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Abstract 

We show a class of Lorentz covariant theories of gravitation that includes general relativity do not satisfy 
conservation of energy. 

Keywords: Lorentz transformation, energy, momentum, photon velocity 

1. Introduction  

General relativity is covariant under general coordinate transformations (Einstein, 1916). Consequently it is 
covariant under Lorentz transformations. Within a theory of gravitation we will be considering independent 
systems ܵ௩ where െ1 ൏ ݒ ൏ 1. Each ܵ௩  will be examined with respect to two frames of reference ܨ௩ and ܨ௩

ᇱ 
related by a Lorentz transformation. For each ܵ௩ there will be a point mass and a photon moving towards the 
mass along a line. The gravitational field of the mass will cause energy, momentum, and speed of the photon to 
change as it moves towards the mass. The energies and momenta of the mass and photon will be described by 
Lorentz covariant four-vectors. We will restrict to the class of Lorentz covariant theories of gravitation that have 
only ܿ and ܩ as constants with dimension. This class includes general relativity. Units are chosen so that 
ܿ ൌ ܩ ൌ 1. 

2. Frames of Reference 

Let ܨ௩  be a frame of reference with coordinates ݐ, ,ݔ ,ݕ ௩ܨ and ݖ
ᇱ  a frame of reference with coordinates 

,ᇱݐ ,ᇱݔ ,ᇱݕ  Ԣ. The coordinates of the frames being related by the Lorentz transformationݖ

    t = 
௧ᇲା௩௫ᇲ

√ଵି௩మ ݔ   ൌ  
௫ᇲା௩௧ᇲ

√ଵି௩మ ݕ    ൌ ݖ  ᇱݕ ൌ  ᇱ                      (1)ݖ

With respect to ܨ௩
ᇱ let there be a photon ߛ moving from positive ݔᇱ infinity towards the origin along the ݔᇱ 

axis. Also let there be a point mass ܣ such that when ߛ is at infinity ܣ is at rest at the origin. When ߛ is at 
infinity let ܯ஺

ᇱ  be the energy of ܧ ,ܣఊ
ᇱ  be the energy of ߛ, ஺ܲ

ᇱఓ be the components of the energy-momentum 
four-vector of ܣ and ఊܲ

ᇱఓ be the components of the energy-momentum four-vector of ߛ. With respect to ܨ௩
ᇱ 

when ߛ is at infinity 

    ஺ܲ
ᇱ଴ ൌ ஺ܯ

ᇱ   ஺ܲ
ᇱଵ ൌ ஺ܲ

ᇱଶ ൌ ஺ܲ
ᇱଷ ൌ 0 

ఊܲ
ᇱ଴ ൌ ఊܧ

ᇱ    ఊܲ
ᇱଵ ൌ െ ܧఊ

ᇱ   ఊܲ
ᇱଶ ൌ ఊܲ

ᇱଷ ൌ 0                       (2) 

Let (De Paepe, 2010) 

஺ܯ             
ᇱ ൌ √1 െ ఊܧ  ଶ݉஺ݒ

ᇱ ൌ ටଵା௩

ଵି௩
 ఊ                           (3)ܧ

where ݉஺ and ܧఊ are positive constants. We will be considering independent systems ܵ௩. For each െ1 ൏ ݒ ൏
1 there is a system. We still have a photon moving towards a point mass along the ݔᇱ axis but for each of the 
different ܵ௩ we are starting with different masses of ܣ and different energies of ߛ with respect to ܨ௩

ᇱ. For ܵ௩  
with respect to ܨ௩

ᇱ when ߛ is at infinity the energies of ܣ and ߛ are given by (3). For ܵ௩ with respect to ܨ௩ 
when ߛ is at infinity the energy of ܣ is using (2) and (3) and the formula for transformation of energy 

         ஺ܲ
଴ ൌ

௉ಲ
ᇲబା௩௉ಲ

ᇲభ

√ଵି௩మ ൌ
ெಲ

ᇲ

√ଵି௩మ ൌ
√ଵି௩మ௠ಲ

√ଵି௩మ ൌ ݉஺                          (4) 
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and the energy of ߛ is 

          ఊܲ
଴ ൌ

௉ം
ᇲబା௩௉ം

ᇲభ

ඥଵି௩మ
ൌ  

ாം
ᇲ ାሺିாം

ᇲ ሻ

ඥଵି௩మ
ൌ  ටଵି௩

ଵା௩
ఊܧ

ᇱ ൌ ටଵି௩

ଵା௩
ටଵା௩

ଵି௩
ఊܧ ൌ  ఊ               (5)ܧ

With respect to ܨ௩ the total energy of ܵ௩ is then ݉஺ ൅  .ఊܧ

3. Energy and Momentum Functions 

Now ߛ moves from positive ݔᇱ infinity along the ݔᇱ axis towards ܣ so with respect to ܨ௩ 
ᇱ  when ߛ is at ݔఊ

ᇱ  
let the functions ݌ఊ

ᇱఓሺݔఊ
ᇱ ) be the components of the energy-momentum four-vector of ߛ. The values of ܯ஺

