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Abstract
Soil liquefaction is the source of several major damages during earthquakes on the material and human level.
Several authors have studied the probability of liquefaction by in situ and laboratory tests and several models
have been proposed to calculate the safety factor. But because of various uncertainties in performance function
parameters, we adopted in this paper a reliability analysis that considers uncertainties of parameters and model
uncertainties. We used the Monte Carlo simulation (MCS) to calculate the probability of failure to liquefaction
based on standard penetration test SPT which soil's parameters are modeled by random variables.
The reliability results obtained show that the variability of soil’s parameters has an important impact on the
probability of liquefaction. A sensitivity analysis based on the coefficient of variation is presented to see the
effect of each random variable on the probability of liquefaction.
Keywords: liquefaction, reliability, Monte Carlo simulation, probability
1. Introduction
In literature there are several approaches to evaluate the liquefaction potential of soil: cyclic stress approach
(Seed & Idriss, 1971), cyclic deformation approach (Dobry et al., 1982) and energetic approach (Law et al.,
1990). These three methods are implemented in deterministic and probabilistic approaches. Actually, the
estimation of liquefaction potential is a probabilistic problem rather than deterministic because of the
uncertainties of parameters influencing liquefaction.
To calculate a probability we must choose a method for calculating the probability distribution function (PDF) of
the response of the system or the probability of failure (pf). In this paper we used the Monte Carlo simulation
(MCS) method which is known by several authors. Popescu (1995) used this method to characterize the spatial
variability of soil parameters and to evaluate the liquefaction risk, Na et al. (2009) to study the probabilistic
nature of the seismic response of a port, and Johari et al. (2012) to calculate the probability density function of
the liquefaction safety index.
In the aim of studying the impact of the performance function parameters which is modeled by random variables
on the probability of failure, a sensitivity analysis was presented and discussed. Results show that the maximal
acceleration, magnitude of the earthquake and the SPT blow counts has an important impact on the seismic
response.
2. Deterministic Approach
Several approaches have been proposed to evaluate the liquefaction potential; in this article we use the cyclic
stress approach (Seed & Idriss, 1971). This method has been adopted by several researchers (Çetin, 2000; Johari
et al., 2012; Rezania et al., 2011; Juang et al., 2012; Lalita et al., 2012).
In this approach the cyclic stress ratio (CSR) for a moment magnitude of earthquake Mw = 7.5 is given by (Seed
& Idriss, 1971):
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where  v : is the total vertical soil stress,  v' : effective stress, amax : the maximum horizontal acceleration of
the earthquake at the soil surface, rd : is the reduction factor of the stress with depth. There are several empirical
relations related rd with depth. However the most commonly used formula was proposed by Seed and Idriss,
(1971), is closed by Liao and Whitman, (1986) and expressed as:
r
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With Z is the depth of soil.
Youd et al. (2001), Liao et al. (1988) have simplified this formula by the relationship (3)

rd  1  0 .00765 z

for z  9 .15 m

rd  1 .174  0 .0267 z

for 9 .15 m  z  20 m

(3)

MSF: amplitude scale factor, it is calculated by the following Equation (Youd et al., 2001).
MSF

 M w 
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To determine the CRR (which is the cyclic resistance ratio) using the SPT test, several models have been
proposed: Youd et al. (2001), Idriss and Boulanger (2006, 2010). In this study we used only the approach
proposed by Youd et al. (2001) defined by the following relationship:
CRR 

N1.60 cs
1


34  N1.60 cs
135

50

10 N1.60 cs  45

1
2  200

(5)

N1.60 cs : corrected SPT blow counts, because the ratio CRR increases by increasing the percentage of fines
(Youd, 2001) and which therefore requires to correct the number of counts N1.60 by N1.(60cs) defined by the
Equation:
N1.60 cs     N1.60

(6)

 and  are coefficients which depend on the fine contents as follows.
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for FC  35%

