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Abstract 

Two free-will partners A (Alice) and B (Bob) share each a photon from a photon pair emitted from two mutually 
perpendicularly adjacent non-linear crystals (the spontaneous parametric downconversion SPDC Type I). The 
third partner C (Claudius) discovered two local hidden trigonometric functions: Cosag (2θ) = Cosagitta (2θ) = 
cos2 (θ) = ↓ and Sag (2θ) = Sagitta (2θ) = sin2 (θ) = ↑ that govern the geometrical (local) probability of 
correlation and anti-correlation outcomes, respectively. Cosagitta (2θ) = cos2 (θ) and Sagitta (2θ) = sin2 (θ) are 
the heights of an arc in the circle with diameter D = 1. The arc length distance L = ( θ + γ)*D = ( α β + 
γ)*D (D = 1) describes the arc length between the polarization planes of those correlated photons. The angles α, 
β and γ/2 are the angle adjustments of three half-wave plates (HWP) to achieve the tailor-made polarization of 
those correlated photons. The partner C employs the Claudius’ Theorem to evaluate the joint outcomes found 
experimentally by the partners A and B. This “trigonometric loophole” can be used to describe the observed and 
predicted outcomes of correlated particles. 
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1. Introduction 

We will celebrate 50 years since the publication of the seminal paper of John S. Bell “On the 
Einstein-Podolsky-Rosen Paradox” in the year 2014. Bell inequalities determine the boundary between the 
local-hidden-variable theories (LHVT) and the predictions of the quantum mechanics (e.g., Cabello, 2007; Fine, 
1982; Genovese, 2005; Laloë, 2012). Many groups of researchers experimentally tested those correlation 
statistics and confirmed the predictions of the quantum mechanics. 

The first generation of experimental tests of Bell’s inequalities with pairs of entangled photons was carried out 
between the years 1970–1978 and used “single-channel” polarizers (Clauser, Horne, Shimony, & Holt, 1969; 
Clauser & Horne, 1974; Clauser & Shimony, 1978; Freedman & Clauser, 1972; Fry & Thomson, 1976). The 
second generation of experiments between the years 1978–1990 worked with improved source of entangled 
photons and used the CH74 inequality and the CHSH inequality (Aspect, Dalibard & Roger, 1982; Aspect, 
Grangier & Roger, 1982; Marshall, Santos, & Selleri, 1983; Ou & Mandel, 1988). Experiments of the third 
generation in the years 1991–2000 produced the correlated photons in nonlinear spontaneous parametric 
downconversion (SPDC) (Kwiat, Mattle, Weinfurter, & Zeilinger, 1995; Kwiat, Waks, White, Appelbaum, & 
Eberhard, 1999; White, James, Eberhard, & Kwiat, 1999; Zeilinger, 1999). These experiments closed the 
“locality loophole” (Weihs, Jennewein, Simon, Weinfurter, & Zeilinger, 1998). It was found that the distance did 
not destroy entanglement (Tapster, Rarity, & Owens, 1994; Tittel, Brendel, Zbinden, & Gisin, 1998). 
Experiments of the fourth generation in the years 2001–2010 worked with significantly improved all optical 
elements used for those experiments (e.g., Rangarajan, Goggin, & Kwiat, 2009; Rowe et al., 2001). 
Measurements were done for longer and longer distances and the entanglement was not destroyed (e.g., Ursin et 
al., 2007; Scheidl et al., 2009). The delayed choice entanglement was realized. Experiments of the fifth 
generation in the years 2011–2013 successfully closed three loopholes: “the locality loophole”, “the detection 
loophole” and “the freedom-of-choice loophole” (e.g., Christensen et al., 2013; Giustina et al., 2013; Scheidl et 
al., 2010; Wittmann et al., 2013). 

It seems that we have achieved “the loophole-free stage” of the Bell’s theorem and that there is no hope to return 
back to any possible local concept for the description of outcomes of correlated particles. 

