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Abstract 

This paper presents a two dimensional analytical model for a linear laser wakefield generation by the chirped 
laser pulse and electron bunch acceleration has been studied numerically. It is found that the negative periodical 
chirp leads to increase the longitudinal and transverse components of the wakefield amplitude by one order of 
magnitude. In this status, we inject an electron bunch with the initial energy of about 2MeV in front of the 
periodical chirped laser pulse and we saw the final energy of the trapped electrons arrive to about 0.9Gev in 
17mm of plasma length, with an energy spread about 1% and a the emmitance of the order of 0.12 mm mrad. 
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1. Introduction 

Electron acceleration to deliver multi-GeV and making compact high-energy particle accelerators are the main 
goals of the plasma-based accelerators (Bingham, 2006; Blumenfeld et al., 2007; Martins, Fonseca, Lu, Mori & 
Silva, 2010; Mo et al., 2012). Among a number of laser-plasma accelerator concepts, laser wakefield accelerator 
(LWFA) has been revived because of a simple mechanism (Tajima& Dowson, 1979; Sprangle, Esarey, Ting & 
Joyce, 1988). In laser wakefield acceleration a short intense laser pulse with duration on the order of a plasma 
wavelength generates strong accelerating and focusing fields (Esarey, Schroeder, & Leemans, 2009; Kalmykov, 
Gorbunov, Mora & Shevets, 2006; Malka et al., 2008; Khachtryan, Irman, Vangoor & Boller, 2007). To date, 
intense short pulse lasers have been developed with light intensities as high as 1022W/cm2 with the development 
of chirp-pulse-amplification (CPA) technique (Danson et al., 2004). Recently, the laser chirped pulse effect in the 
laser acceleration in vacuum has been investigated (Sohbatzadeh, Mirzanejhad & Ghasemi, 2006; Sohbatzadeh, 
Mirzanejhad & Aku, 2009; Gupta & Suk, 2006; Singh & Sajal, 2009). Furthermore, the interaction of the chirped 
laser pulse with plasma has been investigated experimentally (Schroeder, Esarey, Shadwick, & Leemans, 2003; 
Schroeder et al., 2003; Tóth et al., 2003) and theoretically (Khachtryan, Vangoor, Verschuur, & Boller, 2005; 
Mirzanejhad, Sohbatzadeh, Asri, & Ghanbari, 2010). They had shown that the wakefield amplitude is increased 
due to the chirp effect. Moreover, an electron bunch injection in front of the laser pulse proposed (Khachtryan, 
2001), the simple experimental setup and good quality of the final bunch are the excellences of this injection 
method. 

In this work the effect of the linear and periodic profiles for frequency variation of the laser pulse are 
investigated for the 2D linear laser wakefield generation. We show that appropriate chirped laser pulse improves 
the wakefield amplitude in 2D case and so, increases accelerating and focusing forces. Moreover, we examined 
the external electron bunch injection in front of the laser pulse by a numerical simulation.  

This paper is organized as follows. In sec 2, analytical calculations of the 2D linear wakefield are provided. In 
sec 3, the numerical results and discussions of the wakefield generation and electron bunch acceleration are 
considered, and in sec 4 some concluding remarks are noted. 

2. 2D Wakefield in the Linear Regime 

To describe the excitation of plasma waves by a laser pulse, we use the Maxwell's and hydrodynamic equations 
for cold plasma electrons: (Andreev, Gorbunov, Kirsanov, Nakajima, & Ogata, 1997) 
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Where , ,e ee m n  and v  are the electron charge, rest mass, density and velocity, respectively. E


 and B


 are 
electric and magnetic fields and 2/ cmAea e


  is the normalized amplitude of the vector of potential of the 

laser field. 

For plasma with uniform density, combining these equations with assumption cylindrical symmetric, we can 
obtain following equations for the evolution of the 2D linear wakefield in cylindrical coordinate:  

    
r

a
neE

cm

ne

t

E

c
er

e

er







 2

2

2

2

2

2

41 


                              (6) 

  
z

a
neE

cm

ne

t

E

c
ez

e

ez







 2

2

2

2

2

2

41 


                              (7) 

In the quasi static approximation (Sprangle, Esarey, & Ting, 1990) by using coordinates moving with the laser 
pulse variables tvz g , z , and for simplicity the spatial component are normalized to pk/1 , 

gpp vk /  being the plasma wave number and gv  is the group velocity of the laser pulse in plasma. 