In the deterministic approach the safety factor (Fs) is defined by

CRR
Fs 
CSR

. The soil is liquefiable if the safety

factor Fs  1 , and it is non-liquefiable if Fs  1 . But because of uncertainties included in the model and used
parameters, the fact that Fs  1 does not always correspond to a non-liquefaction, and Fs  1 does not always
correspond to a liquefaction (Juang et al., 2008).
3. Probabilistic Approach
In the literature we find that the probabilistic method has been widely used for the evaluation of liquefaction
potential of soils (Cetin et al., 2004; Idriss & Boulanger., 2010; Juang et al., 2012; Bhattacharya & Goda, 2013).
But most of these authors use probabilistic models based on statistical analyzes of historical cases. Using these
models who defined parameters influencing liquefaction potential only by the mean value, thus the probability
may be have uncertainties, why we should always adopt a reliability analysis. In this analysis we can consider
different sources of uncertainty considered by Kulhawy (1992). But in this study we will only consider the
parameter's uncertainties and model's uncertainties.
The procedure for making a reliability analysis that considers both types of uncertainties is described as follows:
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- Determination of the limit state function;
- Define the mean and the standard deviation of each soil's parameter;
- Calculate the correlation matrix for these parameters;
- And finally, calculate the probability of liquefaction.
3.1 The Limit State Function
To perform a reliability study, we must always begin with formulating the limit state function of the studied
problem. In the case of liquefaction, called limit state function or performance function the function that
separates the liquefiable region to the non-liquefiable region and it is expressed by Equation (8):

 

G X  CRR  CSR  0

(8)

Because of uncertainties of the parameter formulating CSR and CRR, we modeled these parameters by random
variables defined by the mean, standard deviation or coefficient of variation. To calculate CRR, we consider two
random variables: N1. 60, and fine contents FC. To calculate CSR, we consider four random
variables: a max , M w ,  v' ,  v .
Therefore G(X) is a function of 6 random variables expressed by:



 

G X  CRR  CSR  G N1,60 ,FC ,amax ,M w , v , 'v



(9)

If we take into account the uncertainty of the model, the performance function is defined by (Juang et al., 2008):

   c1CRR  CSR  G c1 ,N1.60 ,FC ,amax ,M w , v ,'v 

(10)

G X

c1: represents the model uncertainty of the limit state function.
The probability of liquefaction is estimated by calculating the integral defined by Equation (11)
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(11)

f X  X  dX

With f X  X  is the probability density function of the random variables.
3.2 Parameter Uncertainties of the Performance Function
After defining the performance function, we must estimate the uncertainties of the parameters included in its
formulation.
We must define the six random variables with the probability distributions. This involves estimating the mean
and standard deviation if the variable is assumed to follow a normal or log-normal distribution.
Duncan (2000) suggested that the standard deviation of a random variable can be obtained either from a direct
calculation of data, by an estimation based on the coefficient of variation (COV), or by an estimation based on
the “rule of three-sigma” (Dai & Wang, 1992).
For an estimation based on the coefficient of variation (the most commonly used parameter to define the
parameter uncertainties and which is expressed by the ratio between the standard deviation and the mean) we can
refer to the following table.
Table 1 .Coefficients of variation of input random variables
Random variable

COV
0.1 0.40

N1.60
0.15- 0.45
FC

 v'

amax
Mw

0.05 – 0.35
0.1- 0.2
0.05 – 0.20
0.05 – 0.20
0.1 – 0.2
0.05 – 0.10

References
Harr (1987); Gutierrez et al.
(2003) ; Phoon et Kulhaway
(1999)
Jones et al. (2002)
Gutierrez et al. (2003)
Salloum (2008) [16]
Juang et al. (1999)
Juang et al. (1999)
Juang et al. (1999)
Juang et al. (1999)
16

Distribution
Normal
Normal
Normal
Normal
Lognormal
Normal
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The estimation of the coefficient of variation of seismic parameters amax and Mw is based essentially on different
inversions of seismograms recorded at different stations, and decreases with increasing magnitude due to less
uncertain estimation of seismological parameters for large earthquake (Uzielly, 2004).
The COV of amax, may be greater than 0.5 (Haldar & Tang, 1979), and for COVs (Mw), there is a relationship
to calculate the variance of the magnitude (Moss, 2003).
2

M

w

 0.50  0.45 log M w

3.3 Correlation Matrix
When we have several random variables, as in our case of liquefaction, the uncertainty of a parameter includes
the uncertainty of the others. We express the dependence between random variables by correlation coefficient. In
continuation of our work, we used the correlation coefficients determined empirically by Juang et al. 2008 and
are based on an analysis of data in the databases of historical cases.

