we have by Corollary 2.5 that

Elexp(A(Xi — 1 — )| Xi-1, . . ., X1 < exp[BAr (A, d)] < exp[BAr(A, d)] (2.2)
because A; < A.
Using the conditional independence of the random variables S;_; and Xj —u — . given Xj_q, ..., X, we can apply
Corollary 3.6 so that
Elexp(A(Sk — k)] = E[exp(Ag-1(S k-1 — (k — D) Elexp(Ap (X — p = pi)) |1 Xp-1, - - -, Xa]. (2.3)

Combining (2.3) with (2.2) we have that
Elexp(A(Sk — ku)] < Elexp(A-1(S i1 — (k — D) exp[BAr(A, d)]. (2.4)
Recursively applying (2.4) we get
E[exp(A,(S » — nu))] < exp[A*A,Br(A, d)], (2.5)

where A, = Y/, ] =1+ (N-n)? Zk Nentl k2 Next, using that A,, < n(1 — g,) from (2.5) we get

N k
Elexp(Au(S » — np)] < explA®n(1 — g,)BrA, d)].

Replacing (4, d) with euﬂ_zfl‘i_l we have

Elexp(A,(S, — nu)] < exp[2n(1 — g,)BEd=1]

A2d?
_ l-g,J+1
= exp [n o 7o ( )|
O
Theorem 2.7 Let Xy, S, and u be as before, then for any €, 1 > 0 we have
o C[(d0 =g + 1) +12(J = e 12(J - De &
Elexp(A(S, —nu —ne))] < exp{ n[( 120 - Dd )1 ((] ~ e+ Dd 1) d]}
Proof. First note that by the Lemma 2.6 we have
E[exp(A(S, — nu — ne))| = e M E[MS],
_ 1-g, J+1
< Ane Ad —Ad - 1 h - nd T 1
<e expla(e d—-1)] where a=n o 7]
= expla(e™ — Ad - 1) — Ans]. (2.6)
In terms of A, (2.6) is minimized when g(1) = a(e® — Ad — 1) — Ane is minimized, which occurs at
1 ne
A =-=1 [— 1] 2.7
dMaa” @7
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Substituting the value in (2.7) into (2.6) we get

expla(e’? — X'd — 1) — X*ne]

ne ne
= —+1l-In[—+1])-1
exp{a[ad * n(a/d * )

=ex {—(a+E)ln(E+l)+E}
- d)"\ad d

ne ne
v “‘(a * 1)}

Substituting for @ we get

l-g,J+1 ne 12 J-1¢ ne
=exp{—|n +—|In|———=+1|+ —
12 J-1 d 1-g,J+1d d

=exp {-n | (= ) n (et + 1) - )

2.2 Main Result
We now give the main result of the paper in the following theorem.

Theorem 2.8 For any € > 0 and A > 0 we have

L Sk —k/l
R, (e) = P(nrggv T > e)

< explo (AR o (2 1))

Proof. By Proposition 3.4, we see that

_ Sk—k/J
o) = {7 o)

<eE [exp (/ls”ﬂ;”“)]
=F [exp (%(S,, —ny — ns))]

< xpfon| (At o2t 1) - 5]

because Theorem 2.7 holds for any A > 0 (here ﬁ).

As per (1.3) we have
P,(e) = P(S, — nu > ne).

Noting that P,(¢) < R,(¢) and applying Theorem 2.8 we get the following corollary.

Corollary 2.9 For any € > 0 we have

P,(g) < exp {—Vl [(d(l—gn)(1+l)+12(f—1)€)ln( 12(J-De " 1) _ 5]} )

12(J-1)d (1-gn)(J+1)d

From (1.6) we have

Se—k
RZ(s):P[maX I Ze].
n<k<N
Observe that
Se—k Sc—k
RZ(s):P[max s el P max —2A 28].
n<k<N n<k<N

Applying Theorem 2.8 to the above we get the following corollary.
Corollary 2.10 For any € > 0,

12(J-1)d d

R(e) < 2exp{—n [(d<l—gn)<f+l>+12<f—l>s)ln( 120-be_ 1)_ . }

(I-gn)(J+1)d
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3. An Application

Corollaries 2.9 and 2.10 give parameter-free maximal inequalities which are shaper than Serfling’s (1974) inequali-
ties given in (1.6) and (1.7), respectively. Of course this fact is not surprising because we are utilizing the additional
assumption that X, X5, ..., X,, belong to the set of probability distributions whose variance is bounded by the vari-
ance of the discrete uniform distribution as described in Definition 2.1. However, the extent of the improvement
can be substantial as demonstrated by the following example.