The aim of this contribution is to revisit the ancient and medieval mathematical literature and to reappear with 
forgotten mathematical tools. Are there any powerful mathematical tools that could be helpful in the solving of 
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the conundrum of the correlation statistics of entangled particles? Can we find “a trigonometric loophole”? 

2. The Forgotten Trigonometric Functions 

The development of trigonometry crossed most major cultures and places where many mathematicians 
contributed significantly to this topic. Several monographs on the history of trigonometry were written and can 
guide us on this way: Von Braumühl (1900), Datta and Singh (1983), Matvieskaya (1990), Maor (1998) and Van 
Brummelen (2009, 2013). The table of chord values was published by Claudius Ptolemy. 

There are two groups of trigonometric functions—the first (ancient and medieval) group is based on the arc of a 
circle, the second (modern) one is based on a plane right triangle in the unit circle (Radius R = 1). The original 
sine function developed in India, unlike the modern one, was not a ratio, but simply the length of the side 
opposite the angle in a right triangle of fixed hypotenuse. When the sine function is a ratio instead of the length 
of a line segment, the straightforward relation between the length of the arc and the value of sine function 
disappears. Kupková (2008) compared the trigonometric functions chord and sine and stimulated our interest in 
the old arc trigonometric functions.  

Table 1 summarizes the forgotten arc trigonometric functions for the unit circle (Radius R = 1, central angle 2θ, 
arc length equals 2θ*R = 2θ) and for the circle with the Diameter D = 1 (central angle 2θ, arc length equals 
2θ*D/2 = θ). We have chosen the central angle 2θ because we will get convenient relations for the action of the 
half-wave plates (HWP) on the correlated photons created by the SPDC Type I. 

 

Table 1. The forgotten arc trigonometric functions 

Radius R = 1, central angle = 2θ, arc length = 2θR = 2θ 

chord chord crd(2θ) = 2sin(θ) 

versed chord verchord vercrd(2θ) = 2cos(θ) 

versed sine versine versin(2θ) = 2sin2(θ) = 1-cos(2θ) 

versed cosine vercosine vercosin(2θ) = 2cos2(θ) = 1+cos(2θ) 

coversed sine coversine coversin(2θ) = 2sin2(π/4 − θ) = 1-sin(2θ) 

coversed cosine covercosine covercosin(2θ) = 2cos2(π/4 − θ) = 1+sin(2θ) 

Diameter D = 1, central angle = 2θ, arc length = θD = θ 

half chord hachord hacrd(2θ) = sin(θ) 

half versed chord haverchord havercrd(2θ) = cos(θ) 

half versed sine haversine haversin(2θ) = sin2(θ) = (1−cos(2θ))/2 = Sagitta (2θ) 

half versed cosine havercosine havercosin(2θ) = cos2(θ )= (1+cos(2θ))/2= Cosagitta(2θ)

half coversed sine hacoversine hacoversin(2θ) = sin2(π/4 − θ) = (1−sin(2θ))/2 

half coversed cosine hacovercosine hacovercosin(2θ) = cos2(π/4 − θ) = (1+sin(2θ))/2 

 

We add Figure 1 and Figure 2 to depict graphically these arc trigonometric functions as lengths in the unit circle 
with the Radius R = 1 and in the circle with the Diameter D = 1. The relations in those Figure 1 and Figure 2 
were checked by mathematical instruments of Euclid and Descartes. 
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Figure 1. Versin (2θ), vercosin (2θ), haversin (2θ) and havercosin (2θ) 

 

 

Figure 2. Coversin (2θ), covercosin (2θ), hacoversin (2θ) and hacovercosin (2θ) 

 
3. Two Local Hidden Trigonometric Functions  

Ancient and medieval mathematicians had another trigonometric functions available to them than we have today. 
It is interesting to rediscover those forgotten trigonometric functions because some of them have very beautiful 
and even hidden properties. 