The Equations (6) and (7) can be written in the form: 
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Where 
pge

zr
zr vm

eE
E


,

,
~

  are the normalized axial and radial components of the wakefield 

( epp mne /4 2  is the plasma frequency), pe nnN /  is the normalized plasma density. 

If charged particles are trapped in the appropriate position in the wakefield the axial and radial forces accelerate 
and focus charge particles in the laser wakefield, respectively.  

3. Numerical Results and Discussion  

3.1 Periodical Chirp 

The transverse electric field component of the chirped laser pulse can be described by 
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Where, )(  is an arbitrary chirp function. Usually, linear chirp, )()( 00   b  have been used in 

previous works, where b  is the linear chirp parameter (Schroeder et al., 2003; Tóth et al., 2003; Khachtryan et 

al., 2005; Mirzanejhad et al., 2010 ). We use periodical function for the chirp relationship, 
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Cosd  where d  is the periodical chirp parameter and  d0  is the local 

frequency at the pulse center.   and 0  are constant parameters, in this case the frequency changes periodically 

with the wavelength  /2 z .  
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Figure 1. The normalized electric field amplitude and the normalized local frequency variation of the periodical 
chirp pulse is shown as a function of pk , for 20/ pd  , 5.0/ 00 cmeE ex , 100 pk  

 

In Figure 1, the normalized electric field amplitude and the normalized local frequency variation of this pulse are 
shown as a function of pk , for 20/ pd  .  

The vector potential of the chirped laser pulse is derived as 

 



0

0 )()( dEA  .                               (11) 

In next section wakefield amplitude is compared for linear and periodical chirp, numerically. 

3.2 Wakefield Generation 

In this section generation of the 2D linear wakefield is investigated, for the linear and periodical chirped laser 
pulse. In all figures, we assume a laser pulse with an intensity of 217

0 /104.3 cmWI   ( 5.00 a ) which is 
centered at 100 pk and density of plasma is 318102.1  cmn p . 

Equations 8 and 9 are solved numerically for linear and periodically chirp pulse. In Figure 2a and 2b the 
longitudinal wakefield amplitude on the axis ( 0r ) and transvers wakefield amplitude on the ( rr  ) are 
shown for the periodical chirp ( 20/ pd  ), linear chirp ( 3/ ppkb  ) and unchirped laser pulses. It is 
seen that the periodically chirp can increase wakefield amplitude considerably and growth the wakefield 
amplitude for the linear chirp is very small, also shifted slightly compare with unchirped case. 
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Figure 2. The normalized (a) longitudinal )/)0,(( pgez vmrzeE   and (b) transverse )/),0(( pgerr vmrzeE   
components of the wakefield versus the pk , for the periodical chirped laser pulse with 20/ pd   (black 

solid line), linear chirped laser pulse with 3/ pp kb   (gray solid line), and the constant frequency laser 
pulse (dash line) 

 

Due to increasing amplitude of the longitudinal and transverse electric fields via periodic chirp rather than linear 
chirp, it seems the periodic chirp suitable candidate for high energy electron bunch generation. More, we will 
investigate efficient parameters of the periodic chirp pulse to generate the wakefield. 

An effective parameter governing on the wakefield amplitude is the chirp parameter. The normalized 
longitudinal electric field of the wakefield in term of the different chirp parameters for periodic chirp pulse is 
shown in Figure 3. It is clear from this figure that the suitable value is 20/ pd  . 
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Another important parameter for increment the wakefield amplitude is the pulse length. Effect of this parameter 
on the acceleration field amplitude is shown in Figure (4). Clearly, the optimum value is 3zpk  , which is in 
agreement with theoretical results ( 2/pz   ) (Esarey et al., 2009). Also the optimum value of   and 0  
correspond to 1 and 0, respectively. 
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Figure 4. Normalized longitudinal wakefield amplitude vs the normalized pulse length 