N1.60
Fc

 v'
v
amax
Mw

N1.60 Fc  v'  v amax Mw
1
0 0.3 0.3 0
0
0
1 0
0
0
0
0.3
0.3
0
0

0
0
0
0

1 0.9
0.9 1
0
0
0
0

0
0
1
0.9

0
0
0.9
1

The correlation coefficient between the uncertainty of the model and the other parameters is assumed to be 0
(Juang et al., 2008).
3.4 Calculating the Probability of Liquefaction
In literature there are several methods to calculate the probability of soil liquefaction. These methods are divided
into two approaches:
Approximation method: FORM and SORM method (the reader can refer to Grifith and Fenton, 2007 for details)
Simulations Method: Monte Carlo simulation (MCS), Importance Sampling simulation, Subset simulation. In
this study we use Monte Carlo simulations that is based on performing a large number of simulations Ns
(sampling) of random variables of the studied problem. For each simulation, the limit state function is calculated
and we count the number of simulations leading to the failure Nsf.
Pf   I  x  f  x  dx

(12)

With I (xi) is an indicator function defined by:
1si Gx   0
I x   
0 si Gx   0

(13)

The probability of failure Pf can be estimated by the ratio between the number of simulations leading to rupture
Nsf and the total number of sampling Ns.
N sf
~
1
Pf 

Ns
Ns

Ns

 I xi 
i 1

(14)

We can estimate the precision of Monte Carlo simulation method by calculating the coefficient of variation of
the failure probability defined by Equation (14) that is inversely proportional to Ns. This implies that the sample
size Ns in Monte Carlo simulation is very important to obtain a sufficiently reliable estimate of Pf

 

1  Pf

~
COV Pf 

N s  Pf

(15)

For a target coefficient of variation of the failure probability COV (Pf), the minimum number of samples Ns can
be calculated from the following Equation.
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Ns 
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COV 2 Pf

 

4. Application
The Example that we treat for deterministic and probabilistic analysis of liquefaction potential of soil for a
magnitude Mw = 7.4 and acceleration amax = 0.2 g is taken from a site in hyogoken-Nambu (Kobe) after an
earthquake of magnitude M = 6.9 occurred on 16 January 1995 (Idriss & Boulanger, 2010). The different
parameters of soils are shown in Figure 1.

Figure 1. Distribution of soil parameters
4.1 Deterministic Analysis
In deterministic study of liquefaction, we calculate the safety factor Fs = CRR/CSR for each depth. The soil is
assumed to be liquefiable if the safety factor Fs < 1, and it is non-liquefiable if Fs> 1. The results are shown in
Figure 2.

Figure 2. Safety factor against liquefaction
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We note from the results that the safety factor decreases with increasing soil depth and it is always greater than 1.
This result indicates that the soil is not susceptible to liquefaction. But because of different sources of uncertainty,
we did a reliability-study to accurately calculate the probability of soil liquefaction.
4.2 Estimating the Probability of Liquefaction
A preliminary estimation of the probability of liquefaction can be obtained from empirical models. Juang et al
2008 gave the relationship between safety factor determined by a method based on the SPT test and the
probability of liquefaction in the following way.
PL 

(17)

1
 FS 
1 

 1.05 

3.8

In our site we compare the probability calculated by the relationship (Juang, 2008) with a reliability study taking
into account-first uncertainties of random variables constituting the performance function and taking into
account the model uncertainty.
To choose the number of Monte Carlo simulations required for convergence, Figure 3 and Figure 4 represent the
estimation of the probability of liquefaction and its coefficient of variation respectively depending on the number
of simulations at a depth of 9 m.

Figure 3. The probability of liquefaction depending on the number of simulations

Figure 4. Coefficient of variation of the probability of liquefaction depending on the number of simulations
We note that the convergence is reached for a number of simulations close to 2500 for which the probability of
liquefaction and its coefficient of variation become constant. But for more accurate result in subsequent
calculations, 10000 simulations of random variables are generated.
19
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The probabilistic results obtained using 10000 Monte Carlo simulations throughout the mass of soil are shown in
Figure 5.