We will use in our approach two trigonometric functions: Cosag (2θ) = Cosagitta (2θ) = cos2(θ) = ↓ and Sag (2θ) 
= Sagitta (2θ) = sin2(θ) = ↑ that govern the geometrical (local) probability of correlation and anti-correlation 
outcomes, respectively. Cosag (2θ) = cos2(θ) and Sag (2θ) = sin2(θ) are the heights of an arc in the circle with 
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diameter D = 1 and the central angle 2θ. The arc length distance L = ( θ + γ)*D = ( α β + γ)*D (D = 1) 
describes the arc length between the polarization planes of those correlated photons. The angles α, β and γ/2 are 
the angle adjustments of three half-wave plates (HWP) to achieve the tailor-made polarization of those correlated 
photons created by the spontaneous parametric downconversion–SPDC Type I.  

Figure 3, Figure 4 and Figure 5 show the probabilistic outcomes of “single-clicks” at Alice’s side and Bob’s side, 
and combined probabilistic outcomes of “double clicks” calculated by Claudius. The experimental observation 
of these probabilities was excellently described by Alain Aspect (2000) in his conference talk “Bell’s Theorem: 
The Naïve View of an Experimentalist”. 

 

Figure 3. Probabilistic outcomes of the “single-click detection” at ALICE’s side 

 

Figure 4. Probabilistic outcomes of the “single-click detection” at BOB’s side 
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Figure 5. Probabilistic outcomes of the “double-click detection” calculated by CLAUDIUS 
 

4. Photon Pairs with the Tailor-Made Relative Polarization  

Correlated photon pairs can be produced with the spontaneous parametric downconversion (SPDC Type I 
process, Kwiat et al., 1999). In this process two mutually perpendicularly adjacent crystals create the H-polarized 
cone (with horizontally polarized photon pairs) and the V-polarized cone (with vertically polarized photon pairs). 
The photon pairs with the desired tailor-made relative polarization can be created by inserting a half-wave plate 
(HWP-Claudius) in either the signal beam or idler beam with the angle adjustment γ/2. This element 
(HWP-Claudius) modifies the relative polarization plane distance of these two correlated photons by the arc 
length distance equal to γ.  

Two observers Alice and Bob use their half-wave plates (HWP-Alice and HWP-Bob). Alice and Bob can freely 
rotate with their half-wave plates with the angle adjustment  α and  β. For the joint correlated or 
anti-correlated outcomes Claudius uses his Claudius’ Theorem where he inserts the relative arc length distance L 
of the polarization planes of those photons where the circle diameter D = 1:  

   L D D                                          (1) 

Claudius’ Theorem calculates already observed correlation and anti-correlation outcomes (SPDC Type I and 
SPDC Type II) and predicts the outcomes for the arbitrary adjustments of the angle γ (SPDC Type III, SPDC 
Type IV, SPDC Type VIII, etc.):  

 2 2sin sinL                                       (2) 

 2 2cos cosL                                       (3) 
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Table 2. Correlation and anti-correlation outcomes for the SPDC Type I 

SPDC TYPE I-observed 

Photon pair originally vertically polarized, modification of the arc length distance γ = 0 

cos2(0 + 0 + θ) – sin2(0 + 0 + θ) = cos (2θ)

cos2(0 + 0 – θ) – sin2(0 + 0 – θ) = cos (2θ)

Photon pair originally horizontally polarized, modification of the arc length distance γ = 0 

cos2(0 + π + θ) – sin2(0 + π + θ) = cos (2θ)

cos2(0 + π – θ) – sin2(0 + π – θ) = cos (2θ)

E (γ = 0, + θ) = cos (2θ) 

E (γ = 0, – θ) = cos (2θ) 

 

Table 3. Correlation and anti-correlation outcomes for the SPDC Type II 

SPDC TYPE II-observed 

Photon pair originally vertically polarized, modification of the arc length distance γ = π/2 

cos2(π/2 + 0 + θ) – sin2(π/2 + 0 + θ) = − cos (2θ)

cos2(π/2 + 0 – θ) – sin2(π/2 + 0 – θ) = − cos (2θ)

