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Abstract
This paper reexamines the well-known results of Hwang and Mai (1990), which employed two linear demand
functions of equal quantity intercept to examine total output, welfare and locations of a monopoly firm. By
imposing equal slope value to both linear demand functions, this paper finds the output theorem by Robinson is
preserved, while the welfare theorem by Schmalensee may or may not hold as welfare position hinges on plant
locations in a linear market under the free on board (FOB) pricing.
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1. Introduction
The concept of spatial price discrimination can be traced back to the work of the price discrimination by Pigou as
early as 1920. Ever since the publication of Robinson’s work of adjusted concavity (1933), there has been a
proliferation of such related models. They include the papers by Leontief (1940), Edwards (1950), Silberberg
(1970), Battalio and Ekelund Jr. (1972), Yamey (1974), Finn (1974), Greenhut and Ohta (1976), Smith and
Formby (1981), Schmalensee (1981), Formby et al. (1983), Varian (1985), Shih et al. (1988), Ohta (1988),
Hausman and Mackie-Mason (1988), Nahata etc. (1990), and Schwartz (1990). More recently, Cowan (2007)
illustrated that total welfare with discrimination is lower as compared to uniform pricing strategy if the slop of
demand is log concave or the curvature of direct demand is nondecreasing in the price. The proposition makes
liner demand a special case of log concavity or q’’/q’≤ 1, where q is quantity demand and q’ and q’’ are its first
and second derivatives. Cowan (2007) also illustrated that welfare can increase with discrimination if demand
slope exhibits extreme convexity.
In the spatial context, Greenhut and Ohta (1972) showed that the total output is greater under the spatial price
discrimination than that under the FOB mill price policy for a variable radius of a monopolist’s market area.
Holahan (1975) proved similar results in terms of the welfare. Beckmann (1976) verified that the total output is the
same under both price policies for a fixed market radius. Detailed comparisons of the spatial monopolist can be
found in Greenhut et al. (1975), Greenhut (1977), Greenhut et al. (1987), and Ohta (1988). Nevertheless, the firm’s
location of the aforementioned models is predetermined. In a similar vein, the Weberian location model (Weber,
1929) and it applications (Hoover, 1948; Isard, 1956) assume that the competitor’s location is given. To relax this
assumption, Hotelling’s seminal work (1929) indicated the superiority of a median location in the bounded linear
market with zero relocation cost. In the content of taxes, Kitahara and Matsumura (2006) proved that both unit
taxes and ad valorem taxes do not affect equilibrium locations of firms in the spatial oligopoly models.
Casado-Izaga (2010) showed such “neutrality” result will hold in a framework in which firms are free to practice
spatial price discrimination. Most recently, Colombo (2010) expands his model to include the possibility of elastic
demand functions. In the context of cost minimization principle, the results by Quinn (1943), Alonso (1964),
Rydell (1967, 1971) and Snyder (1971) again suggested the optimum median solution. Anderson et al. (1992)
compared profit and welfare under different spatial pricing policies. Recently, Cheung and Wang (1995) based on
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the Beckmann model (1989) analyzed location decision and spatial price discrimination in the presence of
non-uniform demand. Garella (2002) included durable goods into the price discrimination model similar to Hwang
and Mai (1990). More recently, Liang et al. (2006) expanded their spatial monopoly to spatial duopoly model.
From a different perspective, Yang et al. (2002) derived and solved a computable spatial Cournot model. In their
well-known paper, Hwang and Mai (1990) proved that (i) when two demand curves are linear, there is no
possibility of an intermediate location; (ii) if both demand curves are linear with the same quantity intercept values,
total output under the discriminatory pricing is less than that under mill pricing; and (iii) the welfare level under
spatial price discrimination could be greater than that under simple monopoly even if both demand curves are
linear. Their results are sharply different from the previous ones (e.g., median position, Robinson output theorem
and Schmalensee’s welfare conclusion). The purpose of this paper is to show that in the case of two linear demand
curves of equal slopes, instead of equal intercept, as is the case of the H-M model, none of the shocking results in
the H-M model is necessarily preserved.
2. FOB Mill Price and Spatial Price Discrimination Models
Given a bounded linear market of length s, a spatial monopolist can locate its plant on any point of the line (0 ≤ x ≤
s) to serve both markets at end points, i.e., x=0 and x=s where x and s-x denote distances of its plant from market 1
and 2 respectively. Hence, two linear demand curves of each market (Hwang & Mai, 1990, pp. 568) take the
following forms:
q 1     P1     m 1  rx



(1)

q 2  a  bP 2  a  b m 2  r ( s  x ) 

