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Abstract

Strict analysis, based on classic theory, reveals that free electron has an open spiral, instead of familiar closed
figure-8, orbit in mono-color electromagnetic wave and does nonlinear oscillation along this open orbit. This
implies that the electromagnetic wave can transport a free electron over macroscopic distance and accelerate elec-
tron in a limited extent. The transportation and acceleration can lead to an economic setup of monochromatic
high-frequency light source.
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1. Introduction

High-frequency monochromatic light source has attracted broad attention over decades. There are mainly two
technical roads to achieve this goal (Winterfeldt, Spielmann, & Gerber, 2008). One is atomic light source, which
is based on laser-driven atomic radiation or so-called high-order harmonics generation (HHG) (Krause, Schafer,
& Kulander, 1992; Corkum, 1993). The other is based on laser-plasma interaction to obtain high-energy electron
beams and then obtain their radiations through free-electron-laser (FEL) mechanism (Roberson & Sprangle, 1991).

The fundamental physics of such a light source is usually interpreted by the behavior of a free electron in a mono-
color electromagnetic wave. It is involved in many physical issues, from senior Compton scattering (Sanderson,
1965; Eberly & Sleeper, 1968; Brown & Kibble, 1964) to junior atomic high-order harmonics generation (HHG)
(Reiss, 2008; Gibbon, 2005). It is also the basis for understanding complicated phenomena taking place in plasmas
(Rax, 1992; Gibbon, 1996; Puhkov & Meyer-ter-Vehn, 1996; Esarey, Ride, & Sprangle, 1993; Umstadter et al.,
1996). A lot of in-depth works have been paid to this topic. By now, it has been acknowledged that the shape of
such an orbit is alike to figure-8, (where the long axis of the figure-8 is along the electric field E, and the short axis
is along the direction of propagation k of the field. The vectors E, B, and k are mutually perpendicular) (Eberly &
Sleeper, 1968; Sarachik & Schappert, 1970; Reiss, 2008). The free electron oscillates along this figure-8 orbit, and
the oscillation frequency along the short axis is twice that along the long axis (Reiss, 2008).

This viewpoint is derived from advanced Hamilton-Jacobi equation (Eberly & Sleeper, 1968; Brown & Kibble,
1964; Sarachik & Schappert, 1970). As stated in reference (Eberly & Sleeper, 1968), the space-dependence of the
vector potential is not taken into account. This is the root reason for this viewpoint. It can be verified from easier
Newton equation (which is presented in the cylindric frame (ρ, z, θ) now)

medttρ = E0 sin (−ω0t) − dtz ∗ B0 sin(−ω0t); (1.1)

medttz = dtρ ∗ B0 sin(−ω0t). (1.2)

where E0 and B0 are two constants. Mathematically, we can verify above-mentioned conclusion from this equation
set. Obviously, this equation set does not truly describe the motion of the free electron in electromagnetic fields
because the force on the electron is unchanged with respect to its position (ρ (t) , z (t)).
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2. Method and Results

Stricter description on the motion of a free electron should read

medttρ = E0 sin (kz − ω0t) − dtz ∗ B0 sin(kz − ω0t); (2.1)

medttz = dtρ ∗ B0 sin(kz − ω0t) (2.2)

where k meets kE0 = ω0B0. By re-writing Equation (2.2) as

dtρ =
medttz

B0 sin(kz − ω0t)
(3)

and applying dt on it, then, inserting it into Equation (2.1), we can obtain an equation of θ = kz − ωt (where
ωB =

B0
me

is cyclotron frequency)

dtttθ − ctg (θ) ∗ dtθ ∗ dttθ + ω
2
B sin2 θdtθ = 0, (4)

which means
dttθ = ω

2
B cos θ sin θ +C sin θ =

1
2
ω2

B sin (2θ) +C sin θ, (5)

or
1
2

[dtθ]2 +
1
4
ω2

B cos (2θ) +
1
2

C cos θ = D. (6)

Here, constants D and C are determined from following initial conditions:

θ (t = 0) = kz (t = 0) = 0;

dttz|t=0 = 0; dttθ|t=0 = 0

dtz|t=0 = 0; dtρ|t=0 = 0 (7)

dtθ|t=0 = −ω0.