Photon pair originally horizontally polarized, modification of the arc length distance γ = π/2 

cos2(π/2 + π + θ) – sin2(π/2 + π + θ) = − cos (2θ)

cos2(π/2 + π – θ) – sin2(π/2 + π – θ) = − cos (2θ)

E (γ = π/2, + θ) = − cos (2θ) 

E (γ = π/2, – θ) = − cos (2θ) 

 

Table 4. Correlation and anti-correlation outcomes for the SPDC Type III 

SPDC TYPE III-predicted 

Photon pair originally vertically polarized, modification of the arc length distance γ = π/3 

cos2(π/3 + 0 + θ) – sin2(π/3 + 0 + θ) = − sin (π/6 + 2θ)

cos2(π/3 + 0 – θ) – sin2(π/3 + 0 – θ) = − sin (π/6 − 2θ)

Photon pair originally horizontally polarized, modification of the arc length distance γ = π/3 

cos2(π/3 + π + θ) – sin2(π/3 + π + θ) = − sin (π/6 + 2θ)

cos2(π/3 + π – θ) – sin2(π/3 + π – θ) = − sin (π/6 − 2θ)

E (γ = π/3, + θ) = − sin (π/6 + 2θ)

E (γ = π/3, – θ) = − sin (π/6 − 2θ)

 

Table 5. Correlation and anti-correlation outcomes for the SPDC Type IV 

SPDC TYPE IV-predicted 

Photon pair originally vertically polarized, modification of the arc length distance γ = π/4 

cos2(π/4 + 0 + θ) – sin2(π/4 + 0 + θ) = − sin (2θ)

cos2(π/4 + 0 – θ) – sin2(π/4 + 0 – θ) = + sin (2θ)

Photon pair originally horizontally polarized, modification of the arc length distance γ = π/4 

cos2(π/4 + π + θ) – sin2(π/4 + π + θ) = − sin (2θ)

cos2(π/4 + π – θ) – sin2(π/4 + π – θ) = + sin (2θ)

E (γ = π/4, + θ) = − sin (2θ) 

E (γ = π/4, – θ) = + sin (2θ) 
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Table 6. Correlation and anti-correlation outcomes for the SPDC Type VIII 

SPDC TYPE VIII - predicted 

Photon pair originally vertically polarized, modification of the arc length distance γ = π/8 

cos2(π/8 + 0 + θ) – sin2(π/8 + 0 + θ) = cos (π/4+2θ)

cos2(π/8 + 0 – θ) – sin2(π/8 + 0 – θ) = cos (π/4– 2θ)

Photon pair originally horizontally polarized, modification of the arc length distance γ = π/8 

cos2(π/8 + π + θ) – sin2(π/8 + π + θ) = cos (π/4+2θ)

cos2(π/8 + π – θ) – sin2(π/8 + π – θ) = cos (π/4– 2θ)

E (γ = π/8, + θ) = cos (π/4+2θ) 

E (γ = π/4, – θ) = cos (π/4– 2θ) 

 

5. Correlated Particles with Spin: 1/2, 1, 3/2, and 2  

We can apply the Claudius’ Theorem for the calculation of correlation and anti-correlation outcomes for 
correlated particles with spin: 1/2, 1, 3/2, and 2, etc. The spin is graphically interpreted as the arc length distance 
of the polarization of those particles. In Figure 6 the arc length distance (spin) is influenced by the central angle 
and the diameter D = 1. 