Consider the following scenario, which is similar to an example presented by Savage (1961). Suppose one wishes
to study the average height of a finite population of people. Assume that all individuals in the population are
between 60 and 78 inches and their heights are measured to the nearest inch. The question we wish to answer is,
“What is the probability that the average height of a sample of 100 from a population of 4,000 individuals is within
two inches of the population mean height?”

One possible solution is to apply the Bienayme-Chebyshev inequality given in (1.5), where o is replaced by the
maximum possible variance of distributions with support on Qg0 7519, which for this problem is 81. This solution
gives

P[IX — ul < 2] > .8025. 3.1

A second possible solution to this example is to apply the probability inequality (1.6) given by Serfling (1974) and
assumes only finite support of a discrete random variable. For our example, (1.6) yields

P[IX — ul < 2] > .9205. (3.2)

If we make the additional and, in this case, reasonable assumption that the probability functions of Xj, X, ... X,
are from Vi73.19, then we may apply Chebyshev’s inequality with variance bound given in Definition 2.1. This
method yields

P[IX — p| < 2] > .9268. 3.3)

Applying the newly-derived inequality given in Corollary 2.9, we get the following result
P[IX — pl < 2] > .9936. 3.4

Clearly, inequality (3.4) not only yields a better bound than inequalities (3.1), (3.2), and (3.3), but, moreover,
considerably increases the degree of improvement.

As an extension of the above example, let the amount of error, &, between X and u be arbitrary, but retain all
other values in the example. Figure 1 demonstrates the sharpening of Serfling’s (1974) inequality in (1.6) by the
inequality given in Corollary 2.9 across values of & from 0 to 3.

Figure 1. Comparison of our bound (OB) to Serfling’s bound (SB) over value of € from 0 to 3
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Appendix

Here we present some results that are mostly standard, but are complied here for ease of reference. We begin with
a brief review of martingales including some results pertinent to this work.

1. Martingales

In the proofs of the results for this paper we need a few results about submartingales, in particular, reverse sub-
martingales. We present the necessary results here for ease of reference. For a more indepth treatment of this
subject see Feller (1966). For our purposes we will use the following definitions for martingales, submartingales,
reverse martingales, and reverse submartingales.

Definition 1 Let {Z;} be a a sequence of random variables such that E(|Z;|) < co. We say {Z;} is a martingale if
E[Z | Zk-1,Zy—>, ...] = Zx_; for all k. We say {Z;} is a submartingale if E[Zy|Zx_1,Zx—2,...] > Z, for all k. We
say {Z} is a reverse martingale if E[Z;|Zy+1, Zk+2, - - .1 = Zy4 for all k. We say {Z;} is a reverse submartingale if
E[Zk|Zk+1,Zk+2, .. ] > Zk+1 for all .

We now present several results which exploit these properties.

Proposition 2 Let {Zn}f:’:1 be a sequence of non-negative reverse submartingales, i.e.
E[Zn|Zn+17 o aZN] = Zn+l'

Then for any ¢ > 0 we have

cP[max Zy > c] < E[Z,].
n<k<N

Proof. Let F = {maxX, <<y Z > c}. Then F can be expressed as the disjoint union of

Fy=1{Zy2>¢}
Fyai={Zy<clN{Zy2c}
Fyo={Zy <c}nN{Zy_1 <c}N{Zyo > c}

F,={Zy<cn---N{Z,y1 <c}N{Z, > c}
Now observe foreachk =n,...,N,

E[Z,; Fi] = E(E[Z|Zy+1, - .. ZN] 5 F)
> E[Zy; Fi] since {Z,} is a reverse submartingale
> cP(F;) since Z; > con Fy.