 

In Figure 5, the normalized longitudinal and transverse fields distribution zE  and rE  are plotted. We know that 
there are regions in the wakefield that overlap occurs between accelerating region and focusing region. Thus, a 
trapped electron in these regions can be accelerated to the ultra relativistic energies while the focusing force 
keeps the electron near the wakefield axis. Clearly, the spread of overlap region is about 4/p , where shows by 
white rectangle in this figure.  
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Figure 5. The normalized longitudinal and transverse fields distribution zE  and rE  versus the pk  

 

In the next section we will inject an electron bunch in front of the laser pulse. In this scheme electrons accelerate 
to the ultra-relativistic velocities in the first cycle of the wakefield behind the laser pulse (Khachtryan, 2001). 

3.3 Electron Bunch Acceleration 

The normalized relativistic equation of motion for an electron is 
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Where cmPP e/
~
  and cv /


  are the normalized momentum and velocity of the electron, E


and B


 are 

normalized electric and magnetic fields of the wake, respectively. cvgg /  and 2/122 )2/
~

1( aP 


  is 
relativistic factor of the electron. The last term of right-hand-side represents the ponderomotive force (Quesnel & 
Mora, 1998). For convenience, we have introduced the dimensionless time tp  , and we study the dynamic 
of electrons in laser wakefield in Cartesian coordinate. 

We decompose Equation (12) into its three components: 
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The spatial component can be found from gxddx  //  , gyddy  //   and gzddz  //  . 

Equation (13) are coupled ordinary differential equations. We solve them numerically by the forth order Range-
Kutta method and the results are discussed as follows. 

In this simulation we choose a bunch with Gaussian distribution in both coordinates and velocities which consist 
of 510  electrons. The initial bunch energy spread is 5% and its emittance is mradmm1 . The plasma electron 
density is 318102.1  cmn p  which corresponds to a plasma wavelength of mp  30 . Moreover, we use a 
Gaussian laser pulse with m 1 , 217 /104.3 cmWI  , ( 5.00 a ), fsp 32  ( mz  5.9 ), mr  47  
and periodic chirp parameter is 20/ pd  . Initial position of the laser pulse is 100 pk . We compare 
only periodical chirp with unchirp laser pulse, because the final results of the linear chirp are not suitable.  
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More, we examine injection of electron bunch with mean energy about 2MeV )5(   in front of the laser pulse. 
The initial position of the bunch is 3pk . Average energy of electrons for the periodical chirp (soiled line) 
and unchirp laser pulse (dashed line) are shown in Fig. (6) in terms of zk p . Clearly, periodical chirp increases 
mean energy of the electrons to 0.9GeV after 17 mm, i.e., ~45 GeV/m acceleration gradient, whereas the 
maximum energy of electron for unchirped case arrived about 100MeV.  
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Figure 6. Average energy of electrons for injection in front of the periodical chirp (soiled line) and unchirp laser 

pulse (dashed line) as a function of zk p  

 

 Initial and final structures of electron bunch before and after acceleration are plotted in Figures 7a and 7b, 
respectively. In this case 46% of the electrons are trapped and accelerated. The emittance is important quantity of 
an electron bunch. This is a measure of the divergence of the bunch. The final emmitance of electron bunch is 
0.12 mm mrad and its final energy spread is 1%. 

 

Figure 7. Electron bunch spatial distribution (a) before acceleration in 3zk p , (b) after acceleration in 
3469zk p  
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4. Conclusions 

We have studied the effect of the frequency variation of the laser pulse on the 2D linear laser wakefield 
acceleration. It was indicated that the effect of the periodically frequency variation profile is better than 
conventional linear chirp and unchirped case. We trust that employing the appropriate negative periodical chirp 
can excite a strong wakefield (about one order of magnitude) toward linear chirp and unchirped case. 

Finally we tested electron bunch acceleration by the periodical chirp laser wake field with numerical simulation. 
Results of this simulation indicate accelerating gradient of the electron beam is about 45GeV/m with an energy 
spread about 1% and the emmitance 0.12mm mrad, with the help of periodical frequency variation laser pulse.  
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