ᇱ ఊܧ ,
ᇱ , 

and ݔఊ
ᇱ  completely determines ܵ௩. A component ݌ఊ

ᇱఓሺݔఊ
ᇱ ሻ is then a function of ܯ஺

ᇱ ఊܧ ,
ᇱ , and ݔఊ

ᇱ  and no other 
variables. Since we are considering the class of theories of gravitation with only ܿ and ܩ as constants with 
dimension we have ݌ఊ

ᇱఓሺݔఊ
ᇱ ሻ/ܧఊ

ᇱ  will be a dimensionless function of the dimensionless variables ܯ஺
ᇱ ఊݔ/

ᇱ  and 
ఊܧ

ᇱ ఊݔ/
ᇱ . Note ܯ஺

ᇱ ఊܧ/
ᇱ ൌ  ൫ܯ஺

ᇱ ఊݔ/
ᇱ ൯/൫ܧఊ

ᇱ ఊݔ/
ᇱ ൯. There is then a dimensionless function C of  ܯ஺

ᇱ ఊݔ/
ᇱ  and ܧఊ

ᇱ ఊݔ/
ᇱ  such 

that 

ఊ݌                         
ᇱ଴൫ݔఊ

ᇱ ൯ ൌ ఊܧ
ᇱ ൅

ெಲ
ᇲ ாം

ᇲ

௫ം
ᇲ ܥ ൬

ெಲ
ᇲ

௫ം
ᇲ ,

ாം
ᇲ

௫ം
ᇲ ൰                             (6) 

Similarly for the ݔᇱ component of momentum there is a dimensionless function ܦ such that 

ఊ݌               
ᇱଵ൫ݔఊ

ᇱ ൯ ൌ  െ ܧఊ
ᇱ ൅

ெಲ
ᇲ ாം

ᇲ

௫ം
ᇲ ܦ ൬

ெಲ
ᇲ

௫ം
ᇲ ,

ாം
ᇲ

௫ം
ᇲ ൰                            (7) 

The functions ܥ and ܦ will depend on the theory of gravitation.  

With respect to ܨ௩
ᇱ if  ߛ is at the point ൫ݐఊ

ᇱ , ఊݔ
ᇱ , 0, 0൯ where ݐఊ

ᇱ  is a function of ݔఊ
ᇱ  then with respect to ܨ௩ it is 

at the point ൫ݐఊ, ,ఊݔ 0, 0൯ where 

ఊݐ              
ᇱ ൌ

௧ംି௩௫ം

√ଵି௩మ ఊݔ    
ᇱ ൌ

௫ംି௩௧ം

√ଵି௩మ                              (8) 

and ݔఊ  is a function ݐఊ . With respect to ܨ௩  let the functions ݌ఊ
ఓሺݐఊሻ  be the components of the 

energy-momentum four-vector of ߛ at time ݐఊ. The energy of ߛ at time ݐఊ is by (3), (6), (7) and (8) 

ఊ݌
଴൫ݐఊ൯ ൌ

ఊ݌
ᇱ଴൫ݔఊ

ᇱ ൯ ൅ ఊ݌ݒ 
ᇱଵ൫ݔఊ

ᇱ ൯

√1 െ ଶݒ
ൌ

ఊܧ
ᇱ ൅

஺ܯ
ᇱ ఊܧ

ᇱ

ఊݔ
ᇱ ܥ ൬

஺ܯ
ᇱ

ఊݔ
ᇱ ,

ఊܧ
ᇱ

ఊݔ
ᇱ ൰ ൅ ݒ ൤െ ܧఊ

ᇱ ൅
஺ܯ

ᇱ ఊܧ
ᇱ

ఊݔ
ᇱ ܦ ൬

஺ܯ
ᇱ

ఊݔ
ᇱ ,

ఊܧ
ᇱ

ఊݔ
ᇱ ൰൨

√1 െ ଶݒ
 

ൌ  
ఊܧ

ᇱ

√1 െ ଶݒ
ቊ1 െ ݒ ൅

஺ܯ
ᇱ

ఊݔ
ᇱ ቈܥ ቆ

஺ܯ
ᇱ

ఊݔ
ᇱ ,

ఊܧ
ᇱ

ఊݔ
ᇱ ቇ ൅ ܦݒ ቆ

஺ܯ
ᇱ

ఊݔ
ᇱ ,

ఊܧ
ᇱ

ఊݔ
ᇱ ቇ቉ቋ 

    ൌ ఊܧ ൅
ሺଵା௩ሻ௠ಲாം

௫ംି௩௧ം
൤ܥ ൬

൫ଵି௩మ൯௠ಲ

௫ംି௩௧ം
,

ሺଵା௩ሻாം

௫ംି௩௧ം
൰ ൅ ܦݒ ൬

൫ଵି௩మ൯௠ಲ

௫ംି௩௧ം
,

ሺଵା௩ሻாം

௫ംି௩௧ം
൰൨             (9) 

The ݒ ՜ 1 limit of (9) is 

ఊ݌       
଴൫ݐఊ൯ ൌ ఊܧ ൅

ଶ௠ಲாം

௫ംି௧ം
൤ܥ ൬0,

ଶாം

௫ംି௧ം
൰ ൅ ܦ ൬0,

ଶாം

௫ംି௧ം
൰൨                    (10) 