Summing over all k we get

N N
D ElZy: Fl = ) cP(Fi)
k=n

k=n

or, equivalently,

N
ElZ,; F]1 > cP(F) since F = UF,(.

k=n
Therefore,
E[Z,] 2 E[Z,; F] 2 cP(F) = cP( max Z; > c),
n<k<N
which yields the desired result. ]

Remark 3 If {Z,} is a reverse martingale, then applying Jensen’s inequality immediately gives us that in{e'%} is a
reverse submartingale for any A > 0.

Proposition 4 Let {Zk}k’\’:1 be a reverse martingale, i.e.

ElZi| Zis1, Zisos - - .1 = Zisr.
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For any € > 0 and A > 0 we have
E(ele )
e/ls

P(max Zyp = e)
n<k<N

Proof. By Remark 3, {¢'%} is a reverse submartingale. Now using ¢ = ¢ in Proposition 2 we have

E AZ,
P(max % > ek) (e/l ) (A.1)
n<k<N e'e
Combining (A.1) with the fact that
P(max e > e/ls) = P(max Zp > 8),
n<k<N n<k<N
we get the desired result. ]

2. Finite Population Drawn Without Replacement

Here, we present some results which will aid us in our quest for sharpening of inequalities (1.6) and (1.7). These
results were first used without proof in Serfling’s paper (1974). We give proofs here for the sake of completeness.
We work under the same set-up as presented in Section 1. That is Qy = {x|, x,...,xy} is a finite population of
size N, the members of which are not necessarily distinct. Also X, Xy, ..., X, denote the values of a sample of
size n drawn without replacement from Qy and S is the sum of the first k samples, as in (1.2). We also take u as
in (1.1).

Proposition 5 Let y; = (X — ulX1, Xz, ..., Xk—1). Then,

Sk-1— (k= Dp
= A2
Hie N—G-1) (A.2)
Proof. Fork=1,2,...,N -1, let
Sy — kp o _ Sk—ku
TkE—k and T, = Nk

One can easily check that T} is a reverse martingale and T are martingales Serfling (1974). That is,
ElTdTis1, . Tn-1] = Ty, 1<k<N-2
and

E[TZ|TZ_17"'7TT]=T;_15 ZSkSN_l.
To prove (A.2) note that

T; = E[T},, | T},...Ti]

_p|Ski— G+ Dy
N-k-1

[Sk+1 (k+ Du

|T*,...T1*]

=5 k_l |T,...Tl]

£ X —#+Sk—ku

T;,...T;
TN- k—l Ty 1}

—ky "
- |Tk,...T1])

E[Xer1 — 1 X .. X1]+E[ |Tk,...Tf])

X
1(E kel K e T]+E

1(N k

“N- k—l(N k”"+‘+T)
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Thus,
. Mk (N =Ty
T, = + . A3
FTN-k-1 N-k-1 43
Multiplying both sides of (A.3) by N —k — 1, we get
(N =k = DT} = psr + (N =Ty
or T = —pi41. Therefore (A.2) holds. O
In the next corollary utilizes a nonobvious recursive relationship between the S;’s.
Corollary 6 For a fixed integer any A > 0, let A = %for 1 <k <n. Then
(S — k) = A1 [S k-1 — (k= Dl + (X — p — ) (A4)
fork=2,3,...,N.
Proof. Using (A.2), we have that
Ap=1[S =1 — (k= Dl + 4(Xee — p = )
N-n N-—-n Si-1 — (k= Du
=d——[S)o1 — (k= Du] + 2 Xp—p+ —mm
N_(k_l)[kl ( ] N_k[k M N kTl
Skt —(k=Du  Xp—p 1\ Sg1—(k—Du
= AN - + +
( ”)[ N-tk-1)  N-k \N-k) N-k+1
N—-—k+1\(Si-1—(k—Du\ Xip—pu
= AN - +
( ”)[( N—k )( N—k-1) ) N-«
N-n
=41 Sio1 — (k= D+ Xy —
N g Skt = (k= D+ Xie—p]
= 4lSk — kul,
which yields (A.4). |
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