Figure 5. Probability of liquefaction calculated for different models
The first point that must be noted is that the probability of liquefaction calculated taking into account the
uncertainties of random variables and Pf taking into account the uncertainties of the model are close. But is still
seen as Pf taking into account the model errors is greater than Pf without taking into account these errors.
The second point is that the preliminary method of calculating Pf is not always valid. From this study, it was
found that the estimation of Juang is only valid for a low factor of safety. What always requires to make a
reliability study which takes into account uncertainties of the various parameters of the performance function and
model uncertainties.
5. Sensitivity Study
In this section we present a sensitivity analysis based on the coefficient of variation to see the effect of the COV
of each random variable on the response of the soil.
So we will vary the coefficient of variation of each parameter of the performance function taking into account
the theoretical COV listed in the Table 1. For this we increase the COV of each parameter while the range of the
other parameter is constant.
5.1 Effect of the Coefficient of Variation of CRR Parameters
In this section we present the effect of the resistance parameters on the probability of failure.
5.1.1 Effect of the Coefficient of Variation of (N1.60)
Figure 6 shows the effect of the coefficient of variation of (N1.60) on the probability of liquefaction. It’s indicates
that the increase in COV (N1.60) from 10 to 25% increases the probability of liquefaction from 10 to 15%. And
increase in the COV(N1.60) form 20 to 30% also increases the likelihood of liquefaction in the same way.
If we take the limit of liquefaction the probability that Pl > 35%, we find that for the first case (COV (N1) 60 =
10%), two depts only are liquefied (9 and 10 m). In the second case (COV (N1.60) = 25%) 3 depts are liquefied
(8, 9 and 10 m), and the third case (COV (N1.60) = 40%) almost all layers are liquefied.
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Figure 6. Effect of COV (N1.60) on liquefaction probability
The effect of COV (N1.60) decreases with increasing the depth, because in the déteministic study it was found that
the safety factor FS decreases with increasing depth. It’s indicates that the effect of COV(N1.60) is more
importante for high factor of safety, and it’s effect decreses by the decresase of the safety factor.
5.1.2 Effect of COV (Fc)
Figure 7 show the effect of the coefficient of variation of fine contents on the probability of liquefaction. For
increasing COV (Fc) from 5% to 35%, the probability of failure is almost constant. This can be explaining by a
weak change of the PDF of the factor of safety.

Figure 7. Effect of the coefficient of variation of fine contents
21
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5.2 Effect of the Coefficient of Variation of CSR Parameters
5.2.1 Effect of COV(Mw and Amax)
Figure 8 shows the effect of the coefficient of variation of seismics parameters (the magnitude and the
acceleration) on soil liquefaction probability.
This figure indicate that the effect of the coefficient of variation of the magnitude MW and maximum acceleration
amax is less important than the COV of N1.60.
For the acceleration amax an increase in the COV (amax) between 10 and 20% increases the probability of
liquefaction between 2 and 5%.
For the magnitude MW, an increase in the COV (MW) between 5 and 10% increases the probability of
liquefaction to less than 2%

Figure 8. Effect of the coefficient of variation of seismic parameters on the probability of liquefaction
5.2.2 Effect of the Coefficient of Variation of Total and Effective Stress
We see very well through Figigure 9 that the coefficient of variation of the total and vertical effective stress has a
negligible impact on the probability of liquefaction. Because of that, and for a reliability study of soil
liquefaction potential, we can define these parameters by the mean values only without taking into account its
variations.

Figure 9. Effect of the coefficient of variation of different soil parameters on liquefaction probability
22
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6. Conclusion
In this paper we presented a reliability study of liquefaction potential of soil, it was found that the problem of
liquefaction is probabilistic rather than deterministic because of different sources of uncertainty. Uncertainties
we have treated are uncertainties due to the natural variability of the parameters of the performance function and
of model uncertainties. The parameters used for the SPT test are modeled by random variables, and we applied
the Monte Carlo simulation method to calculate the probability of liquefaction. The results show that MCS can
predict the influence of stochastic parameters on the probability of liquefaction.
A sensitivity analysis based on the coefficient of variation has been presented, the results we found shows that
the parameters that have the most influence on the liquefaction are: the number of counts N1.60, the magnitude
of Mw earthquake and the maximum acceleration at surface amax. By cons it was found that the coefficient of
variation of the total stress and effective and the percentage of fines have no impact on the probability of
liquefaction. For this we can define these three parameters by the mean value only.
The increase in the probability of liquefaction by increasing the coefficient of variation of the number of counts
N1.60, the magnitude and the maximum acceleration shows that the probability of liquefaction is linear in terms
of these variables.
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