From these initial conditions, we have D = 1
2ω

2
0 +

1
4ω

2
B +

1
2C and C = −ω2

B (which arises from dtρ|t=0 = 0) hence

dtθ = ±
√
ω2

0 −
1
2
ω2

B −
1
2
ω2

B cos (2θ) + ω2
B cos θ = ±

√
ω2

0 − ω2
B cos2 θ + ω2

B cos θ. (8)

Some numerical examples are shown in Figures (1-3).
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Figure 1. The history of dtρ, dtz, and z
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Figure 2. Fourier spectrum of transverse dipole, which is associated with dttρ, and that of longitudinal one, which
is with dttz
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According to Equation (6) and Figure 1, θ (t) is a periodic function of t and hence implies that z (t) is not a periodic
function of t. Likewise, ρ (t) is also not a periodic function of t. Therefore, the orbit is not closed and instead
open and spiral. On the other hand, both dtρ and dtz are periodic functions of t. Their calculated Fourier spectrum
have respective spread. These results indicate that the free electron is pushed forward, along a spiral orbit, by the
electromagnetic wave. This alters the conventional viewpoint that the free electron will oscillate along a figure-8
orbit and its average displacement (relative to its initial position) is 0.

Equations (1) and Equation (2) are often used to elucidate the underlying physics of atomic light source (Reiss,
2008; Gibbon, 2005). Such a light source is often related with atomic dipole radiation model. The photoelectron is
usually viewed as a free electron and the ion is taken as immobile. The calculation on the atomic dipole moment is
as same as above described. The dipole moment consists of two perpendicular oscillations. If the oscillating dipole
moment have a spectrum spread, photons of higher frequency > 2ω0 will be available from the interaction of a free
electron with the electromagnetic wave of a frequency ω0. Figure 2 shows some examples of Fourier spectrum
of dttρ and dttz. As indicated by these spectrum, the transverse dipole is mainly centered at a ω0-component
and the longitudinal one is at ω0-component and 2ω0-component. This differs from the conventional viewpoint
that both the transverse oscillation and the longitudinal one are mono-color and their frequencies are ω0 and 2ω0
respectively (Eberly & Sleeper, 1968; Sarachik & Schappert, 1970; Reiss, 2008). Moreover, a portion of the
dipole radiation energy are at high-frequency (> 2ω0) components. These examples imply the capacity of a free
electron converting applied electromagnetic energy to higher frequency components. But as shown in Figure 2,
the efficiency of such a conversion is too low. In addition, Figure 3 indicates that larger values of the ratio ωB/ω0
correspond to larger longitudinal displacement of the free electron relative to its initial position. There are little
pronounced difference among these spectrum under different values of ωB/ω0. This implies that it is less effective
to enhance the conversion efficiency by increasing ωB/ω0.

Stricter analysis improves our knowledge on the free electron orbit in a mono-color electromagnetic wave. This is
valuable for us to interpret many related phenomena on a sound basis. Otherwise, we might be misguided.

Although such an open orbit is not optimistic to convert radiation to higher-order harmonics components, it enlight-
ens us to pursue more complicated orbit by applying more complicated driving EM pulse. Whether or not more
complicated electron orbit can lead to an econormic light source is still an open question. In following paragraph,
we continue similar discussions in two typical cases: one includes two color fields and the other is a Gaussian
driving pulse.

Likewise, when there are two color fields, the motion reads

medttρ = E1 sin (k1ξ) + E2 sin (k2ξ) − dtz ∗
[
B1 sin(k1ξ) + B2 sin(k2ξ)

]
; (9.1)

medttz = dtρ ∗
[
B1 sin(k1ξ) + B2 sin(k2ξ)

]
(9.2)

where ξ = z − ct, E1,2 and B1,2 are constants, k1E1 = ω1B1, k2E2 = ω2B2, ω1,2 = k1,2c. Following same procedure
of deriving Equation (4), we can obtain an equation of ξ (where ωB1,2 =

B1,2

me
are two cyclotron frequencies)

dtttξ −
[
k1ωB1 cos (k1ξ) + k2ωB2 cos (k2ξ)
ωB1 sin (k1ξ) + ωB2 sin (k2ξ)

]
∗ dtξ ∗ dttξ + m2

e
[
ωB1 sin (k1ξ) + ωB2 sin (k2ξ)