Similarly for the ݔ component of momentum the ݒ ՜ 1 limit is 

ఊ݌            
ଵ൫ݐఊ൯ ൌ െܧఊ ൅

ଶ௠ಲாം

௫ംି௧ം
൤ܥ ൬0,

ଶாം

௫ംି௧ം
൰ ൅ ܦ ൬0,

ଶாം

௫ംି௧ം
൰൨                   (11) 

Subtracting (10) and (11) gives 

ఊ݌              
଴൫ݐఊ൯ െ ఊ݌

ଵ൫ݐఊ൯ ൌ  ఊ                             (12)ܧ2

4. Velocity of Photon  

In general relativity the velocity of a photon does not depend on its energy. We will also restrict to the class of 
theories of gravitation where the velocity of ߛ does not depend on its energy. With respect to ܨ௩

ᇱ the velocity 
ఊݔ݀

ᇱ ఊݐ݀/
ᇱ  of ߛ will then be a function ܯ஺

ᇱ  and ݔఊ
ᇱ  Consequently ݀ݔఊ

ᇱ ఊݐ݀/
ᇱ  will be a dimensionless function of 
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the dimensionless variable ܯ஺
ᇱ ఊݔ/

ᇱ . There is then a dimensionless function ܵ such that 

                    
ௗ௫ം

ᇲ

ௗ௧ം
ᇲ ൌ െ1 ൅

ெಲ
ᇲ

௫ം
ᇲ ܵ ൬ெಲ

ᇲ

௫ം
ᇲ ൰                                 (13) 

Finally we restrict to theories of gravitation where ܵሺ0ሻ ൐ 0 . General relativity (Einstein, 1916) has 
approximately for small ܯ஺

ᇱ ఊݔ/
ᇱ  that 

                  
  ௗ௫ം

ᇲ

ௗ௧ം
ᇲ ൌ െ1 ൅

ଶெಲ
ᇲ

௫ം
ᇲ                                     (14) 

Consequently for general relativity ܵሺ0ሻ ൐ 0. With respect to ܨ௩ the velocity of ߛ is using (3), (8), (13) and 
the velocity addition formula 

          
ௗ௫ം

ௗ௧ം
ൌ

೏ೣം
ᇲ

೏೟ം
ᇲ ା௩

ଵା௩
೏ೣം

ᇲ

೏೟ം
ᇲ

ൌ
ିଵା

ಾಲ
ᇲ

ೣം
ᇲ ௌቆ

ಾಲ
ᇲ

ೣം
ᇲ ቇା௩

ଵା௩ቈିଵା
ಾಲ

ᇲ

ೣം
ᇲ ௌቆ

ಾಲ
ᇲ

ೣം
ᇲ ቇ቉

ൌ
ିଵା

ሺభశೡሻ೘ಲ
ೣംషೡ೟ം

ௌ൬
൫భషೡమ൯೘ಲ

ೣംషೡ೟ം
൰

ଵା
ೡሺభశೡሻ೘ಲ

ೣംషೡ೟ം
ௌ൬

൫భషೡమ൯೘ಲ
ೣംషೡ೟ം

൰
                 (15) 

The ݒ ՜ 1 limit of (15) is 

      
ௗ௫ം

ௗ௧ം
ൌ

ିଵା
మ೘ಲ

ೣംష೟ം
ௌሺ଴ሻ

ଵା
మ೘ಲ

ೣംష೟ം
ௌሺ଴ሻ

                                 (16) 

Solving this differential equation gives 

ఊݔ       െ ఊݐ െ ሺݔଵ െ ଵሻݐ ൅ 2݉஺ܵሺ0ሻ ݈݊ ቀ
௫ംି௧ം

௫భି௧భ
ቁ ൌ 2ሺݐଵ െ  ଵሻ               (17)ݔ

where the point ሺݐଵ, ,ଵݔ 0, 0ሻ with ݔଵ െ ଵݐ ൐ 0 is on the path of ߛ. There is then no point ሺݐଶ, ,ଶݔ 0, 0ሻ with 
ଶݔ െ ଶݐ ൌ 0 on the path of ߛ hence for all points on the path ݔఊ െ ఊݐ ൐ 0. From (17) then ݔఊ െ  ఊ ՜ 0 asݐ
ఊݐ ՜ ∞. 

5. Conclusion 

By (12), (16), and the formula ݌ఊ
ଵ൫ݐఊ൯ ൌ ൫݀ݔఊ ⁄ఊݐ݀ ൯݌ఊ

଴൫ݐఊ൯ we have  

ఊ݌                        
଴൫ݐఊ൯ ൌ ൤1 ൅

ଶ௠ಲ

௫ംି௧ം
ܵሺ0ሻ൨  ఊ                          (18)ܧ

The energy of ߛ becomes greater than the total energy of the system ݉஺ ൅ ఊݔ ఊ asܧ െ ఊݐ  ՜ 0. We have 
shown a class of Lorentz covariant theories of gravitation that includes general relativity do not satisfy 
conservation of energy. 
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