 

Table 7. Correlation and anti-correlation outcomes for particles with spin 1/2 
SPIN 1/2 - observed 

Central angle = θ, arc length distance L = θ/2*D, diameter D = 1

cos2(0 + θ/2) – sin2(0 + θ/2) = cos (θ)

cos2(0 – θ/2) – sin2(0 – θ/2) = cos (θ)

E (L =  θ/2) = cos(θ)

Central angle = θ, arc length distance L = (π/2 θ/2)*D, diameter D = 1 

cos2(π/2 + θ/2) – sin2(π/2 + θ/2) = − cos (θ)

cos2(π/2 − θ/2) – sin2(π/2 − θ/2) = − cos (θ)

E (L = π/2 θ/2) = − cos(θ)

 

Table 8. Correlation and anti-correlation outcomes for particles with spin 1 
SPIN 1 - observed 

Central angle = 2θ, arc length distance L = θ*D, diameter D = 1

cos2(0 + θ) – sin2(0 + θ) = cos (2θ)

cos2(0 – θ) – sin2(0 – θ) = cos (2θ)

E (L =  θ) = cos(2θ) 

Central angle = 2θ, arc length distance L = (π/2 θ)*D, diameter D = 1 

cos2(π/2 + θ) – sin2(π/2 + θ) = − cos (2θ)

cos2(π/2 − θ) – sin2(π/2 − θ) = − cos (2θ)

E (L = π/2 θ) = − cos(2θ)
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Figure 6. Dependence of the arc length distance for correlated particles on their spin 

 

Table 9. Correlation and anti-correlation outcomes for particles with spin 3/2 

SPIN 3/2 - predicted 

Central angle = 3θ, arc length distance L = 3θ/2*D, diameter D = 1 

cos2(0 +3θ/2) – sin2(0 + 3θ/2) = cos (3θ) 

cos2(0 – 3θ/2) – sin2(0 – 3θ/2) = cos (3θ) 

E (L =  3θ/2) = cos(3θ) 

Central angle = 3θ, arc length distance L = (π/2 3θ/2)*D, diameter D = 1 

cos2(π/2 + 3θ/2) – sin2(π/2 +3 θ/2) = − cos (3θ) 

cos2(π/2 − 3θ/2) – sin2(π/2 −3 θ/2) = − cos (3θ) 

E (L = π/2 3θ/2) = − cos(3θ) 
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Table 10. Correlation and anti-correlation outcomes for particles with spin 2  
SPIN 2 - predicted 

Central angle = 4θ, arc length distance L = 2θ*D, diameter D = 1 

cos2(0 + 2θ) – sin2(0 + 2θ) = cos (4θ)

cos2(0 – 2θ) – sin2(0 – 2θ) = cos (4θ)

E (L =  2θ) = cos(4θ)

Central angle = 4θ, arc length distance L = (π/2 2θ)*D, diameter D = 1 

cos2(π/2 + 2θ) – sin2(π/2 +2 θ) = − cos (4θ)

cos2(π/2 − 2θ) – sin2(π/2 −2θ) = − cos (4θ)

E (L = π/2 2θ) = − cos(4θ)

 

6. Conclusions 

1) The ancient and medieval trigonometric functions Cosag (2θ) = Cosagitta (2θ) = cos2(θ) = ↓ and Sag (2θ) = 
Sagitta (2θ) = sin2(θ) = ↑ were newly used as the mathematical tools for the description of correlation and 
anti-correlation outcomes of correlated photons. 

2) The lengths Cosag (2θ) = cos2(θ) and Sag (2θ) = sin2(θ) are the heights of an arc in the circle with diameter D 
= 1 and the central angle 2θ and determine the probability of correlated and anti-correlated outcomes of 
correlated photons. 

3) The arc length distance of polarization planes of correlated photons plays the significant role in their joint 
correlated and anti-correlated outcomes and can be experimentally modified by three half-wave plates (Alice’s 
HWP, Bob’s HWP, Claudius’ HWP)—the tailor-made relative polarization of correlated photons (created by the 
SPDC Type I) can be achieved. 

4) Claudius’ Theorem based on the arc length distance of the polarization planes of correlated photons can 
describe and predict the correlation and anti-correlation outcomes for the correlated photons with the tailor-made 
relative polarization planes. 

5) Spin of correlated particles (the arc length distance between the polarization planes in the circle with diameter 
D = 1) can be inserted into the Claudius’ Theorem in order to calculate the correlation and anti-correlation 
outcomes for those correlated particles with spin 1/2, 1, 3/2, 2, etc.  
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