]2 dtξ = 0, (10)

which means

dttξ = m2
e
[
ωB1 sin (k1ξ) + ωB2 sin (k2ξ)

] [
k1ωB1 cos (k1ξ) + k2ωB2 cos (k2ξ) +G

]
, (11)

or
1
2

[
dtξ

]2
+ m2

eG
[
ωB1

k1
cos (k1ξ) +

ωB2

k2
cos (k2ξ)

]
+

1
4

m2
e

[
ω2

B1 cos (2k1ξ) + ω2
B2 cos (2k2ξ) + 2ωB1ωB2 cos ((k1 + k2) ξ) + 2ωB1ωB2 cos ((k1 − k2) ξ)

]
= D. (12)

Here, constants D and G are determined from following initial conditions:

ξ (t = 0) = z (t = 0) = 0

dttz|t=0 = 0; dttξ|t=0 = 0
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dtz|t=0 = 0; dtρ|t=0 = 0 (13)

dtξ|t=0 = −c.

From these initial conditions, we have D = 1
2 c2+ 1

4 m2
e

[
ω2

B1 + ω
2
B2 + 4ωB1ωB2

]
+m2

eG
[
ωB1
k1
+ ωB2

k2

]
and G = −k1ωB1−

k2ωB2 (which arises from dtρ|t=0 = 0) hence

dtξ = ±

√√√√√√√√√√√√√√√√√√√√√√√√√√√√√

c2 + 1
2 m2

e

[
ω2

B1 + ω
2
B2 + 4ωB1ωB2

]
−2m2

e [k1ωB1 + k2ωB2]
[
ωB1
k1
+ ωB2

k2

]
− 1

2 m2
e

 ω2
B1 cos (2k1ξ) + ω2

B2 cos (2k2ξ)

+2ωB1ωB2(cos ((k1 + k2) ξ) + cos ((k1 − k2) ξ))


+2m2

e [k1ωB1 + k2ωB2]
[
ωB1
k1

cos (k1ξ) + ωB2
k2

cos (k2ξ)
]

. (14)

Usually, the driving electromagnetic pulse has a spectrum spread and hence its vector potential a Gaussian longi-

tudinal envelope A = A0 exp
(
− ξ

2

W2

)
. In this case, we will have

E = E0ξ exp
(
− ξ

2

W2

)
= cB (15)

dtttξ −
[
1 − 2ξ2/W2

ξ

]
∗ dtξ ∗ dttξ + ω

2
Bξ

2 exp
(
−2ξ2

W2

)
dtξ = 0 (16)

dttξ = −
[
ξ exp

(
− ξ

2

W2

)] [
1
2

W2ω2
B exp

(
ξ2

W2

)
+G

]
(17)

1
2

[
dtξ

]2
+

1
4

W2ω2
Bξ

2 − 1
2

GW2 exp
(
− ξ

2

W2

)
= D (18)

where G = − 1
2 W2ω2

B arises from dtρ|t=0 = 0, and hence D = 1
2 c2+ 1

4 W4ω2
B. The derivations of Equations (16,17,18)

are described as above.

The open orbit also means a direct acceleration by the laser. As shown in Equation (8), the electronic longitudinal

velocity dtz oscillates between 0 and υmax = c −
√

c2 − ω
2
B

k2 . When an electron leaves the laser of a finite transverse
size (E = 0 if ρ > Wt), its velocity is possible to be a non-zero value 6 υmax. This revealed the feasiblity of
direct acceleration by homogeneous shaped laser even though it is merely a limited acceleration which upgrades
dtz from 0 to a non-zero value 6 υmax. By adjusting laser’s transverse width Wt, we can obtain desirable value
of electron velocity when it leaves the laser i.e. dtρ|ρ=Wt and dtz|ρ=Wt . This is the preliminary step of setting up a
monochromatic light source.