(2)

where Pi, mi and qi are the delivered price, mill price, and quantity demanded in market i (i=1, 2); r is constant
transport rate; α and a are quantity intercepts; and -1/β and -1/b are the slopes of two demand curves. Following
Hwang and Mai, a spatial monopolist under FOB mill price policy (m) attempts to maximize his profit  s or:



s

m , x   

  m  rx   a  b m  r s  x m  c 

(3)

where c is a constant marginal cost and superscripts denotes f.o.b. pricing. The first-order condition and optimum
mill price ms, quantity in market 1 q1s , quantity in market 2 q 2s , total quantity Qs and profit can be shown as:
 s
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In contract, a spatial monopolist can charge different mill prices (superscript d) in order to maximize his total
d
profit  or:



d
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The first-order condition and the resulting optimum mill prices in market 1
quantity in market 1

(10)

m1d , mill price in market 2 m2d ,

q1d , quantity in market 2 q2d , total quantity Q d and profit are:
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The convexity of the profit functions under two pricing systems with respect to location variable x may be
established as following:
 2 s
r 2   b 

 0 for all b  
2
2   b 
x
2

(17)

 r   br   0
 2 d

for all b and β
2
2
2b
x
2

2

(18)

It is evident from (17) that the profit function under FOB mill price policy is strictly convex with respect to x for
b≠β. As is readily clear, the second derivative is zero for b=β. Consequently, further investigation is needed to
determine the possible values for x. In addition, an examination of (18) indicates that the profit function is indeed
strictly convex with respect to x for all b and β. However, in the case of b=β, solution of x may not be unique.
These properties are summarized in the following propositions.
Proposition 1: In the H-M spatial model under FOB mill price policy with two linear demand functions of an equal
slope, the optimum location variable x can assume any value between zero and s, i.e., it need not be a corner
solution.
Proof: An examination of (9) in the case of b=β reveals immediately that total output and profit remain invariant
for any value of x. That is, βx – bx in the bracket of equations (8) and (9) equals zero regardless of x values. As a
result, there exists infinite numbers of solutions for x.
Note that the quantity intercept need not be the same for the two linear demand functions. We employ the
parameters by Hang and Mai (except for a=9 and α=10 so that a≠α as a more general case) to verify the validity of
proposition 1. As expected, x can assume any value between 0 and 1 (see the first 3 rows in Table 1). The profit
(34.031) and total output 8.25 remain in unchanged.
Table 1. Simulations of the H-M spatial monopoly models
Solution Model
FOB
x=0.793
FOB
x=0.1
FOB
x=0.6
FOB a=α=10
x=0.793
FOB a=α=10
x=0
FOB a=α=10
x=1
SPD a=α=10
x=0
SPD a=α=10
x=1
SPD a=9 x=0

q1

Q2

Q

m

4.479

3.771

8.25

4.825

3.425

4.575

m1

m2

P1

P2

x

π

cs

w

5.125

5.521

5.229

0.793

34.031

17.141

51.172

8.25

5.125

5.175

5.575

0.1

34.031

17.506

51.537

3.675

8.25

5.125

5.425

5.325

0.6

34.031

17.218

51.249

4.229

4.521

8.75

5.375

5.771

5.479

0.793

38.281

19.162

57.443

4.625

4.125

8.75

5.375

5.375

5.875

0

38.281

19.203

57.484

4.125

4.625

8.75

5.375

5.875

5.375

1

38.281

19.203

57.484

4.5

4.25

8.75

5.5

5.25

5.5

5.75

0

38.312

19.156

57.469

4.25

4.5

8.75

5.25

5.5

5.75

5.5

1

38.312

19.156

57.469

4.5

3.75

8.25

5.5

4.75

5.5

5.25

0

34.312

17.156

51.469

*The simulation unless otherwise mentioned is based on following parameters: α=10, a=9, b=β=1, c=1, r=0.5 and s=1. In addition,
cs=consumers surplus, FOB = FOB mill price policy, SPD = spatial price discrimination policy. An optimization package of GINO (Liebman
et al, 1986) is used in our simulation.
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Proposition 2: In the H-M model under spatial price discrimination policy with two identical linear demand
functions of an equal intercept and an equal slope, the optimum location variable can assume either zero or s, i.e.,
it is a corner solution but not a unique solution.
Proof: An examination of (16) in the case of a=α and b=β indicates readily that πd(x=0) = πd(x=s). Hence, it does
not matter whether the plant is located in market 1 or 2 since the profit level remains unchanged in either case.
In light of these results, proposition 1 of the H-M paper may very well not hold in the case of b=β. The result of
proposition 2 is verified in our simulation (2nd and 3nd last row of Table 1).
The Robinson output theorem states that the total output under FOB mill price and spatial price discrimination
policies is the same if the demand curves are linear. Hwang and Mai (1990) proved that this property is not
preserved in their model. Their proposition 2 states that total output under discriminatory pricing is definitely less
than that under FOB pricing for the two linear demand curves having the same quantity intercept (pp. 572). In the
case of an equal slope b=β, their proposition 2 does not hold. It is also true that, Joan Robinson’s output theorem
prevails as stated in the following proposition:
Proposition 3: In the H-M spatial model with two linear demand functions of an equal slope, total output level
under both FOB and discriminatory pricing is identical.
Proof: In the case of b=β, equation (8) is equivalent to (15) for all admissible value of x. As a result:

Q s  Q d    a   rs  / 2  c 
The result is verified in Table 1 (Q = 8.75 in the fifth and seventh rows).
Note that the above proof of the Robinson output theorem is valid even in the case of a≠α, i.e., quantity intercept
need not be equal. A simulation result based on the parameters from Hwang and Mai (with the quantity intercept
of market 2 decreased by one unit or a=9) can easily verify the statement of proposition 3 (Q = 8.25 in the first 3
rows and the last row of Table 1). Now, we proceed to examine proposition 3 of the H-M model in which it was
proved that the welfare level under spatial price discrimination can be greater than that under simple mill price
even if both demand curves are linear (Hwang & Mai, 1990, pp. 573). Proposition 3 of the H-M model hence
weakens Schmalensee’s conclusion that FOB mill pricing is always preferred in terms of the welfare measure. In
the case of b=β, it can be shown that the welfare level may very well not be unique even for a given set of
parameters. This result is established in proposition 4.
Proposition 4: In the H-M spatial model with two linear demand functions of an equal slope, the welfare measure
under FOB mill price policy can be less or greater than that under spatial price discrimination policy for a given
set of values of parameters.
Proof: The welfare measure (w) under two pricing policies is the sum of consumers’ surplus (cs) and producers’
profit:
w s  cs s  

s



1
2

 q 1s
qs 

 2 
 
b 


w d  cs d  

d



1
2

 q 1d
qd 

 2 
 
b 


2

2

2

s

(19)

2

d

(20)

From (9) total profit level under FOB mill price policy is invariant to the optimum values of x as long as b=β.
However, optimum values of q1s and q2s will vary with a change in x as can be readily detected from (6) and (7)
despite the fact that the total output level remains invariant with respect to different x values. As a result, there
exists infinite number of values for ws. On the other hand, wd is unique since x is unique; hence outputs in
individual markets and profit level are also unique. In this case, for a given a, b, α, β, r, s and c, it is quite possible
that ws>wd and ws<wd can hold at the same time since there exist infinite choices for ws. Some ws may be greater
and some may be less than the corresponding wd. The size of (19) and (20) cannot be determined within the
profit-maximizing framework proposed by Hwang and Mai.
Proposition 4 suggests that the Schmalensee’s welfare theorem can be satisfied and violated as long as b=β. In
addition it is found that, the welfare anomaly occurs in the H-M model only in the case of r > 1.749. In order to
verify proposition 4 of this paper, we again use their parameters (except for b=β=1, a=9) and report the results in
Table 1. For example, ws(x=0.1)=51.537 or the second row exceeds wd(x=0)=51.469 or the last row which is in
turn greater than ws(x=0.6)=51.249 or the third row for b=β=1, α=10, a=9, s=1, c=1, and r=0.5. In addition,
proposition 4 holds as well if we let quantity intercept be of the same value (a=α=10 or identical demand curve),
4
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57.443 (4th row or FOB with x=0.793)＜57.469 (8th row or SPD with x=1)＜57.484 (6th row or FOB with x=1).
In view of the result, it is difficult to support or refute Schrnalensee’s welfare theorem even for a single value of r
without having more assumptions or information imposed to the model.
3. Conclusion
In this note, we investigate the neglected case of the H-M model (equal quantity intercept but different slopes)
with two linear demand functions of an equal slope but different intercepts. Within this framework, the optimum
plant location can be anywhere within the line market for a profit-maximizing spatial monopolist who practices
FOB mill price policy. This is in direct contradiction to the corner solution derived by Hwang and Mai. In the case
of spatial price discrimination, we have proven that the optimum plant location with two identical demand
functions can be either x=0 or x=s, that is, a corner but non-unique solution. As for total output level of a spatial
monopolist, Robinson’s output theorem is preserved for any two well-behaved linear demand functions of an equal
slope. Again, this contradicts the proposition of the H-M model in which total output under FOB pricing exceeds
total output under spatial price discrimination policy. Lastly, we also have shown that Schmalensee’s welfare
theorem can be refuted or supported even for a single value of r. More assumptions or information is required to
determine the welfare position. In summary, our case of b=β is shown to be at odds with many striking results
correctly proved by Hwang and Mai. This is to say some of the classical results may very well be preserved.
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