The realistic value of this limited acceleration, or that of open orbit, is that electron can make a long-distance
drifting over macroscopic scale. In contrast, the figure-8 orbit viewpoint means that the electron is bound to
its initial position. Whether or not an electron can freely drift is of crucial effect on obtaining high-frequency,
mono-color radiation. Many works (Keitel & Knight, 1995) and above numerical results have suggested that the
nonlinear oscillation driven by a laser is of finite efficiency of converting radiation from fundamental frequency
(or ω0) frequency component to far higher frequency one. Moreover, the radiation associated with this nonlinear
oscillation is of broad bandwidth and hence is of poor monochromaticity. Therefore, the so-called re-collision
picture, which means an energetic electron is re-captured by an positive ion and hence emits a photon, begins
to be attentioned (Corkum, 1993; Lewenstein et al., 1995; Keitel & Knight, 1995). However, the figure-8 orbit
viewpoint bounds people’s attention to the ion at the initial position of electron (i.e., so-called parent ion). In this
situation, considerable laser energy is spent at ionization of atom. This makes people to believe that strong driving
laser seems to be necessary to the up-conversion of radiations to higher frequency components. Namely, the up-
conversion is less economic. If people are interested in a light source of good monochromaticity, a spending on
solid-state optical material which is to filter EM components at undesirable band, is inevitable.
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Figure 4. Sketchs of (a)monocolor light source, and (b)electron collider. The small circle represents electron. The
light round route is arranged at the x-z plane and the electron gun is along the y-axis (or out of the x-z plane).
Such arrangement is to avoid the cross of the round route and the gun, and hence is favorable to whole device

being small-sized

The advantage of the open orbit is to enable an electron to be captured by positive ion and by Rydberg atom at
remote position. Thus, good monochromaticity can be achieved even the laser is weak. We can combine a laser
device and an low-energy electron gun. For minimizing self-field effect of many electrons, a magnetic device can
be used at the exit of the electron gun for picking out fewer electrons interacting with laser. Moreover, the task
of the electron gun is merely to supply few electrons into the interaction region and does not demand supplied
electrons being of high energies. On the contrary, the supplied electrons are desirous to be of low energies. Low
drifting velocity of supplied electron is convenient to adjust the time-of-flight (TOF) of an electron from the exit
of the gun to the laser way. Also, it is to cut down unnecessary energy cost and makes the experiments more
economic. The direct acceleration can yield an energetic electron leaving the laser. For given laser transverse
radius and intensity, the electron’s energy when it leaves the laser is determined. A sketch on monocolor light
source is illustrated in Figure 4A. The laser acts as a “bus” to transport an electron which is initially at the output
of the electron gun to leave its initial position. When the passenger jumps out of the bus, it is along another road
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directed to a positive ion or to a Rydberg atom. The “bus” continues to go forward. Using mirrors, we can set up
a round “bus” route and hence repeatedly use the laser. The region A contains the gun and the round route. The
output of such a region A are electrons moving in a velocity dtρ|ρ=Wt and dtz|ρ=Wt . At the other region (region B),
the electron is re-captured and hence emits a photon. Likewise, an electron collider can be set up if we replace the
region B with the region A. As shown in Figure 4B, two bus routes and two guns are contained in this electron
collider. The electron collider can yield radiations at higher central frequency but of somewhat broad bandwidth.

It is worthy to discuss how to control the electron jump direction when it leaves the laser. Two methods are
available. One is to adjust the size of the “bus”. As previously discussed, high velocity can be achieved no matter
how weak the laser is. Suitable size of laser field can warrant electron’s high velocity at the boundary of the laser
field. Also, the ratio between transverse velocity and longitudinal velocity at the boundary of the laser field, i.e., the
jump direction, is affected by the size of laser field. The transverse size can be controlled by adjusting the width of
the fiber transmitting laser. The other method is to adjust the “landing site” of free electrons. Mathematically, the
position of the electron when it begins to interact with the laser determines the initial condition in above formulas.
For given parameters of the “bus”, initial position of the passenger in the “bus” affects his leaving velocity. By
adjusting the angle of the electron gun, we can control the distance between the “landing site” and the laser axis, as
well as that between the the “landing site” and the laser boundary, and hence following details of the interaction.
Comparing two methods, we can find that the latter is simpler and more economic.

3. Conclusion

Stricter analysis on the dynamics of free electron in laser field reveals an important property which is covered by
approximation theory. According to stricter analysis, the orbit of a free electron in laser field is open rather than
our familiar figure-8 close one. The open orbit enables the free electron to be possible to leave the laser with a high
velocity, or to be accelerated by the laser. Because this property does not have special demand on laser strength, it
can enlighten us to develop an economic, mono-color light source and economic compact experimental setup for
other purposes.
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